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Abstract 


in revised form 24 January 19061) 


Proofs of the relationships between the temperature and composition of the feed 


and those of the pinches are given for feeds having any one of five general thermal! conditions. 


In the application of these relationships a procedure for the calculation of the product distributions 


at specified distillate and reflux rates is presented. 


Résumé—1L/autcur donne des preuves des relations existant entre la température et la com- 


position de Valimentation et celles des 


des 5 conditions thermiques géncrales 


pinches 


pour des alimentations avant lune ou l'autre 


Dans le cadre de lapplication de ces relations, auteur présente un procédé pour le calcul 


des distributions de produit et des taux de reflux pour un distillat déterminé. 


Zusammenfassung 


Fiir die Bezichungen zwischen der Temperatur und der Zusammensetzung 


des Zulaufs und den Werten der Zwickelbereiche werden Bestitigungen fiir Zuliufe fiir irgendeins 


der fiinf allgemeinen thermischen Bedingungen angegeben. Bei der Anwendung dieser Beziehungen 


wird eine Methode fiir die Berechnung der 


Ricklaufgeschwindigkeiten mitgeteilt 


THE RELATIONSHIPS Which are proved herein apply 
at minimum reflux to distillation columns when the 
keys are the most and least volatile components 
of the mixture. These components are also for 
lightest and 


convenience referred to as the 


heaviest, respectively. The columns considered 
contain a single feed plate and two withdrawals, 
the distillate and bottoms. 

The term “pinch” is used to denote the 
existence of a limit for the vapour and for the 
liquid mole fractions as the number of plates is 
increased without bound. Following the proofs 
a few applications are given. These applications 
represent a different approach than that taken by 
Suinas ef al. {1} and Bacnetor [2]. These 


Produktverteilung bei spezicllen Destillier- und 


authors solved the problem in which the separa- 
tions of two components are specified and the 
minimum reflux ratio (L, D) required to effect the 
separation is determined. In the applications 
presented the distillate rate, D, and the overhead 
vapour rate, (or are specitied and the 
corresponding product distribution is determined, 
provided the keys are the most and least volatile 
components of the mixture. 

\s discussed by GiLLtiLanp [3], when two 
components other than the lightest and heaviest 
are designated as the key components, the 
rectifying pinch occurs infinite plates above the 
feed plate after all components less volatile than 


the heavy key have been separated. The pinch 
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in the stripping section occurs infinite plates 
below the feed plate. It occurs in the limit as all 
components lighter than the light key have been 
separated. 

When the keys are specified as the most and 
least volatile components of the mixture, the 
rectifying pinch occurs adjacent to the feed plate 
and the stripping pinch occurs at and generally 
includes the feed plate, as shown in Figs. 1-5. 
This has been discussed by Jenny [4] and 
UNDERWOOD [5]. 

Feeds having any one of five general thermal 
conditions are considered herein. The action 
assumed to occur at the feed plate for each type 
of feed is given by the following definitions. A 
boiling-point liquid feed is defined as one that 
enters the column as a liquid at its boiling point 
at the column pressure. A subcooled feed is 
defined as one which enters the column as a 
liquid at a temperature below its bubble point 
at the column pressure. For boiling-point and 
subcooled feeds it is assumed that the liquid 
upon entering the column mixes perfectly with 
the liquid on the feed plate and comes to equili- 
brium with the vapour immediately above it. 


A dew point vapour feed is one which enters the 


c 

+ 


Fic. 1. Conditions on the feed plate for bubble-point 


liquid feeds. 
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Fic. 2. Conditions on the feed plate for subcooled 


feeds. 


column as a vapour at its dew point at the column 
pressure. A superheated feed is defined as one 
which enters the column as a \ apour at a tempera- 


ture above its dew point at the column pressure. 


it 


Fic. 3. Conditions on the feed plate for a dew-point 
vapour feed. 
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Fic. 4. Conditions on the feed plate for a superheated 
feed. 


For dew point and superheated feeds it is assumed 
that the vapour upon entering the column mixes 
perfectly with the vapour rising from the feed 
plate and enters the plate above. (Equilibrium 
between the mixed vapour and the liquid on the 
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Fic. 5, Conditions on the feed plate for a partially- 
vapourized feed. 
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feed plate is not assumed). A partially vapourized 
feed is defined as one which consists of an equili- 
brium mixture of liquid and vapour at the tem- 
perature T, and at the column pressure. As 
illustrated in Fig. 5 the liquid part of the feed 
flows onto the feed plate, mixes perfectly with the 
liquid on the tray and comes to equilibrium with 
the vapour immediately above it. The vapour 
part of the feed is considered to mix perfectly 
with the vapour rising from the feed plate and 
then to enter the plate above the feed plate. 

In the proofs which follow the equilibrium 
constants in Henry’s law are taken to be positive 
functions of temperature and pressure. Through- 
out the pinches, the compositions are constant 
for each component 7. For the rectifying pinch 
this is expressed as follows: 


lim y;, y,, and 


Thus the temperatures are constant throughout 


each pinch. Since the enthalpies are functions of 


the compositions and temperatures of the respec- 
tive pinches it follows that the enthalpies as well 
as the flow rates remain constant throughout 
each pinch. 

The relationships of the pinch compositions 
and temperatures with each other and with those 
of the feed are given in Table 1 for feeds having 
any one of the five thermal conditions. Except 
for a partially-vapourized feed, which is treated 
in a subsequent section, the relationships shown 
in Table 1 are obtained in a similar manner to 


that shown for a boiling-point liquid feed. For 


such a_ feed, Dy; vy and v,; Thus, 
Yi - Ya and since equilibrium exists at each 
pinch, 2,, = a, and T, T,. For subcooled and 


superheated feeds the equality of the pinch 
compositions follows from the equilibrium rela- 
tionships given in Table 2. The composition of 
the feed is related to those of the pinches by 
equation (3), which is based on the following 


material balance : 
FX + Lea + Ve vei Vu + Le tsi (1) 


Let the thermal condition of the feed be defined 


in terms of g as follows: 


| L,+qF, or V, V, (1 q) F (2) 
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Table 1. Relationships necessary for the keys to be the most and least 
Aatile components of the feed 
Thermal condition of | 
the feed Relationships Inequality 
F 
Boiling-point liquid 2 X p, and T, K,* K,* 
(1 FK F 
Subcooled liquid = and T, is given by Eq. [5 hk, K, 
r r 
(1 ) FR qF 
Partially vapourized = Voi ry, and T, Ty kK, k, 
r r 
Dew-point vapour = = Voir Xp; = y,, and T, T, K, — K, 
VOL 
(1 — q) FK,qF 
Superheated vapour and T, is given by equation (5) kK, k, : 4 16 
: 
r 


*Where the components of the feed are numbered in the order of decreasing volatility 


is denoted by 


“1” and the 


least volatile by c¢.” 


; the most volatile component 


Table 2. Formulas needed for the calculation of b. d; 
Thermal condition 
of the feed | Calculation of b, d, 
b Us t 
Boiling-point liquid fi 
d. (v,,/b d a b b 
Subcooled liquid f f | 
d (Uy d d b h 
b 1) + PX t v, 
b (l i.) l i, 4 
d (ly d d b b 
(/; d L, d, hb 


General pinch equations for a feed of any thermal condition 


Rectifying section 


Stripping section 
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Once it has been shown that y,; = y, and 
2; = Xj equations (1) and (2) may be combined 


to give the expression for the familiar q-line. 


= (1 — Wri + (3) 


Since q = 1 for a boiling-point liquid feed it 
follows from equation (3) that Y,, r,; and 
thus T'p 


feeds T', is determined by use of equation (5), 


For subcooled and superheated 


which is developed in the following manner. 


Equation (3) may be solved for x,; to give 


xX Fi 


(4 
Kyi +4 


(1 
Summation of both sides of this expression over 


all components leads to the function p (7), where 


X p, 
(1 q) q 


The temperature which gives p(T) =0 is 


T 
PARTIALLY-VAPOURIZED FEEDS 
For systems with a feed of this type in which 
the keys are the lightest and heaviest components 
it is to be shown that at minimum reflux 
(1) Tp 7. 


(2) yrs = Yri = Yor ANd = = 


The equality of the temperatures is established 
by means of an indirect proof. In the first part 
shown that T, 
In order to prove this it is supposed that 7, T, 


of the proof it will be 


and then a contradiction is obtained. Next it ts 
supposed that Tp T, and again a contradiction 
is obtained. This leads to the conclusion that 
Tp 


shown in a similar manner that 7, pp 


In the second part of the proof it is 
In the 
final part of the proof the equality of the composi- 
tions is shown. The development of certain 
relationships needed in the proofs follows. The 
conditions at the feed plate are described by the 


following equations : 


= Veygi + Ve (8) 


Lip (9) 
Vp, L, = L, + Lp (10) 


Also since the feed plate is in the stripping section 
T; 


Kquations (6) and (8) may be combined to give 


but it remains to be shown that 7’, he 


Vey V, Ve (11) 


Division of each member of this equation by K,,, 
followed by the summation over all components 
vives 
K,, i=l kK A 
This expression for V, may be combined with 


equation (10) to give 


V | 2 l 
(12) 


| 2 (Y si 


Commencing with equations (6), (9) and (10), 
the expression for L, Ly is developed in an analo- 


gous manner to that shown for V, Vp. 


2 K,; Uy 2 Us; 
“F 

Kuti — 

$=) 


Equations (12) and (13) are used in the proofs 


which follow. 


Part 
Proof. 


equation (12) on the basis of this supposition 


To prove: Tp Te 
Suppose 7'p T,. Consideration of 

shows that 

UFi : 1 


K 


rn 
Since all flow rates are positive V,/Vp > 0. 


These two results require that 


Ysi 
1 
which is satisfied provided 
(14) 
Consideration of equation (13) under the same 
supposition, 7’; gives 
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and since L, Ly, 0, it is necessary that 


in order for equation (13) to be satisfied. Since 


by this inequality 


it follows that 
(15) 


This result constitutes a contradiction to the 
Therefore, the 
supposition Tp < T, is false. Thus, 7, must be 


previous one (equation (14)). 


either equal to or greater than 7,. That 7; 

can not be greater than 7 IS proved next. 
Suppose T; 

that used to obtain equation (14 


By a method analogous to 
it is readily 
shown that equation (12) leads to the following 


conclusion 


(16) 


Similarly, consideration of equation (13) on the 
basis of the supposition that 7’, T, leads to 
the relationship. 

(17) 
This result contradicts the previous one (equation 
7, is false. 


Hence, T; must be either less than or equal to 


(16)). Therefore the supposition 7, 


T,. When this conclusion is compared with the 
previous one which follows equation (15) the 
desired conclusion 

Tp (18) 


is obtained. 


Part Il 


In an analogous manner to that shown for the 


To prove 


development of equations (12) and (13) the 


following relationships are readily obtained : 


A) 2 (Yri A,,) 


Lf A 3 


(20) 


Proof. 
only an outline of the proof is given. Suppose 


for the supposition that 


Because of the repetition involved 


In an analogous manner to that shown 
T, T, of Part I, 
it is readily deduced that 7’, is either equal to or 
greater than 7' 
that 7, > T,, 


than or equal to T,. 


Similarly, when it is supposed 
it is found that 7’, is either less 
Therefore 


T; (21) 
In view of equations (18), (21) and the fact that 


T; Sa the desired result 


is obtained. 


Part Il — To prove: yr, = Ye and 
Proof. By use of the previous result, 
T; T, — T,, it will be shown that y,, = yp,. 
Beginning with v,, d; = 1, 4 1 and v,, = v, 
Up. it is readily shown that 
d.) (lp, FX »p,) 2») 
+ (Up, FX p;) 
(\lso, at the stripping pinch v, is given by 
S,, 
| s.) b, (23) 


An over-all material balance for component i 


may be rearranged to the following form : 


PX »; 


b 24 
‘1 + (d; (24) 
Furthermore. since 
bn Ari (25) 
d, 1, 


and A,, = Ky, V, - 


st 


VpandL, = L, + Ly. 
equations (22)-(25) may be solved to give 
[1 +(V,Lp/VeL,)] _ V, 
Us UP; ; = 
Vy 


a Ki rp; 2 2p; 
iol L 

int 

a 

Kita < 2 Kate, 

VOL 

16 

= lp = T; = T, = T, 

| 
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Therefore, y,; = yp; By use of this result and 
equations (10) and (11) it follows that y,; = y,. 
Hence, 

= YR, (27) 
Since Tp = T 
equation (27) by Ay, yields 


T, division of each member of 


r, a Up; (28) 


APPLICATIONS 


In the following treatment of a system at 
minimum reflux it is supposed that D, V,, the 
thermal condition of the feed and the column 
pressure are specified and that the keys are 
designated as the most and least volatile com- 
ponents of the mixture. For this set of specifi- 
cations it is desired to find the product distribution 
at infinite plates in both sections. 


which L V 


section of the column and those where L/V may 


Systems in 


remains constant throughout each 


vary in each section of the column are considered. 


Constant molal overflows in each section 


When the specifications are as stated prey iously 


the product distribution is readily obtained, 
provided it exists; that is a set of values for D and 
V, may be specified such that it is impossible for 
the keys to be the lightest and heaviest com- 


ponents of the mixture. In which case one or both 


Table 3. 
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of the pinches occur away from the feed plate. 
A system may be examined to determine whether 
or not it is possible at the specified values of D 
and |’, for the keys to be the lightest and heaviest 
components. Since the flow rates of all com- 
ponents in the pinches are greater than zero it is 
and S 


necessary that 4,, » be less than unity. 


The quantity 4,, is largest when? = c, the heaviest 
component, and S,; is largest for i= 1, the 
lightest component. These conditions and similar 
ones for feeds of other thermal conditions lead 
If the 


inequality corresponding to a given feed condition 


to the inequalities stated in Table 1. 


is satisfied for a given set of specifications a 
solution is said to exist. It is to be observed that 
either the lightest) 


ceases to be a key as it becomes completely 


heaviest (or component 


separated in the limit as 4,. (or S,,) approaches 
unity. 

When the thermal condition of the feed is 
either boiling-point liquid, dew-point vapour or 
partially vapourized the product distribution is 
calculated by use of the formulae given in Table 2, 
as illustrated by Example 1 of Table 3. For 
systems with feeds having one of these thermal 
conditions a direct solution exists because the 
temperature of the feed is equal to that of the 
pinches. 


For the case of either a superheated or a 


Statement and solution of example | 


Statement 


Comp. no K p, FX Fi Specifications 

1 1.5 33-3333 Thermal condition of feed boiling-point liquid 

2 10 33-3333 

3 0-5 33-3333 D = 50, I, I, = 90, (Thus, L, = 40, L, = 140, V, = 90) 

The keys are components “1” and “3” 
Solution 
L, Kp; s PX p, 

Comp. no. K L, 1 + d 

1 0- 296296 0-964286 0-052682 31-666666 

2 O0-642857 1-000000 16-666666 

3 0-321429 19-000000 1-666666 
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the Tables 1 
and 2 are applicable, but some trial is involved 
since neither 7, nor T, is know: that 
T T.. The value of T to be employed is the 
one for which p(T) It is to be 
observed that this 7 the 


formulae given in 


subec wled feed, 
only 


0, equation 


is a function of thermal 


condition of the feed alone and independent of 
\.. Dand L,. However. in order for a solution to 
exist at the specific values of D and J, it is 


necessary for the appropriate inequality given in 


Table 1 to be satisfied at the 7 which gives 
p(T) 0. If the inequality is not satisfied it is 
impossible for the keys to be the lightest and 


heaviest components of the mixture 

In the solution of Example 2, Table 4, equation 
(5) was used to determine the temperature of the 
The results obtained for Examples 1 
stated 


pinches, 
and 2 were checked by use of the formulae 
by Murpocu and [6]. In the application 
of their formulae the values of b, dj for components 
1 and 3 obtained for Examples 1 and 2 were taken 
the 
of D and | D were then computed ind found to 
be in agreement with those specif d for kxamples 


l and 2. 


as specifications. The corresponding values 


Variable overflows 
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of the 


product distribution at specified values of D and 


tional procedure for the determination 


V, follows close ly that described for systems in 
the 


within each section of the column, except that the 


which molal overtlows remained constant 
flow rates at the pinches are determined by use 
of enthalpy and material balances. 

When the thermal condition of the feed is either 
boiling-point liquid, dew-point vapour or partially 
the 
recommended. 
for 
of Table 1 b, d. for each component ts computed 
of the appropriate formula 

Then ol all 
equation (24), the product rates for each 
After 
been computed the compositions needed in the 

After the 
the distillate 


determined 


following general 
On the 


which satisfies the appropriate inequality 


vapourized procedure Is 


basis of an assumed value 


by in 
Table 2. 


oiven 


by use an over material 


component are calculated. the have 


enthalpy balances are calculated. 


temp rature (or temp ratures) of 
and the top plate have been by 
of the 


pomt or dew point) and material balance calcula 


means appropriate equilibrium (bubble 
tions the condenser duty is found by making ar 


the The 


vapour and liquid rates at the rectifying pinch 


( nthalpy balances ar condenser. 


are calculated by means of enthalpy and material 


For the case of variable overflows the calcula balances around the condenser and the rectifving 
Table 4. Statement and solution of example » 
Comp. no FN, Specifications 
3-40 Superheated feed : 005. D 120 
» 24) 33-3333 (Thus Lo L, 70, L. 65). The keys are components 
1 and 3. (Note, for constant x problems it is convenient 
3 1” 33-3333 to replace A, of equation (5) by a, K, and find the value of 
kK, which gives p(T) = 0) 
Solution 
omp. no. kK, (by equation (5) 
kK, 0-61768375) 
1 185305125 O-S4185 26-791482 


12353075 


3 O-61L768375 


20-913010 


12°420323 
31-037828 


2205505 


Leg 
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pinch. After these rates have been determined 
the flow rates at the stripping pinch are readily 
determined by use of the appropriate material 
balances. 


Instead of using the particular value of JV, 


(computed by means of enthalpy balances) for 


the next trial a better value to be employed is 
the one given by interpolation (regula falsi), as 
[7]. Before this 


mav be used it is necessary to deter- 


described by SOKOLNIKOFI 
value of J 
mine whether or not it satisfies the 
If it does not the 


1’, to be assumed for the next trail is obtained by 


appropriate 


inequality of Table 1. 


Table 3. 


value of 
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adjusting the computed value as required to 


satisfy the imequality. The correct product 
distribution has been obtained when the assumed 
and calculated values of V, are in agreement. If 
it 1s impossible to obtain agreement between these 
values and to satisfy the given inequality simul- 
taneously a solution does not exist as discussed 
in the preceding section. 

In order to illustrate the use of the equations 
for variable L. Vo problems Example 3 shown in 
Table 5 was solved by two different methods, 


direct interation and interpolation. In_ the 


method of direct interation the assumed value of 


Statement and solution of example 3 


Com pone ni FN Specifications 
C,H, 20-0 Boiling-point liquid feed (267-34 F at 400 p.s.i.a.) 
iC, Hay 20-0 dD 55, L, 15. The keys are Cy H, and 
n My 20-0 (Curve fits for the equilibrium data are given 
‘<. i, 20-0 in Table Gand those for the enthalpies are given in 
nC. 20-0 Ref. [8}.) 
Solution 
Trial no. rlassumed r calculated ( omponent d; 
55 54-499 (, Hy 17168039 
2 54-409 54-852 Hy, 9 501945 
3 54+-TO58* 54-7060 nC 7361634 
4 54-7058 54-7059** iC. Hy, 3440505 
nC. Hy, 2-527875 


*For all trials after the second the assumed value was determined by interpolation 


tIn order to obtain this same accuracy by direct intertion thirteen additional trials were required 


Table 6. 


Equilibrium data* 


Comp. a, 10° a,» 10° a, 107 a, = 
C,H 27- 980091 1118-11943 10-935041 35180421 
if 23-209137 87-122379 66100972 1- 6677740 
23-2038344 83-753226 6177436 1-5243376 
6-981454 3-96890556 2-907 5073 
n€ 3-7 103008 36-257004 9-9113800 5444111 


(K,/T) 3 
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V, for the next trial was taken equal to the one 


calculated by the previous trial. As shown in 


Table 5 more rapid convergence is obtained by p(T) 
use of interpolation. q 
Acknowledgments— The assistance given by Mr. W. M. 
Harr and Dr. K. K. McMiitw of the Humble Oil and jn 
Refining Company is appreciated. The authors at the Ss 
college wish to acknowledge the additional support given J 
to them either individually or collectively by the E. L. du * ji 
Pont de Nemours and Company, the National Science 
Foundation and the Texas Engineering Experiment 
Station, and for the encouragement given by Dr. E. C. 
of the college. UP; 
NOTATIONS 
A,, = absorption factor for plate j and component 
absorption factor for component 
in the recitification pinch f 
b. molal withdrawal rate of component ¢ in the 
bottom product 
B molal withdrawal rate of bottoms 
total number of components the least volatile 
component 
d, = molal withdrawal rate of component 7 in the 1s : 
distillate 
D = molal withdrawal rate of distillat« 
f feed plate \ 
F = molal rate of flow of the entering feed ~ oe 
K., = the Henry-law constant (y Aw) for com- \ 
ponent i at the temperature of plate j. For a 
the rectifving pinch j rand for the stripping » 
pinch j 
i, = molal rate at which component ¢ in the liquid — 
state leaves plate j. Uy, nolal rate of wiles 
flow of component ¢ in the liquid state onto 
plate f. 
1»; = molal rate of flow of component ¢ in the liquid . 
part of a partially-vapourized feed 
L, = total molal rate of flow of liquid from plate j 
Ly , total molal rate of flow of liquid onto 
the feed plate 


of fle w 


For boiling-point liquid and subcooled 


Ly» = molal rat of the liquid part of the 


feed. 
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feeds Ly, = F, 
and superheated feeds Lp = 0 


and for dew-point vapour 


function of temperature ; defined by equation 


(5) 


a measure of the thermal condition of the 


feed ; defined by equation (2) 

= stripping factor for component i and for plate 
J 
temperature in “R 
molal rate at which component i in the 
vapour state leaves plate j. Up molal rate 


at which component i in the vapour state 
enters plate 
rate of the 


vapour part of a partially vapourized feed 


molal flow of component i in 
total molal rate of flow of vapour from plate 
j. Vy total 
enters plate f l 

molal rate of flow of the vapour part of the 
feed 
feeds 
superheated feeds F. 


molal rate at which vapour 


For boiling-point liquid and subcooled 
P 0, and for dew-point vapour and 
mole fraction of component i in the liquid 
part of a partially vapourized feed. 

mole fraction of component 7 in the liquid 
leaving plate ) and mole fraction of component 
i in the liquid flowing onto plate ; R, 
respectively 

mole fraction of component i in the distillate 
regardless of state in which it is withdrawn 
total mole fraction of component ¢ in the total 
feed F, regardless of state 

mole fraction of component i in the vapour 
part of a partially vapourized feed 

mole fraction of component i in the vapour 
leaving plate j) and mole fraction of com- 
ponent i in the vapour entering plate ; 1, 


respectively 


relative volatility 
a, = K./Ky, 
‘ 
where K, value of 
i l 


K for the base component 


1950 42 871 


1952 48 287 
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Abstract—<As the result of an experimental study of the fluidization of light solids by gases under 
various pressures and the fluidization of heavy solids by water, a general family of curves has been 
produced relating a generalized fluid velocity to a bed porosity function for a series of values of 
; a parameter P involving the fluid and solid properties only. This correlation satisfies both liquid- 
L962 and gas-fluidised beds and indicates that there is no fundamental difference in mechanism between 
a liquid-fluidized bed and a gas-fluidized bed. It also enables direct comparison to be made 


between flow through a fluidized bed and flow through a fixed bed of similar porosity. 


By treating an aggregatively-fluidized bed as a two-phase system and making reasonable 
assumptions about the rise of bubbles the general bed expansion correlation is used to produce 
general correlations of mean bubble velocities, frequencies, concentrations and volumes in terms 
of the mean bed porosity and the parameter P. These correlations predict that a gas system 
normally has a comparatively small number of large bubbles and appears to fluidize aggregatively. 
\ liquid system may have a large number of small bubbles and appear to fluidize particulately 
although certain liquid—solid systems will fluidize aggregatively. The values of the bubble charac- 
teristics for both liquid and gas systems are in approximate agreement w ith those observed. These 
correlations can also be used to predict the fraction of fluid passing through the bed in bubble form 
and hence gives assistance to the estimation of the efficiency of the fluidized bed as a chemical 


reactor. The effect of gas pressure on this efficiency is also discussed. 


Résumé— L’étude expérimentale de la fluidisation de solides légers par des gaz sous différentes 
pressions, et de la fluidisation de solides lourds par l'eau a permis d’obtenir un ensemble de courbes 
reliant la vitesse généralisée du fluide a la porosité du lit pour une série de valeurs du parameétre 
P faisant seulement intervenir les propriétés du solide et du fluide. Cette correlation concerne a 
la fois les lits fluidisés liquides et gazeux et montre qu'il n'y a pas de différence fondamentale 
entre les mécanismes des deux systémes. Elle permet aussi une comparaison directe entre un 


écoulement dans un lit tluidisé et un écoulement dans un lit fixe de porosité identique. 


En considérant un lit fluidisé aggloméré comme un systéme a deux phases et en faisant des 
hypothéses raisonnables sur la formation des bulles la relation générale d’expansion du lit donne 
les relations générales des vitesses moyennes des bulles, fréquences, concentrations et volumes 
en fonction de la porosité moyenne du lit et du parametré P. Ces relations prévoient qu'un 
systéme gazeux a normalement et comparativement un petit nombre de grosses bulles et fluidise 
par agglomération. Un systéme liquide peut avoir un grand nombre de petites bulles et se fluidise 
par particules bien que certains systémes liquides fluidisent par agglomérats. Les caractéristiques 
des bulles pour les systémes gazeux et pour les systémes liquides sont en assez bon accord avec 
lobservation. Les relations peuvent servir 4 prévoir la fraction de fluide qui traverse le lit sous 
forme de bulles et par la a estimer leflicacité d'un lit fluidisé pour un réacteur chimique. Les auteurs 


discutent également leffet de la pression du gaz sur leflicaciteé. 


Zusammenfassung Als Ergebnis experimenteller Untersuchungen von Wirbelschichten aus 
leichten Feststoffen und Gasen bei verschiedenen Drucken und aus schweren Feststoffen und Wasser 


wurde cine generelle Schar von Kurven erhalten, in welchen cine verallgemeinerte StrOmungs- 
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geschwindigkeit mit der Bettporositaétsfunktion fiir cine 


in Bezichung steht, wobci P nur 


enthalt. Diese Korrelation geniig 
zeigt damit 


\usserdem gestattet cic 


Wirbelschicht und der durch cin Festbett 


Durch die Behandlung cin 


das Treffen plausibler Annahmer 


Simpson and B. W. RopcEer 


t sowohl den Fliissigkeits 


Reihe von Werten des Parameters P 


Kigenschaften des strOmenden Mediums und des Feststoffes 


als auch den Gaswirbelschichten und 


dass kein grundsatzlicher Unterschied im Mechanismus zwischen beiden besteht. 
Bezichung cinen direkten Vergleich zwischen der StrOomung durch eine 


ihnlicher Porositit. 


s inhomogenen Wirbelbettes als zwe iphasiges System und durch 


iber den Aufstieg von Blasen, konnte die allgemeine Beziehung 


iiber die Bettausdehnung benutzt werden, um allgemeine Korrelationen fiir die Blase ngeschwindig- 


keiten, Frequenzen, Konzentrationen und Volumen in Ausdriicken fiir die mittlere Be ttporositit 


und den Parameter P aufzustell 


erwetse cine 


wirbeln scheint 


homogen zu wirbeln, obwohl bestinunte 


Die Werte fiir die Blasencharac 


Ubereinstimmung mit den beobachteten Werten 


werden, den Anteil des strémer 
Damit ist ein Hilfsmittel fiir dic 


Der Kintluss des Gasdruckes 


Hbestimmung 


Reaktor gegeben 


INTRODUCTION 


ORIGINALLY introduced for the catatytic cracking 
of petroleum fluidized beds have found extensive 
the 


distillation of materials producing tarry residues, 


use in other heterogeneous reactions, in 
in the drying of solids and as crystallizers, blenders 
and conveyors. The literature on the character 
istics and applications of fluidization is vast but 
[1], 


WwW ide 


OTUMER 
the 


range of application of the technique the mech- 


some of it has been summarized by 


[2] and Leva [3]. Despite 


anics of the process are not understood. The only 
reliable calculation that can be made is the estima 
of the 


fluidization 


tion fluid velocity required for incipient 
in terms of the fluid and solid prop- 
erties and the bed porosity, 

In general, if a liquid is used to thuiidize a 
solid, the concentration of solid particles through 
out the expanded bed appears to be roughly 
uniform. The fluidization is particulate. If a 
gas is used to fluidize a solid porke ts or bubbles 
through the otherwise 


This is 


of the gas rise rapidly 


uniformly fluidized bed. agyregative 


fluidization. Yasur and Jonanson [4] observed 
the passage of bubbles between two light probes 
immersed in a gas-fluidized bed and concluded 
that bubbles increase in size by coalescence as 


they rise, the large ones overtaking the slow ones. 
However, the origin of the bubbles cannot be 


regarded as established since Yasui and Jonanson 
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kteristika fiir Flissigkeits 


Diese Korrelationen sagen voraus, dass ein Gassvstem normal- 
vergicichsweise kleine Zahl von grossen Blasen enthilt, und dass es inhomogen zu 
Kin Flissigkeitssystem kann eine grosse Zahl kleiner Blasen haben und scheint 


inhomogen wirbeln 
und Gassysteme sind in angeniherter 


Diese Bezichungen kOnnen auch dazu benutz\ 


den Mediums zu berechnen, der in Form von Blasen aufsteigt. 
des Wirkungsgrades Wirbelschicht als chemischer 


auf diesen Wirkungsgrad wird ebenfalls diskutiert. 


able 
in diameter. It 
bubbles 


distributor or throughout the bed depth although 


to detect 


is thus not 


were not bubbles less than 4 in. 
known whether the 
are formed immediately above the 
Rick and Witte [5] have shown theoretically 
that the lower surface of a fluidized bed is unstable 
lifted the 
the wavelength of a 


maximum rate of growth in terms of the effective 


when above distributor and have 


calculated disturbance of 
bed iscosity 
Davipson et ail. [6] that the 


bubbles rise at the same rate as in an inviscid 


have shown 
liquid of low surface tension. This suggests that 
the bubbles are true voids and contain few particles 
but the 
these bubbles. 


throws no light on forces stabilizing 

It appears then that before a reliable theory 
of bubble formation, growth and history can be 
developed more must be known about the differ- 
ences between aggregative and particulate fluid- 
ization. 

Preliminary experiments in which sand was 
fluidized by air at atmospheric pressure in beds 
6-5 em in diameter and 15 cm tall, with sintered 
vlass plates of several porosities used as gas 
distributors, showed no noticeable difference in 
the character of the fluidization when the ratio 
of the pressure drop in the distributor to that in 
It thus 


seemed likely that the transition from particulate 


the bed ranged between 0-35 and 15-5. 


: 
vo 
16 
: 
4 
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to aggregative fluidization was a problem of the 
hydrodynamic stability of the particulate Hhuidiza- 
tion and was not strongly affected by the distri- 
butor. It was the purpose of this work to define 
and find experimentally parameters separating 
one type of fluidization from another. 

It is clear that since most gas-solid systems 
fluidize aggregatively and most liquid—solid 
systems particulately, and since the most out- 
standing difference between the two systems 1s 
the ratio p, p, where ps is the solids density and 
py the fluid density a promising approach would 
be to 


particulately by working with systems of low 


attempt to fluidize gas solid 


svstems 


Ps Pfs and to fluidize liquid solid systems aggre- 
gatively by using systems with high p, p,;. This 


was the approach adopted here. 


FLOW THROUGH A FIXED BED 


The results of the studies on fluidization were 
interpreted on the basis of flow through a fixed 
bed. 
been provided by Carmen [7] and ScHEIDEGGER 


Useful surveys on packed-bed flow have 


[8] but the clearest theory is that which treats 
the bed as a random bundle of capillary tubes, 
as follows. 

The pressure gradient (dp,dL) for tlow of an 
incompressible fluid down a channel of circular 


cross-section and diameter d, is given by 


where @ is the linear velocity of the fluid, g, is 
the 


factor is a function of the Reynolds number 


the units conversion factor, and /, friction 


py/ py, py the fluid density and yy the fluid 


viscosity. If there are channels unit cross- 
section of bed the linear velocity can be evaluated 


in terms of the fluid superficial velocity 


Furthermore, for a given geometry of packing 
the channel diameter d, can be evaluated in terms 
of the bed porosity « and the surface area of the 
particles per unit volume of the particles So 
according to the porportionalities «and and 


(1 —e«)S,and,. Finally if a shape factor ¢ 


is defined so that So is related to the particle 
6dd, it Is 
possible to eliminate 1, d,, @ and Sp» to yield the 
bed. 


Written in dimensionless form with all the terms 


diameter d by the equation So 


basic equation for flow through a fixed 


involving velocity on one side this equation ts 


of the form 
fRe\ 
a0 


where the friction factor f includes the constants 


\ L 


(1) 
r (1 €)* 


of proportionality and is a function of the 
Reynolds number Re defined as 
Vp 
Re (2 


(1 €) py 


the Grashof 


number used in natural convection and is defined 


where Gr is a number similar to 


is 
(d/d)* p? g p 
Pf 

and (‘A PL), is the reduced pressure gradient 
defined 

AP dp/dL g, 

(4) 

L ( ps pr) (1 

Empirical curves have been obtained for f in 


terms of Re (equation 2). In general, for stream- 
10) f = 90 Re. 


then reduces to the Carman -Kozeny 


line flow (i.e. Re Equation (1) 
equation 
for flow through a packed bed modified by the 
shape factor 4 as recommended by Leva et al. 
[9]. (i.e. Re > 100) f ~ 0-5 
and equation (1) again reduces to the form used 
by Leva et al. |9}. 
flow Leva et al. used a different friction factor 


For turbulent flow 


For regions of transitional 
and Reynolds number, but the Reynolds number 
defined by equation (2) with the porosity has a 
clear physice| meaning based on the channel theory 
of flow through a packed bed. 

Equation (1) forms the basis for the analysis of 
the data presented below. Other porosity func- 
tions have been proposed [10] but none appears 
the 


which 


than Carman—Kozeny function 
(1 «)? the 


having a definite physical meaning as described 


better 


also has advantage of 


above. At high porosities the channel theory 
Chem. Engng. Sci. Vol. 16, Nos. 3 and 4. December, 1961 
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breaks down and a different porosity function 
must be used, e.g. that proposed by BrinkMAN 
{11}. However, Carman [7] claims that the fune- 
tion «® (1 «)* is valid up to a porosity of 0-7, 


well beyond the porosities of most fluidized beds. 
FLOW THROUGH A FLUIDISED BED 


bed 


particulately. In general the mean porosity « of 


Consider a fhuidized aggregatively or 
the bed as measured by the bed height will depend 


on the fluid velocity V. viscosity py and density 
shape factor 
the 
surface roughness; the gravitational constant g. 
the bed diameter D and the initial bed height 


Lo. By dimensional analysis these ten independent 


py; the particle diameter d. ce nsity p,, 


é and some dimensionless measure x of 


variables can be collected into seven independent 


groups to give 


(AP 
(l — e)* L R 


did Lo 


D’ D’ r) 


f Re? ) 
90 Gr pr 


where the porosity and velocity groups are chosen 


to agree with equation (1), (ps, or) pr IS a 
group strongly dependent on pressure when a 
given solid is fluidized by gas and G, defined by 
the equation 

(d g(p, — p,)* py 
Gr (6) 


My Ps Py 


G 


is a group larvely independent ol eas pressure, 


EXPERIMENTAL METHOD 


Two apparatus were constructed, one for fluidizing 


solids with various gases under pressure and the other for 
fluidizing solids with liquids 

The gas fluidization apparatus is shown in Fig. 1. 
The bed was made from a length of mild steel rod 1lin. 
long and 34 in. square with a 24 in. diameter hole bored 
to form the bed space. Steel flanges 
thick 


similar flanges welded on toa piece converging to the outlet 


down the centre 


2} in. in diameter and & in were bolted on to 
pipe at the top and on to the distributor column at the 


bottom. Slots 1 in. wide and 9} in. long were cut in two 
opposite sides of the bed and the open space filled with 
Perspex to give transparent windows roughly 1} in. thick 
which were clamped on to the bed by means of 4 in. mild 


steel plate with similar slots cut in them. The distributor 
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column was filled with | in. lead shot to a height of 6 in 


and the bed was supported on a layer of porous nickel 
92-5 em? : diameter 


sheet (permeability 


4-8 uw ; thickness 0-022 in.) sealed on to a laver of 16 mesh. 


pore 


26 w.g. brass gauze. The pressure drop through the column 
nickel 120 ¢ em? 


roughly 8 to 16 times the pressure drop through the bed 


and sintered reached a maximum of 
depending on the weight of the bed 

The pump was placed inside a cylindrical steel shell so 
that the outside and inside of the pump could be raised 
to 100 p.s.i.g. and was driven externally by a 1 h.p. motor 
belt bed 


controlled by passing some of the gas through a by pass 


via a drive. The flow rate through the was 


line shown in Fig. 1 and the speed of the pump was changed 
by changing the pulley ratio on the drive 
The 


drop across the bed, gas flow rate and bed he ight. The 


basic measurements were gas pressure, pressure 


pressure drop across the distributor and the pressure rise 
across the pump were also noted during some runs. The 
gas pressure was measured by a 0 100 p.s.i.g. Bourdon 
gauge and the pressure drop across the bed was measured 
in an inclined manometer filled with either a bromoform 

alcohol mixture or water, depending on the density of the 
solid being studied. The pressure drop across the distrib- 


utor and the pump were both measured by a Foxboro 
recording manometer (range 0 320 in. HO) with a svstem 
manometer 


of valves shown in Fig. 1 for changing the 


from the distributor to the pump. The gas flow rate was 
measured in two rotameters in parallel for which general 
calibration curves were drawn. The bed height was meas 
ured visually by means of a scale attached to one of the 
When the of the bed 


bumped up and down at high gas velocities a mean value 


Perspex windows. upper surface 
of the bed height was recorded 

The liquid fluidization apparatus, similar in principle 
The bed itself 
was glass, id. 3 in., length 60 in., 
Q.V.F ends. The 
distributor column, made from mild steel piping (i.d. 3 in., 


to the gas apparatus, is shown in Fig. 2 


3) in. and with 


glass flanges 5 in. in diameter at the 


height 12 in.), was filled with | in. lead shot contained be- 


tween 30 mesh 26 w.g. brass gauze The pressure drop 
through the distributor reached a maximum of 30 em Hig. 
ranging between 4 and 70 times the bed weight depending 
bed height 


Pressure drops, bed heights and volumetric flow rates 


on the and the material being fluidized. 


were measured as above. 


The solids fluidized in the high pressure gas bed were 


B.S.S. meshes and the 
The 


mean of 


sieved between three consecutive 


middle 
particle diameter was estimated by 


material in the sieve used for fluidization. 
taking a 
about 200 different particles measured in two directions 
The 
deviation of particle diameter about the mean value was 
10 per cent. The 


larger solids fluidized in the liquid bed was measured 


at right angles on photomicrographs percentage 


less than particle diameter of the 


directly on a micrometer. These particles were uniform 


in size and spherical in shape. 
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Fic. 2. Diagram of liquid fluidization apparatus. 
EXPERIMENTAL Restu.ts velocity term, can be written as (f Re 90) (Re Gr) 
In the high pressure bed seven different solids where the correction factor (f Re 90) is 1-0 for 
were fluidized by air, argon, Ar ton 6 (C¢ lok) streamline flow (1.¢. Re 10) and ore ater than 
and sometimes Arcton 33 (CoCloF,) over a range 1-0 for higher Reynolds number. This factor is 


of pressures. The properties of the fluidized beds plotted in Fig. 5 from the Carman friction factor 


studied in the various experiments are listed in curve presented by Resoux [2]. The abscissa 
Table 1. In the liquid bed, glass beads. steel 


spheres and lead shot were fluidized by water. 


AP «* 
(7) 


The proyx rties of the three systems are listed in r(l «}" 


Table 2. 
All the gas solid data were plotted in the form 


represents the increase in pressure gradient across 


the bed in the static bed region (e« constant) and 


of f Re? AP the growth of the voidage factor «* (1 e)? in 
\ 


Gr s. E Feil the fluidized bed region (AP 1) as the 

fluid velocity increases, In the intermediate 

The results obtained for the sand and polyvinyl region of transition from static bed flow to fully 
chloride (PVC) ar typical and are shown in 


developed fluidization both groups in the abscissa 


Figs. 3 and 4. lhe ordinate, a generalized ¢hange. The limits of this transition region are 


*Because of the large number of systems studied and also shown in Figs. 3 and 4. 


the limitations of space it is impossible to publish all the Kach family of curves represents a given solid 


original bed height ‘fluid velocity pressure drop data. fluidized by a given gas at a series of pressures. 


However, since some of the systems are unusual, and may : 

Since the fluid viscosity py and the density 
be of interest to other workers, these data are availabk . . 
on application to the Physical Chemistry Section, Research difference (ps py) are virtually independent of 


and Development Department, Nobel Division, L.C.1. Ltd, pressure for each gas the group G is constant for 


158 


a 
OL 
4 
L6 
7 


(Data of SIMPSON 


and 


Table 1. Prope rlies of gas fluidiz d beds 


RopGER) 
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jy Pre assure pf Run 
Gras (P) (p-S.1.2.) cm”) No. 
10-4 105 10-3 102 102 
0 1-67 15-76 2-94 0-438 31 
20 3°05 6-68 6-04 0-412 32 
Argon 2-20 6-21 24 10-91 0-404 33 
8-49 +10 14-91 0-398 34 
2:45 18-88 0-392 35 
VOL . 06 12-57 2-9 22-05 0-392 36 
16 
1962 10-4 105 10-3 10? 107 
0 1-205 21-83 8-03 0-434 18 
20 2-842 9-25 7-39 0-404 19 
+40 5-87 11-4 0-398 20 
15-80 0-393 21 
80 7°76 3-39 0-406 27 
Sand 0-06 200 23-58 0-394 28 
10-4 105 102 102 
24 
Air 137% 11-92 0 70 17-02 0-423 25 
Arcton 6 1-373 11-92 20 9-06 2-90 41-1 0-409 23 
1-373 11-92 38 14-21 1-850 64-1 0-394 22 
1-302 13-45 50 20-02 1-315 101-6 0-398 °6 
1-4 105 10-3 102 10° 
\ir 16-29 0 6-936 3-86 42:1 0-412 30 
Arcton 33 1-160 10 11-66 2-26 71-6 0-398 29 
10-4 104 10-3 102 10 
0 1-676 7-17 5-96 0-414 61 
20 3-06 3-04 14-02 0-393 62 
P.V.A. Argon 2-19 4-29 30 511 2-35 18-14 0-393 63 
60 8-55 1-405 30-3 0-393 65 
80 10-84 1-109 38-3 0-411 66 
10-4 104 10-3 102 10 
Air 181 6-29 0 1-205 9-98 6-29 0-410 41 
20 2-842 4-23 14°81 0-397 42 
40 4-49 2-68 23-3 0-391 44 
Chem. Engng. Sci. Vol. 16, Nos. 3 and 4. December, 1961. 
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T abl contd. 


Pressure hun 
Solid (,as (P (p.S.1.g.) (g cm”) €o No 
14 10° 10 io 
0 1676 174 0-425 
3-060 7-21 11-81 Os 
Argon 2-19 S54 6-220 150 18-59 0208 97 
8-550 3-34 25-45 O-387 100 
10-84 2-63 32-35 0-387 101 
0 12090 23-0 5-36 O45 
Glass (A) (197-9) \u 1-80 1-261 +500 34 19-01 O-BS5 SS 
“oo 6-125 27-0 
7-764 B675 34-4 0-306 102 
108 10° 102 
0 4-45 6-29 41-0 0-428 
10 8-635 72-4 0-425 
Arcton 6 1-24 O32 20 11-25 2-538 108-7 0-425 
30 14-79 135-8 0-450 
HW) 18:47 1-546 169-1 0-400 91 
21°45 1-320 106-8 0-306 95 
10-4 10 10-4 < 10° 
0 1-209 23-60 61-6 0-462 103 
Glass (B) (83-8) \ir 180 1-452 20 2-865 0-96 145-8 O442 104 
w 500 6-34 220-0 0-448 105 
60 6-125 06 B21) 0-436 106 
80 7-764 3-675 305-0 0-436 107 
x 10-4 108 10-4 102 198 
0 1-200 23-60 2-60 0-390 108 
\ir 1-80 6-14 500 654 0-66 0-376 100 
80 7764 3-675 16-69 0-376 110 
Glass (C) (313-8) a 
10-4 108 10-8 102 104 
20 11-25 2-538 5-08 O-380 111 
Arcton 6 1-24 12-89 30 14-79 1-931 6-64 0-376 
Ww) 18-47 1-548 8-27 0-380 113 
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Table l contd, 
My Pre ssure py Run 
Solid Gas (P) G (p.s.i.g.) (ug /em?) Ps/ Py Gr No. 
w4 104 10-3 102 10 
0 1-676 7-08 3-52 0-639 so 
20 2-095 8-31 0-623 81 
Argon 210 2-49 ) 6-220 1-900 13-02 0-617 82 
Ho 8°55 1-389 17-61 0-614 83 
80 10-84 1-092 22-58 0-617 84 
104 104 10-4 102 10 
( 67 
0 1-205 3-75 0-652 
| 
68 
20 2-842 4-16 0-624 
| 76 
PVA Ain 69 
1-80 3-68 Ww) 1-49 2-64 13-91 0-628 
| 
Ho 6-12 1-031 18-00 0-634 79 
7:76 1-522 24-05 0-610 85 
10 4 104 10°" 102 < 10 
0 41-54 2-62 20-4 0-648 70 
10 7-85 512 5O-7 0-641 71 
Arcton 6 1-24 7°72 20 11°25 1-054 72-6 0-649 72 
30 14-79 0-804 95-1 0-641 73 
18:47 0-644 118-2 0-647 74 
10-4 108 10-4 102 10 
Bakelite 7:56 0 4°54 1-098 6-97 0-594 45 
micro-balloons Arcton 6 1-24 
10 < 10° 
748 10 7°85 6-34 1-119 0-597 
7-39 20 11-25 1-42 1-71 0-597 47 


Within each family the 
pr)/ pr or the Grashof number. 


each family of curves. 
density ratio (ps 
Gr, varies from curve to curve. The values of 
these groups corresponding to each curve are 
Table 1. In all of these 

bed height to diameter (L/D) 


maintained at about 2:1. The original gas bed 


listed in runs the ratio 


of initial was 
data of this paper were supplemented by data 
obtained by Lewis et al. [12] on the fluidization 


of glass beads of various sizes by air at atmos- 


pheric pressure. In this case the initial bed height 
diameter ration was about 10.: 1. These data are 
recorded in Fig. 6 and the properties listed in 
Table 3. 

Kach curve in Fig. 7 represents a given solid 
fluidized by water for the three different initial 
bed height ‘diameter 
about 1:1 and 38:1. 
supplemented by those of WILHELM and KwauKk 
[13] on the fluidization of glass beads of different 


ratios ranging between 


These original data were 
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Table 2. Properties of beds fluidized with water 
(Data of Simpson and Ropcer) 


Py Run 
Solid (P) G (g em”) Py Py Gr L/D No. 
1-005 w= 1-33 10° 0-998 2-52 8:76 10 0-342 O-76 13 
Glass beads 3910 0-348 1-43 12 
0-377 2-41 11 
1-056 27 107 7-76 1-880 0-400 0-96 13 
Steel spheres 3160 » 0-408 1-78 2 
0-407 2-84 1 
1-005 10-2 5-07 10° 0-998 11-22 10° 0-383 0-90 10 
Lead shot 1710 u 0-397 1-08 9 
0-399 2-05 VOL 
16 
| Gos - argon 
j 
| 
/ 
“4 
| 
1" | 
Gos - arcton j 


6 + air 


Fic. 38. Fluidization of sand by gases under pressure. 
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The fluidization of light 


diameters and lead shot by water. These data 


are shown in Fig. 8 and the values of the corres- 


ponding groups are listed in Table 4. The proper- 


ties of all the solids considered here are listed in 


Table 5. 


Since the displacement of one curve from 


another in each family was small and since a small 


error in bed height could have a large effect on 


the voidage function a large number of readings 


VOL, 
16 


1969 


4. 


solids by guses under pressure and heavy solids by water 


With the same 


co-ordinates the curve defined by equation (1) for 


was taken to define each curve. 


flow through a fixed bed is a straight line through 
the origin of slope 5-56. The shape factor d was 
chosen se that the straight line portion of the 
Nuidization curves corresponding to flow in a 
packed bed les along the line detined by equation 
(1). 


in Table 5. 


The values of the shape factors are r corded 


They appear to be a function of the 


Fluidization of P.V.C. by gases under pressure. 
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Fic. 5. Correction factor for turbulent flow 
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Fic. 6. Fluidization of glass beads by air at 1 atm (data of Lewis et al. 12}) 


164 


| 
| 
| 
| 
| 
| 
| 
| 
} 
| | | | 
| 
| 2 
a | 
| 
| i 
| = 
4 
7 
Wa 
| 
A | 
| 


The fluidization of light solids by gases 1 


inder pressure and heavy solids by water 


Table 3. Glass spheres fluidized with air 
(Data of Lewis et al. [12]) 
Mf 
(P) (gy em”) € L, dD 
1550 1-80 6-88 10° 1-205 2-045 3-39 10? 0-380 9-35 
1-4 1-625 10 1-205 10 1-095 10 8-15 10 9-70 
560-0 180 w4 3-10 10 1-205 10 1-905 1-588 108 0-401 11-18 
Table 4. rties of water-fluidized beds 
(Data of Wituetm and [13}) 
Solid G g Gi L,/D 
Glass beads 287 9-92 10 1-000 6-69 10° 0-384 
Glass beads 510 yu Oo 10? 2-49 10 1-000 2.492 1-675 10° 0-384 1-04 
Lead shot 1283 1-490 10° 1-000 10 1-575 10° 0-375 1-392 
Glass beads 5210 1-00 10-* 1-845 10° 1-000 2-351 1-377 10° 0-385 0-825 
Socony beads 3280 « 10) 1 * 1-260 10° 1-000 1-603 2-085 10” 0-368 2-27 
Socony beads 4420 yp 1-00 10 2-705 10° 1-000 1-603 4-46 10° 0-368 2-42 
solid alone, as would be expected, and have values in Figs. 3 and 4 each of the fluidization curves 


of the same order of magnitude as those reported 


in the literature [9]. The shape factors for the 
data from the literature were evaluated in a 
sunilar way. 

EXAMINATION OF THE Data 


It is clear from Figs. 3 and 4 that for a given 
solid tluidized by a given gas the bed expansion 
of the 


f Re*/90 Gr increases as the gas pressure increases, 


at a given value generalized velocity 


Each family of curves shows that the effect of 
the 


increase the bed porosity towards that predicted 
by the fixed bed line. The effect of fluid \ iscosity 


decreasing density ratio (ps pr) pr IS to 


in each of the gas systems is shown by comparing 


obtained by the various gases with a given solid 


at a definite value of the ratio (ps pr)/pr. It 
can be seen that an increase in gas viscosity 
corresponding to a decrease in G causes the 


fluidization curve to move from the fixed 


be d line. 


The effect of the other variables in equation (6) 


away 


on bed porosity is more dillicult to investigate. 


The study of the effect of parti le diameter 
involving the simultaneous variation of G and 
(d/é) D and the verification that the effect of 
solid density ps 1s adequately described by G 
and (ps or), pe necessitates the comparison of 
results on different solids. Then the effect of 


unknown factors such as the surface properties of 
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Table 5. 


Simpson and B. W. RopGer 


Properties of the solids 


Density Particl Shape Static bed Porosity at 
Source Soli dia factor porosity complete 
(yg em fluidization 
€o 
Simpson and Ropcrr Sand 2-631 150 1-31 O39 O43 0-46. 0-48 
PVA 1-201 113-3 0-30 0-41 0O-45-0-47 
Bakelite 0-408 O59 O62 0-69 0-71 
1-188 176-4 OGL O65 0-69 
Class (.\ 2855 115 Oso O4S Ow) O43 
Glass (B 2855 115 O46 
Class (¢ 2855 313-3 1407 OSS Ow 0-438 
Glass (1) 2°51 O34 O38 
Steel 7°75 3610 0-40 0-41 0-42 
Lead 11-21 i710 0-38-0-40 0-42 
Lewis efal. {12 (lass 2481 130-0 O79 Ow 0-40 
Glass 1550 O-38 
(lass 2000 ow ow 
and Kwauk [13 Glass 2-492 287 0-38 0-38 
Glass 2-402 510 1-05 0-38 0-38 
Glass 2-351 5210 1-11 0-39 0-39 
Lead 10-79 1283 on 0-38 0-39 
Socony beads 1-603 S280 O-37 0-37 
Socony beads 1-603 4420 14 O-37 O37 
the solids are involved. Nevertheless. examination associated with the surface properties of the 


of all the gas/solid data reveals that the solids 
fall into two distinct classes; those with com 
paratively small bed expansions comprising the 
major portion of the data (i.e. sand, glass and 


and those 
ind bakelite 
In the 


starts at a 


PVA 
with large hed CXPAaNsions PV‘ 
ot which Fig. 1 is 


fluidization 


of which Fig. 3 is an example 


spheres an example. 


former group complet 
porosity of about 0-45 


[i.e. 3 ~ 0-3 


in the latter group complete fluidization only 


occurs at porosities exceeding O-OS 
lie. 
Clearly there must be a profound difference 


between these two groups of solids apart from 


density and diameter and this is likely to be 


solid. as is discussed below. 


It IS desirabk to reduce the families of curves 


to on family with each curve detined by a para- 
meter P which from equation (5) may be of the 
form 

(dd) L 

Pax |G, a 


(7) 
D D 


For this the obtained 
with the gas-solid systems were compared at a 


the group Re*/90Gr and 


purpose various curves 


constant value of 
plots of 
Ps py AP 
lowio Vs. 
r(l 


were made. The results for the various gas—solid 
systems lay along distinct curves which could be 
superposed by displacing the curves vertically. 
The amounts logyg by which the various curves 
had to be moved vertically to lie on the curve for 


the sand-argon runs, chosen because this curve 
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seemed to be the most reliable. were evaluated. 


The resultant plot of 


Ms Pr 
Py er 


AP 
vs. 
L r(l 

is Shown in Fig. 9. This plot was used for evaluat 
ing the parameter ye for the liquid bed data and 
also the air data of Lewis et al. 

It is clear from equation (7) that ge is a function 
of tive variables, As a first attempt at correlation 


logig vo was plotted against logy G in Fig. 10 for 


the gas and liquid bed results. The variation of 


we with G shown by the sand. PVA, elass and 


‘Re 


The fluidization of light solids by gases under pressure and heavy solids by water 


PVC data is proportional to G-‘, Le. « 
The data of Lewis et al. obtained on glass beads 
fluidized by air and the water bed results for solids 
of similar densities show the effect of particle 


diameter and indicate that is proportional to 


G °°, Le. de This implies that ge 

cle yp nds on son group other than G containing 

the diameter term (d Consequently an attempt 

was made to fit the equation 

| 
D 


to the data of Fig. 10 (excluding the VPC data) 


Fluidization of solids by water. 
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by the method of least squares. The resultant 


correlation is shown in Fig. 11 where log, de is 


plotted against 


G | A} "| 


It was found that a om 


and # 1-71, implying that 


very close to the first approximat oiven above 


The best param ter that could be used to describe 


the low expansion data was then given by 
OT 71 
In order to obtain a family ft curves most 


repre sentative of the low expansiol data using 


the param ter detined by equate ! logy, P was 
evaluated for cach of the curve nal 
AP fRe* 
for 
«)* OO Gr 


50 and 6-0, 


ria. &. 


The best smooth curve was drawn through each 
set of points and these curves were used to inter 
polate values defining the best single family of 
curves. Fig. 12 represents the fluidization of 
sand, glass beads and PVA by air. argon, Arcton 6 
and Arcton 35, under various pressures, and also 
lead shot, steel spheres and Socony 


More 


ean be regarded as representing data on thy 


vlass ads 


beads tluidized by water. generally, it 
fluidization by liquids and gases of solids which 


are completely fluidized at porosities above 0-45 


0-3 


€i* 


It cali bn 
at a given generalized velocity f Re* 90 Gr with 


used to predict the porosity function 


10 per cent corresponding to 
heoht of about 


an accuracy of 
an error im porosity or bed 
It is based on systems with the 


2 per ce nt. 


following range of properties : ps 


g cm*, d 113-5210 100-131, D <= 2-5 
B-Oin.. py 1-16 *1-00 P and 
pr 1-205 10 1000 


Fluidization by water (data of and Kwavuk [153)) 
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It can be seen from Fig. 12 that as the para- 
meter P decreases the 


towards the fixed bed line. Since equation(9) 


can be written as 


uy” M4 
P 


pp (ps g 1-07 dy 50 


this implies that for a given value of the general 


ized velocity function / Re*,90 Gr, bed expan 


sion increases as the fluid viscosity pu, decreases 


the tluid density py, increases and the 


ralise d 
partie le diameter (d 


») increases. This is clearly 
established by Figs. 3 and 6. In addition, equation 
(9) s that bed expansion imecreases with the 
net vravitational force on the solid g(p pr). 
This result is in 


avreement with the data olf 


10 where the lines passing through the data 


i 
a 
Fic. 9. 
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fluidization lines tend 


gases under pressure and heavy solids by water 


for the Socony beads ( ps 


pr 0-6 g/em*), the 
glass beads (pz, py 1-5 @ cm), the steel balls 
(ps pr 6-38 g/em?*) and the lead shot 
( ps pp ~ 10-2 ¢ em*), lie in the correct order. 


Finally kFig. 12 implies that an increase in 
tulx diameter D CAUSES the bed 


increase, 


expansion to 
Since all the experiments reported here 
were carried out in beds of 


is 


diameter between 
in. and 38in. the effect of tube 


diameter JD 


In quation (9) cannot be considered as established. 


On the other hand, the only other group contain 
ing D in equation | 


7) is the ratio Lo D. For all 
cas data re ported here Lg D~2: 
for the liqnuid data D~3B.2and1. For the 
data of Lewis et al. Lp D ~ 10 and for the data 
of Wintuetm and Kwauk Lo D~1-2-5. It can 


be seen from Fig. 11 that there 


the original 


Is obvious 
sf erevation ofl mts in term ol Lo 


Coincidence of sand, P.V.A. and glass results. 
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EFFECT OF SURFACE PROPERTIES OF THE 


SOLID 


So far the only allowance for the surface prop- 
erties of the solid has been to include the shape 
as a correction to the mea 


factor sured partic 


diameter. This factor has not been retained as 


an independent variable as in equation (7) 
because it was found possible to correlate the low 
expansion bed data without explicit allowance 
for d de spite the fact that the sol 


this correlation had shape factors ranging between 


ais include doin 


a measure 


Simpson and B. W. Ropcrer 


1-00 and 1°31. Nevertheless, this correlation is 


not comprehensive enough to include the high 
expansion bed data, as exemplified by the PVC 


results. It seems likely that other properties of 


7), must 


the surface. 
he 


indicated by rin equation 
included in a more general correlation. 

What is desired is some measure of int rparticle 
if possible, from the thiudiza 


Such 


friction obtainable, 
tion data without addition measurements. 
may be given by the porosity e at 


which ftuidization is just complete : 


\ 
. 
‘ 


9 og 
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Generalized bed expansion plot for liquid 
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AP this correlation is incomplete and more work is 
©. (> required to establish the effect of particle rough ee 
ness and tube diameter. 
It will clearly increase as the roughness of the . 
parti les increases and can be ey iluated along EXTRAPOLATION ol rut DATA TO THI 
with the shape factor é6 by measuring pressure FIXED-BED LINI 
drop vs. bed expansion during one fluidization The critical values of the parameter P at which 


test. The values of 4 and eg for each of the solids the fluidized bed has the same porosity as an 


studied is shown in Table 5. expanded bed of fixed particles submitted to the 


‘ ‘ ‘ raliy > 
\n atte mpt was made to hig. 12 to veneralized velocity can he found from Fig. 


include the high « xpansion data by including eo as 12 by « xtrapolating along constant values of the 


an additional variable. While the high expansion — ,, neralized velocity function f Re? 90 Gr to the 


and low expansion data corresponding to solids tixed bed line. The resultant values of P in terms 


with widely different surface prope rties could now of the porosity ¢ are shown in Fig. 14, by the 


ln repre sented on the same plot it was considered 
to be inadequately substantiated The P.V.C. 


solid line. This curve can be considered as giving 
a critical porosity for a given value of th para 


porosity functions were about 20 per oe nt hig he r mete r Pp above which the flow through the fluid 
than those of the general correlation and the 


ized beds tends to form bubbles. It can be 


results obtained on the bakelite m ro-balloons conside red as a stability line separating ideal 


thuidized by Arcton 6 scattered badlv. Great particulat. fluidization from incipient agoregativ« 


difficulty was experienced in tluidizing these fluidization. 
micro-balloons smoothly because ol channelling. 

All subsequent discussion is devoted to the BUBBLE VELOCITY IN) FLUIDIZED BEDS 
correlation given in Fig. 12 which is reliable for It is now necessary to introduce two un 
low expansion beds, Le. e O45 Hlowever, substantiated but reasonabk assumptions. In 


Fic. 13. Effect of bubble formation and cross-flow in the fractional 
conversion of a first-order heterogeneous reaction in a fluidized bed. 
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the first, it is assumed that an aggregatively 
Hhuidized bed consists of two phases, bubbles and 
an emulsion phase in which the particles are 
uniformly dispersed. Let the porosity of the latter 
phase be «;, the number of bubbles per unit 


volun bye and the mean bubble volume be 
Then 


ni (11) 
where « is the mean porosity of the (huidized bed 


12. If it is assumed that the 


superticial velocity of the fluid in the emulsion 


as recorded in Fi 


phase is 14, that the velocity of rise of a bubble 
of volume v is u, and that the volumetric flow 
rates through the two phases are additive, then 
the total superficial velocity Vo of the fluidized 


hed Is piven by 


V nvu (1 nv) Vy (12) 


kia. 14, 
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Substituting equation (11) into (12) and writing 


in dimensionless form 


l (d db) U,, py 
| 
Hes) €,) (1 


(13) 
Gr Gr 


where the groups are defined above and_ the 
Revnolds number for the flow through the emul 
sion phase 

Rey 


{ €,) 


can be evaluated from equation (1) with « €}. 


Kquation (13) gives the mean bubble velocity 
u, in terms of the known physical properties of 
the fluidized bed, the Reynolds number of the 
over-all flow, the mean porosity ¢« of the bed and 


the porosity «; of the emulsion phase. 


— 


Critical porosity of the emulsion phase low expansion beds. 
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As will appear later it is contended that there 


is no essential difference between a liquid thuidized 


bed and a gas fluidized bed: only a gradual 
transformation from ideal, particulate tluidization 
to full aggregative fluidization. The literature’s 


use of the word partie ulate is Vaou In general, 


when no bubbles are observed in the fluidized 
bed it is said to fluidize particulately. In the 
following, a bed is said to fluidize in an ideally 
particulate manner when its fluidization curve 
lies along the fixed bed line. This constitutes a 
quantitative definition of ideally particulate 


thuidization. It is shown below th 


some systems 
Hluidize with such small bubbles that they are 
not obvious to the observer. According to our 
definition this bed would be said Hhuidize par 


ticulate ly, but wot in an ideally parte ulate manner. 


sed 


Simpson and B. W. RopcEer 


A second assumption is now made that when 
a bed is fluidized in an ideally particulate manner 


the fluidization curve will lie along the tixed-bed 


line in Fig. 12 and that every such system has a 


critical porosity above which the ideally partne 

ulate fluidization will become unstable and bubbles 
will be formed. This critical porosity can then be 
identified with the porosity of the emulsion phase. 


It follows then that the porosity ¢, is a function 


of P as shown in Fig. 14. However, «; cannot be 


less than eo, the porosity of the static bed. For 


those beds which have a value of P vielding a 


value of porosity in Fig. 14 less than «, there will 


be no range of velocities over which the fluidiza 


tion can be ideally particulate and the porosity 
of the emulsion phase will by equal to €. Thus for 


the data of Fig. 12 for which e 0-40, no 
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Bubble characteristics. Low expansion beds. Streamline flow 
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system with logo) P 8-97 can have ideally 
particulate fluidization. It is thus possible to 
estimate the porosity of the emulsion phas« by 
the broken line in Fig, 14. 

By combining equations (13) and (1) with 
Figs. 12 and 14 it is possible to estimate the bubbk 
velocity vu. as a function of the bed porosity « 
and the 


flow through the bed 


parameter P. In particular, when the 


streamlined so. that 


Re Rey 


the generalized bubble velocity 


d U.. l 


can be plotted in terms of the parameter P for 
a series of values of the porosity function « 1 —e)* 
as shown in Fig. 15. It can be seen that as the 
fluid velocity, and with it the bed porosity 
increases the bubble velocity Mncreases Also the 
effect of fluid velocity on bubble velocity decreases 
as P decreases to the value of logy» P 


Beyond this point the porosity of the 


S07. 
emulsion 
phase increases AS decreases and the Gener ilized 
bubble velocity sliohtly at 


bed porosity. It should be noted that as the hed 


Increases constant 


porosity < drops to the emulsion phase value €] 
the generalized bubbk 
tends to the limit 


velocity in equation (13) 


€, 


(1 €,) 


velocity shown by 


This lower limit of bubbk 
the broken line in Fig. 15. 
FRACTION OF FLUID THROUGH BED IN 


BUBBLI FORM 


If | BR s the volumetric flow rate of tluid through 
unit cross-section ol t he bye al as bubbles the 
fraction of fluid through the bed in bubble form 


as given by an equation similar to (12) and (13) ts 


it 1 Gr 
Re Gr 


14) 


It is thus possible again for streamline flow to 


plot V,/V vs. log,, ? for a series of values of 


e* (1 e)? as shown in Fig. 15. The fraction 
| BR | increases as the bed ex] inds but decreases 
ns pP dee reases A AS the by a becomes more 


When the critical value of P is 


ph 


particul ite, 


exceeded the porosity of the emulsion 
increases and the fall of |, Vo to zero value ts 
very rapi 

Since thud solid contact u the bubble phase IS 
poorer than in the mulsion phase the ratio 
- V gives a measure of the elliciency of contact 
between solid and fluid. at teast tor the are 
bubbles encountered in gas beds If we define 


along with May [15] the crossilow ratio r as the 


number of times i bubbk rising through the 
bed exchanges its volume with the surrounding 
emulsion ph se and assume that no reaction takes 


pla e between the gas and solid whil 


inside the bubbles. then for a first order. hetero 


ceneous reaction. the fraction il icld fis given by 


exp 


44 


M is the mass of solid in the bed and & the reaction 
rate constant. This ts a parti ular case of May's 
more general equation in which back diffusion ts 
neglected. For piston flow through a packed bed 
with the same mass of catalyst 1.e.7 - | 0) 


equation (15) reduced to 
l exp (16) 


If fis chosen to be 0-7 for this fixed bed “a6. 
With this conversion as a basis equation (15) has 
been used to evaluate Fig. 13 in which f is plotted 
as a function of V, V for a series of values of r. 

According to Fig. 


O-S7. If x 


15 V, V can be as high as 
no effect on the 
extreme case of 
For the 


equipment used here r ~ 1 in which case f 0-46. 


this will have 
fractional conversion. In_ the 
r 0. f can drop to O-138. laboratory 
Unfortunate ly, no ven ral correlation is available 
for r in terms of the bed parameters, but Fig. 13 
does illustrate why fluidized bed reactors are 
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rece ssarily taller than the comp rabl bed fixed 


reactor, at least for 


(ASCOUS SVS 
When air is used to fluidiz | (d 195 «) 
at atmospheric pressure, o P 7-36. When 
the air pressure is 80 p lo 8-17. 
With a bed porosity of 0-5 it can be seen fron 
Fig. 16 that O-S1 at at d at 
SO small but appr iccrease for a 
pressure rise edu ive | Apart fron 
idvantages that by the ches 
istry of tl | low ratio ts 
not lil to e¢ marked pressure 
little improvement is obt irvine out 
hetcrovenco thon i thud bod under 
pressure 
BUBBLE voLu™M CONCENT AND 
EQui 
It has been found by Da Pay 
that large lent s through 
a liquid at a rat iven b 
u, a(gv' (17) 
where a 0-792. This equation that the 
drag coelliment of these large bubbles is largely 


iIndeper lent of Reynolds num! 


DAVIDSO’ 


et al. have found that this equat is applhecabl 
to the rise of bubbles injected cently 
fluidized beds. Since it has bee bserved that 
bubbles rising through tlhuidized | do appear 
to be lenticular a final assumpt made that 
equation (17) can be used as a first approximation 
to relate the mean bubble velocity to the mean 


| nadised d 
bubble ot 


bubble volun an agores itive 
The mean frequency fr with wl 
mean volume i appear at the surface of the bed 


is given by 


Is 
! 
wl cre Is the tional area of tly bed 


By combining equations (17), (18 ral (11) the 


volume v. the number of bubbles 


mean bubble 
per unit volume and the bubble frequency /7 
are given by 


- (10) 
(d 


12 (p p,)a® 


For streamline flow the generalized volume. 


plotted i function of P for a series of values 
m bie. It can be see that is the fluid 


entration and frequency have been 


velocity creased through a wiven solid (i 
P const int 


volume mereases, but the 


tive bed xpand thy 


decrease low S-O7. Saree 


concentratpon 
j freauicme 


the bubble volume v is proportional to #.* an 


itt velocity mh werevativels 


fluidized bed has a much vreater effect on bubbk 
volume than on bubble velo ity. This agrees with 
the studies of Yaser and Jonuanson [4] who 
found that while the size of bubbles tinereases with 
ras velocity. the velocity of the bubbles vari 
hetl Che decrea bubble fr with 


velocity Iso acres with the data of Yasur and 


COMPARISON OF BEDS FLUIDIZED WIrH 


LIQuIbD GASES 


Consider a liquid and a gas tlhuidized bed with 


the same value of the parameter P. Since the 


value of 


is larger for a liquid than for a eas (ecu. the valu 
for class ed by water 3°30 10 5. thre 
value for glass with au 


at atmosphe ric pressure 


is | thus imple that the partic 
diameter must be larger for the liquid system than 
the gas system 
diameter with water 
e.g. 8-17 | 
diameter with air 

These two systems will be re presente dl by the sam 
12. If both beds have « xpanded to 
then both will 


same generalized velocity f Re? 90 Gr. 


curve in Fig. 
have thy 
Then for 


following 


the sam porosity « 


streamline tlow in both systems the 
relationships 
(19), (20) and (21) for the ratio of the bubble 


are obtained from equations (13), 


VOL 
16 


19¢ 


. 
* 
JOUANSON., 
. 
Sa 
6 
"4 
q 
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‘ 
i 
| 
4 
4 eneralised bubble frequency 
| 
OL + - 4 


Fic. 16. Bubble characteristics. Low expansion beds. Streamline flow. 
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Hi. 
characteristics in the gas system (subscript g) to 
those in the liquid system (subseript /). 


10°: 


beads 
Thus the 


S-4 times 


where the numerical values are for glass 


fluidized by air at lL atm and water 
velocity of rise of a gas bubble is about 
that of a liquid bubble at the 
with the parameter 2, the 
of linear dimensions of gas to liquid 
71: 1 and the 
If it is further assumed 


fluidized with air ar 


bed porosity 


same value of the ratio 
bubbles Is 


ratio of Trequencies 2-33 
that the 


class by ads 


of diameter 100 « then the 
following parameters can be evaluated for a tube 


diameter of 6-35 cm. 


G 2-44 10° ; 
2-359 10 1-055 
dD 


assumed that thre mieat bed porosity 


If it is further 
that 


Is h 


0-40 
= 


then from Figs. 12 and 14 


f Re? Re 


90 Gr Gr 


10 


(since Re 0-424 10); «, 0-40. Thus, from 


15 and 16. LOO olass beads thiudized by 


Figs. 
atmosphe rc air to a mean porosity ol « O-1S 
bubbles of 
linear dimension 0-39 em, rise velocity 0-61 ft sec. 


13-8 em? 


should produce volume 0-2 em*, 


concentration O-oOsS em? and freque my 


sec. These estimated figures are of the same order 
Yast 


t] who found bubble velocities ranging 


of magnitude as those reported by and 
JOHANSON 
between 1 and 2 ft sec and frequencies between 
t and 12 bubbles The 


reported by Yastr and JOUANSON are 


velocities 
likely to 


be too high and the frequencies too low since 


per em sec. 


Simpson and B. W. Ropcerr 


they are unable to detect bubbles less than | in. 


diameter. 


Consider now the larger glass beads tluidized 


by water to the same porosity but with the particle 


diameter adjusted to give the same value of the 


317 olass beads should 


parameter P. Then the 


produce bubbles of linear dimension 0-008 em. 


concentration 246 10°? rise velocity 


O-O7 tt sec and frequency 5-03 see, 


Although equation (17) is not likely to be applic 


able to very small bubbles it seems reasonable 


to conclude that the liquid bed will contain a very 
number of small bubbles ( O-OL em) which 


Thus the 


larue 
ras dl would 


and the 


would not be rved. 


as tluidizing ayggregatively 


bn obse rved 
liquid bed particulately, but net in the ideally 


particulate manner according to the detinition 
above. 

It is thus sugvested that the difference between 
the type of fluidization observed in liquid systems 
and was systems 1s only one of degree. Both ty pes 
of thudization can be represented the one 
normally has a 


bubbl 


family of curves. A gas system 


number of large 


bed ; 


num be r of small bubble s. 


comparatively small 


rising through the liquid system may 


have a 


Bi BBLES IN TURBULENTLY FLUIDIZED BEDS 


The above calculations are only valid when the 


bed is ostensibly streamline, i.e. 


For higher Reynolds 


encountered in 


flow through the 
fRe 90 1 for Re 10. 
numbers such as those normally 
solid systems the bubble size, velocity, 
concentration and frequency cannot by expre ssedl 
as unique functions of the parameter P and the 
porosity e. It is necessary to include the indepen 


dent variable Gr. 


Consider the case of lead shot thuidized with 
water according to the data shown in Table 2. 
Then logy P 8-98, Gr. O06 10° and 


from Ite, If the porosity of the bed 


Is 0-56 (Le. (1 0-9) then from 
Fig. 12 
Re? 
5-00 10 Mey 0-99 10-8 
90 Gr 90 Gr 
The turbulent tlow correction factor can be 


evaluated from Fig. 5 as 


17s 


er 
u 
4 
VOL 
+ 19¢ 
4 
: 
; 


19649 


"Re 
90 
Re 
hi “1 8-24 and thus 
te 
Re _ 1.048 10-3. 
Gr 
Re, 0-305 10 
Gi 


Substituting these values along with the properties 
listed in Table 2 into equations (11), (13), (15) 
1:17 ft sec, v! 


3-06 em® and fr A 


and (16) we have u, 2-06 em. 
1-09 cm® sec, 
Consequently, when lead shot (d 0-171 em) 
is fluidized by water bubbles of linear dimension 
2-06 em should be produced, The outside of these 
lens shape d bubbles were seen as slits of water in 
the emulsion phase moving up the walls of the 
bed. At the top ol the bed the spherical tops of 
the bubbles could be seen easily with the naked 
eve. The dimensions and frequency of the bubbles 
appeared to be of the same order of magnitude 
as those calculated above. 

It is emphasized that thre assumptions have 
been made in order to calculate bubble char 
acteristics. viz. that an aggre gatively Hhuidized 
bed can be treated as made up ol bubbles in 
a uniform emulsion phase, that every partic 
ulately fhuidized system has a critical porosity 
above which ideal particulate fluidization breaks 
down to agyvregative fluidization and that the 
mean bubble velocity in an aggregative ly thaidized 
bed can be related to the mean bubble volume 
by the Davies Tay lor equation for gas bubbles 
in a liquid. While the results from these assump 
tions are reasonable, they are in need of more 
direct exp rimental confirmation. Furthermore, 
all these calculations vu ld mean values of the 
bubble characteristics. No allowance has been 
made for bubble growth by coalescence and no 
mechanism has bubble 


formation. Also back-mixing or diffusional 


been postulated for 


effects in the emulsion phase have been ignored. 
This seems reasonable since they appear to have 
little effect on reaction efliciency in a fluidized 
bed reactor and since back-mixing would certainly 


vary with the quality of fluidization of the bed. 


The fluidization of light solids by gases under pressure and heavy solids by water 


Such an elaboration does not seem useful in view 


of the limitations of the data given above. 


CONCLUSIONS 


The following conclusions can be summarized 
from the above work. 

1. There is no fundamental difference in 
mechanism between a liquid fluidized bed and a 
gas fluidized bed A gas system normally has a 
comparatively small number of large bubbles 


\ liquid 


system may have a large number of small bubbles 


and appears to fluidize aggregatively. 
and appear to fluidize particulately, but not in 
the ideal manner defined above. 

2. It is possible to represent a wide range of 
liquuid and wus beds ona single corre lation relating 
bed porosity to a generalized velocity function 
and a parameter P defined in terms of the fluid 
and solid properties by the equation (9). 

3. The surface properties of the solid can play 
an important part in determining the character 


of the fluidization. 


+. By treating an aggregatively thuidized bed 
as a two-phase system and making unsubstanti- 
ated but reasonable assumptions about the rise 
of bubbles it ts possible to pre dict bubble velocities 
frequencies, concentrations and volumes which 


are in approximate agreement with observation. 
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No’ ATION 


i cross-sectional area of the bed 
d particle diameter 
d channel diameter 


D bed diameter 
{f — friction factor ; fractional vield in equation (15) 


fr mean frequency of bubbles of volume t 
g gravitational constant 
g. unit conversion factor 
g(p pr)” pr 
G Gr 
Pr 
pr 
h rate constant for first-order heterogeneous 


reaction 
L bed height 
L initial bed height 
M mass of solid in bed 
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] 
= 


number of bubbles per unit volume 


Ps G-rer 


crossflow ratio 
(dé) V 

(1 «) py 
(d/d) 

il 


surface area of the particles per ul 


the particles 


C. Simpson and B, W 


ut volume of 


. 


superticial velocity of the fluid in the emulsion 


phase 

volumetric flow rate of fluid through unit cross 

section of the bed in bubble form 

a dimensionless measure of the surface roughness i . 
pressure drop 
mean porosity of bed poe 


mean porosity of static bed 
porosity of emulsion phase 
porosity at which fluidization is just complet 


fluid viscosity 


fluid density 

velocity of rise of bubble of v« ‘ solid denaits 

mean bubble volun shape factor of particles as recommended by Leva 

linear velocity of fluid 

superticial velocity of the fluid functions 
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Thermodynamics of Chemical Equilibrium—I 
Effect of temperature and pressure 


PINGS 
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Abstract—A general thermodynamic derivation for the temperature and pressure derivatives 
of the chemical reaction parameter is presented. These derivatives are evaluated for several 
simple equations of state. Applications are indicated for error analysis, for computation of small 


changes, for correlation of yield data and for selection of pressures which maximize yield. 


16 Résumé L/auteur présente une methode thermodynamique de calcul différentiel permettant 
1962 (WVobtenir les dérivées partielles, par rapport a la température ct a la pression, des paramétres 
caracterisant une reaction chimique Ces dérivees sont évaluées pour plusicurs équations d'état 

simples Application au caleul des erreurs et des faibles variations, aux relations des sonnécs 


sur le rendement, et au choix des pressions qui donnent a ce dernier sa valeur maximum 


Zusammenfassung —Es wird cine allgemeine thermodynamische Ableitung fiir die Temperatur 
und Druckableitungen der chemischen Reaktionsparameter angegeben Diese Ableitungen sind 
fur mehrere emfache Zustandsgleichungen bcrechnet Anwendunygsmoglichkeiten werden 


angegeben fiir Fehleranalvsen, fiir die Berechnung geringer Anderungen. die Korrelation von 


Nusbeuteergebnissen und fiir Auswahl der Drucke bei maximaler Ausbeut« 
INTRODUCTION Pricocine and Deray have used similar 
Expressions for the change in the chemical CNPPFESsions i their general discussion of chemical 
equilibrium constant with change in thermodyna equilibrium. Davies [5] presents an excellent 
. mic state are well known [1, 2, 3]. The equilibrium description of both equilibrium and dynamic 
constant itself can be employed to determine the displacemy nt of chemical equilibria. 


composition of a system in chemical equilibrium. Porrer recently cise i the degree of 
Changes in state can be translated into chanves advancemen pertect Fil 
Tl ethods developed here are o “al: 
in equilibrium constant which, tn turn. can be Phe methods devel her ire general and 
can be extended to non-ideal systems. such as 


translated into changes in composition However, 
in many instances, the equilibrimm constant ts of encountered high pressure synthesis or in 
no interest as such: it is merely evaluated to liquid state reactions. Subsequent papers will 
permit the evaluation of the change tn COMMPosl- consider the effects of volume change and the 
tion or extent of a reaction, There appears to be equilibrium response to incremental inputs of 
merit, therefore, in the use of expressions that heat and work, 


vive directly the latter change. 


The purposes of the present paper are THERMODYNAMIC DeRIVATIONS 


lo develop gem ral thermodynanii CX Al] ol the discussion the present r 1s 
pre ssions for the derivatives of reaction extent re stricted to a closed system In) which only on 
a with respect to temperature and pressure, reaction occurs. lhis reaction will be denoted 
ae (ii) To indicate methods of evaluation of the by the following equation : 
derivatives for several common equations ol 
state. 
vp Ag 0 (1) 
(il) point) out several applications, 


Isl 


VO 
VOL. 
| 
| 


A 
am 


Aj Is here used to repre ent 
formula of the Ath component 1} 
stoichiometri nts wi 
the ratio of inte posits 
ota rhe itive tor ti 
for those Sper present 
rite thr reacth 

Chemical equ brium uw estal 
states that sat the te i 

V 
equality is uncha dob 
absolute temperature 
0 
Differenti ! ‘ | tern 
4 / 

Her ad tor parametri 
changes in state. In consideri 

/ to take | 
ti\ with respect to temy al 
omposition parar 

stem constran to paths 
brium ti one ‘ 

thu Ci rill stittients re 
st re ti hip 

extent the wt 
follown 
ad? 
V 
4d 
Mo d 
ds 
Two useful partial derivatives | 


Pings 


It Is COnVeT 


rent to « miploy as the thermodyna 
s are the mic variable representative of ¢ hange in composi 
ntegers o1 tion. Changes in T’ will then be completely 
produ ts determined by chanves in 7. P and 
and cTo 
vot enter T AT 
ds T / ds 
{ for those T Ip T 
14 p | (6) 
r.¢ ¢ dé rp ds 
Substitutu the latter imto equation {4 
» My | 
ds 
7 iP 
Me (J 
r.é ds 
7 i 
a Me | } 0 7) 
rp as 
tation of 
uit two summations involving derivatives with 
ti ol 
respect to temperature and pressure can bye 
int deriva 
convermently expressed in terms ol partial 
CSSLT 
enthalpi nd partial volumes [2, 3 
closed 
equi / l 4 
ent can be Me Me Hy (8 
v7 T? , 
iss of 
ve Myf My Vi (9) 
quatior 7 b= 
Ire rently 
1 bw the The followin bstitution is also convenient 
p Me RL vx | 
ri r.P 
: Substitution of thes expressions into equation 
7 followed by rearrangement results the 


dire 


following 


ve In fy 


is Sp ial 


equation | 


ds) 


= wm (d In fe/dE)r p 


4 
ug 
; 
a 
VOL 
19¢ 
| 


VOL, 
16 
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Thermodynamics of chemical equilibrit 


im—I. Effect of temperature and pressure 


Equations (11), (12) and (13) explicitly relate ~ 
the change in extent of a reaction to the thermo lant (mi Mi) dn, . 
dynanit properties of a mixture. If changes in A ds allk (15) 
mole fractions are of primary concern they may Vk al =e 7 
be evaluated as follows. Suppose mg ts the 
mass of component & for a value of ¢ &. Then The first of these equalities follows from th 
me () me (£1) My{ ¢ 1). all & (14) definition of in equation (5 The expressions 


The following equalities hold 


involving mass fraction and mole fraction are 


cle rive d it} the 


Appendix. 


Fan Using the above expression lor change in mole 
‘ 
ué l im, dny trac tion equations (ll ind 13 thi 
ds vy, M, ds vy M, ds following form: 
vp Me (Ay T)| (dT ds) vp My dP ly — 
il] i 16) 
as 
RY ve (d In fi 
| 5 Vk | vi ny VE 
ip = all 7 (17) 
( 1 an 
RY Ve inh oc 
kel 
n 
My (Hy 7 | wy 
in, | 
iT ill 7 (18 
ay 
I! expressions are required for changes in of the system may also be available in the form 


weight fraction equations similar to equations of an equation of state. If so, the necessary 
(16), (17 and (1S) may bye evolved by, ipplication prope ties may he numerically evaluated and 
of the appropriate equality from equation 15). substituted into the above equations. Another 


EVALUATION oF THE THeERMODYNAMK 


PROPERTIES 


appro h is to combine the equ ition of state with 
the above expressions to yield explicit relations 
for the composition derivatives in terms of simpk 
state 


variable 


The vgs and M,’s in equations (11), (12), (13), useful equations of state 
(16), (17) and (18) are determined by the stoichio are considered below, 
metry. For each component, three remaining If the system is an ideal solution [1] the follow- 
quantities must be evaluated ; Ay, Ve and ™g equations deseribe the partial thermodynamic 
() In fy dE). Since these are all state properties behaviour ; 
their values are fixed by stipulation of the Ik ) 
thermodynamic state of the system. If the , Ve (19) 
system has been well studied these data will be ; Is] 
available in graphical and tabular form and the Hy Hy 


numerical values can be directly substituted into 
the above equations. 
Know 


of the thermodynamic properties 


For an ideal solution equations (11), (12) and 


(13) respectively assume the following forms: 
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: 
4 
F 


Cc. J. 


| m RT My (dT ds) RT) ve My (dP ds) (20) 
m RT) ve m RT) AV (21) 
leet 


m Mei, (m AH 


If it us furthe ssumed that tl vstem obeys either PVT data or from inter-moleculat potential Vol 
the perfect gas laws these thr eg l beconn data Coml ition of the equations (24) and = 
mplified somew t. In particu ation (21 25) results in the following expression for the ‘ 
becomes behaviouw mixtures 


(RM)1 


P J | [is, pg 
‘ ‘ ; n 
Another interesting and usefu Ivtical des 
: For such systems, called simple mixtures [7], the 
ota iS mxture that tee by thre 
following expressions for the partial thermo 
Virial equation of state \ low pr modifica , 
behaviour may be derived 
tion of the virial lation provick itistactory 
first-order correction to perfect is behaviour. RT 
by 
P| B(T) ,, 
Z / — 


(R/M) T RT FS Be) 


From clementary kineti theor t may 
col li cle } tiv ris nit fo P 
mixtures is a quadratic form we tractions VW, 
— By + (28) 
In In ny In P 
The with like indices are mer the second 
(20) 
virial coetlicients of the pure components, Th RT ss nN | By By By | 
Sit 
B, with unlike ur interaction coc 
flicients. Hirscureiper et a 8}. GUGGENHEIM For a simple mixture the following expressions 
rar and Py AU SNTT 0) have cis means of then describe the ndenee of the reaction 
computing the second virial coetlicients from parameter on pressure and temperature, 


| 
— 
: 
. 
— 
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m/T| », oP a, 
The ck rivatives of tha preceding paragraphs 


are useful in further thermodynamic analysis. 
kor example, thes may be used to comput th 
heat capacity and latent heat of pressure change 
The heat 


for a system at chemical equilibrium. 


received by a system at equilibrium 


related to changes in state variables as follows 


[4, 10}. 
) d dP 4 dim 
VOL, 4 m C,, mh, * (39) 
16 ds * ds ds — ds 
1O¢ ? or 
dT 
mC, 
ds ds 
dP di 
mh» MH, (333) 
ds as 


The coetlicients appearing in this « quation may he 


detined as follows |4 


(334 
m 
1 | 
h, f 35) 
m |dP |}, 
It is sometimes convenient to employ a heat 


capacity and a latent heat of pressure chang 
that include the effeets of shift in) chemical 
equilibrium. 
l or 
C, (36) 
m 
l 
h, (37) 
m |dP ir 
From equation (33) 
( Vi, Ay (338) 
h h ve My H (39) 
If equations (38) and (39) are combined with 


equations (13) and (12) re sp ctively, the following 


are obtained : 


I. Effect of temperature and pressure 


d(1/T) 2 ad(l/T) si 
vue 
Cp C, (40) 
m RT vg (d In fe/dE)z 
a2 ve M, ay Me 
he = hb, (41 
m RT In 
k 
For the ideal solution described by « yuation 
(19) these formula simplify to 
1 RT? | AHP 
Cp C, | (42) 
| 
1, RT)| AN \H 
h, = h, (43) 
is 
(vy? ny) %| is 
| 
\ sinular analysis leads to the following « xpres 
sions tor the othe rmal and isobark Compress! 
bilities of a system in chemical equilibrium : 
SOME APPLICATIONS 
Karample A 
As an example of an application of these 


follow Inge reaction 


» 


equations consider the 

Ne -+- 3He 
To be specilic, if will be assumed that the ammonia 
II. 


ratio. 


synthesis is under consideration with No and 


initially present the stoichiometric 


The data ar easily summarized by the following : 


nan A 
Comp Indea (Moles) (Moles) 
2 3 3.3 
Nil, 3 " 2 0 » 
total 2 +2 
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If the system is assumed to be an ideal solution and a perfect gas, the following results from 
substitution ito equation (20) ' 
| (dP + (AH (dT ds) (48) 
is l (3 tf) (22 { (4 11s. pg ex! 
This simplities algebraically 
1—e)f2dP 149 
P ds RT? ds is pg, ex) 
\ specnal form of this the lowing, which 
directly relates fractional change n conversion to | 
fractional change in pressure | > = . ” (51) 
Is 
j | ip iN 16 
2 s, pg. ex, 7 vy Me Vi 
For small changes a useful relationship. ts thus Vo. : 
dT 
available —— dy ds 
RT? k- 1 ds 
\ \P (49) 
~ 2 | This can be moditied by use of equation (14 


» P Is px. 


\ simul ir equ for thre same svstem may by 


msobart variations tt mperature. 


for 


\H AT 


IS, Pg. eX, P) 


It is perhaps worth empl that eX 
pressions of the form of equatio anda 
ware particularly icftul for estimat either errors 
or the effect of sn independent 
variables Computation of sticl small changes 
by iteration of formulae involvu the equil 
brium constant would likely require considerably 
more ettort 


\s i second ‘ xample let ra | known stat of the 


svstem be denoted by 0. Nike. ete. 


Uhe problen will be to caleulate & at a different 
state for which the system displays new values 


und Py. It will 
ulequately de- 
Then 


following 


of temperature 
that the 


and pressure T 


be assumed system Is 


scribed as an ideal solution. equ ition (20), 


equation mav be written in the 


form 


Pings 


| . dé 
1 | Mg, vp é 
m, 
1 


\H dT j (52) 
RT ds RT ds is 
p 


m, 
kent (53) 
In 
m, 


WdP AH dT], 
| RT ds | RT? ds 


To.f 


Since € is a state property any convenient path 


may be emploved for the evaluation of the integral 


on the right-hand side of this latter equation ; 


presumably an isobaric path followed by an 


Since the left 


is implicit in € an iterative solution 


isothermal path would be used. 


hand sic 


rt 
ite i 
Erample B 
4 
A 


VOL 


16 
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would be required in order to establish a numerical 


value 


Example C 


Ata given te mpecrature and for a svstem of fixed 


initial composition, ts there an optimum: pressure 


which maximizes the extent of a reaction? This 
can be answered by Inspecting sP 1 for 
zeroes. For an ideal solution equation (21) can 


he express din terms of the compressibility factor. 


(m P) Z, 
j 
| ob) 


(vp? ng) 1 is. max 


! ! or min 


This expression can only be satisfied in a non 


trivial way if 
0 (55) 
is. maxX or min 
Hence, a point of maximum (or minimum) 


can be qui kly located by determining the zero 


of equation (55). 


Example D 
Another interesting result can be derived from 
equation (11) by considering equilibrium ¢ hanges 
at constant 
(VT) 
dT 


This has a formal similarity to the Clapeyron 


equation describing the interre lation of thermo 


dynamic variables along the Vapour-pressure 


curve of a one-component system. It equation 


(56) is applied to a system that is both ideal and 


ye rfect the following results : 


din P 


If it is further assumed that the enthalpy change 


of reaction does not vary with temperature, 


equation (57) can be integrated to give the 


following expression, which is identical in form 


I. Kffect of temperature and pressure 


to the Clausius— lap yron equation for om 


compon nt phase equilibrium 


& pg | 
In P 
i7 An 


const 


The leading to 


admittedly 


assumptions equation (58) are 


Nevertheless 


for corre lating 


somewhat stringent. 


the result may serve as a guide 
vield data from bench or pilot plant experiments, 
\t least if sts that plots ol ly P * ] at 


constant might be useful for interpolation or 


mode st equilibrium 


This could bn 


ipproach for systems ol complicated or 


even for 


data. 


extrapolation of 


vield i particularly worth 
while 
unknown stoichiometry, such as those encountered 


in polym rization or combustion. 


APPENDIX 


rij ation 


al equation (15 


By detinition of weight fraction 


Differentiating and substituting from equation (5) 


dn, 1 dm, V a 
ds ds ads 
m 
m, M 
n, (61) 
V ) all h 
dm, “ dn, n, (62) 
M, , M 
Substituting from equation (5) 
dn, n, 2 v,d (63) 
M 
(m./M.) 
dn, 
(64) 
ds ds 
n all k 


Equation (15) then results directly from equations (60) 


and (64). 
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2 
‘ 
2 
(50) 

k =} 

(00) 
RZ IS, pg] 

k 


Now ATIONS 


I, general molecular symbol for component k 
iT) second virial coeflicient ft Ib 
(T) contribution to second virial coeflicient result 

ing from interaction of species “i” and 


constants 


isobaric molal heat capacity of svstem of 


constant composition Tb. mole F 
Cp isobaric molal heat capacity of a chemically 
reacting systen B.Th. U Tb. mole “1 
fugact of component 
h, latent molal heat of pressure change of a 
chemically reacting svst« 
Ib. mole p.s.i 
hy latent molal heat of pressure change of a 
svstem of constant composition 
B.Th. U Ib, mole p.s.i 
Hy specific enthalpy of component 


B.Th. U lb 
H specific partial enthalpy of component / 
B.Th. Ib 


2 B.Th. U Tbh. mole 
Vv molecular weight of component 
m total number of moles 
m mass of component 
m, moles of component k 
ny mass traction of component 4 
n, mole fraction of component 
P pressure 
heat B.Th. U 
R universal gas contant 
10-73147 ft’ p.s.i. Tb. mole 


8 path parameter 


absolute temperature 
1, specific volume of component / ft’ Ib 
I, partial specific volume of component & ft’ Ib 
\V 2 k Vy ft Ib. mole 

kel 

Z compressibility factor PiM SRT 


stoichiometric coeflicient of component 

pure number 
chemical potential of component A 

B.Th. U Ib 


extent of reaction Ib. molk 


Below svimbols 


G molal value of property “G" GM 


m™ ripets 
0 pure substance 


infinite attenuation 


Subscripts 


i, refers to components j, 
0, 1,2 denotes value of property at time or state 
0,1,2...m 
Brackets 
ex indicates an example 
is indicates an ideal solution 
pg indicates a perfect gas 
sm indicates a simple mixture 


Operators 


summation 
multiplication (2, 2, 
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Non-steady state behaviour of fixed bed catalytic reactors due to 
catalyst fouling 


G. FF. Frowvenr and K. B. Biscnor 


Laboratorium voor Organische Technische Chemic, Rijksuniversiteit Gent, Belgium 
ed 27 January 1061) 


Abstract The influence of catalyst fouling on the conversion to the product of imterest has 


been studied by coupling a rate quation for the formation of the catalyst fouling compound 

to the continuity « juation for the main product 
ny Iwo mechanisius of formation of the catalyst fouling compound have been investigated 
In the first, the fouling results from a reaction paralicl to the main reaction and, in the second, 

VOL. from a reaction consecutive to the main reaction 
16 The resulting decrease in activity of the catalyst is accounted for by relating the rate coctli 
or cients directly to the carbon content of the catalyst, rather than to time, as has been done until 

t) 


now. ‘Two forms of such a relationship have been used: an exponential and a hyperbolic 

For both mechanisms investigated the carbonaceous material is deposited according to a 
certain profile: descending in the case of a parallel, ascending in the case of a consecutive 
mechanism 

The ny heations of the occurence of such protil sin the earbon content on the rate and 
temperature profiles are discussed It is shown that in the case of a descending protile of 
carbonaceous material the rate and temperature profiles exhibit peak values whose loci travel 


through the reactor as time increases. 


Résumé— Les auteurs étudient Tinfluence d'un dépot de carbone sur le taux de conversion 
dune réaction conduisant a un produit principal en considérant simultanément Véquation de 


continuite pour ce produit et une equation exprimant la vitesse de formation du depot d 


carbon 
Deux mecanismes qui peuvent donner lieu a un tel dépdt ont été considérés: daprés k 
premicr le dépot résulte dune réaction paralléle a la réaction principale, d’aprés le second dune 
reaction consecutive La diminution de lactivite du catalyseur est exprimée par une relation 
entre les coeflicients cinétiques d'une part et la teneur en carbone du catalyseur d’autre part, 
alors que jusqu’éa present on avait plutoét considéré la durée de Vopération. Les relations 
t utilisées dans cet article sont du type expone ntiel et hyperboli ,uc. 
; On montre comment le carbone est déposé selon un profil décrroissant dans le cas du 
mecanisme paralicle et croissant dans le cas du meécanisme conseéecutif 
Les conséquences de la présence de ces profils dans la teneur en carbone du_ catalyseur, 
sur les profils de vitesse et de température sont discutées. C'est ainsi que lorsque le profil ce 
carbone est décroissant, les profils de vitesse de réaction et de température présentent des pies 


qui progressent a travers le réacteur en fonction de la durée de lopération. 


Zusammenfassung— Der Einfluss cines kohlenstoffartigen Niederschlages auf den Umsatz zum 
Hauptprodukt in einem katalytischen Reaktor ist studiert worden durch eine Geschwindigkeits- 
gleichung um die Bildung des Niederschlages zu kuppeln mit der Kontinuitétsgleichung des 
Hauptproduktes 
Zwei Mechanismen fiir die Bildung des Niederschlages sind untersucht worden. Beim ersten 
war der Abkling das Resultat einer der Hauptreaktion parallelen Reaktion, beim zweiten einer 
der Hauptreaktion folgenden Reaktion 
Der resultierende Abkling der Aktivitat des Katalysators its ausgedriickt worden durch 
eine Bezichung zwischen den Geschwindigkeitskoeflizienten und dem Kohlenstoffgehalt des 
Katalvsators, vielmehr als mit der Betriebsdauer, wie bisher versucht. Zwei solche Bezichungen, 
cine exponentielle und eine hyperbolische, sind gebraucht worden. Fiir beide untersuchten 


*Present address: The University of Texas, U.S.A 
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VMechanismen wird der Kohl fallend fir den 


toff nach emem gewissen Profil niedergeschlagen 


Paralle] Mechanistius. steion fur den Folgemechanismus 

Die Folge des Bestehen her Protile in dem Kohlenstoffgchalt auf die Geschwindigkeits 
und ‘Temperaturprotile werd skhutiert kis wird weveiwt, dass in Fall eines fallenden VProftils 
im Kohlenstoffgehalt die Gesehwindigkeit- und Temperaturprofile Spitzen zeigen, deren Vlatz 


sich wn Reaktor verindert hoender Betriebsadauer 


Many chemical reaction of commercial 
Trane ire accomp nied by side re tions leadime 
to i carbonaceou deposit This il osit cCauUSCS 
m the activity of the vst termed 
foulme. which is reflected ina d COnVerSION 
thy proaduet of mterest In order to mamtam 
rates witha thr che red limits it 
ms necessary to remove the deposit fo recom 
rate the catalyst, either intermittently or, pre 
ferably contimuously Kntirely new techniques 
is ml or movin te hhons, were 
| pul twenty your 
if 

| mte of these far re } wneces i 
‘ ataivst toul nenec On 
tiv nversiol ver reeeived lamental 


previously 


done is to express the drop tn cor 
process tin | ot the 
t st iS measured by t content 
is so been teat to process but 
shierati has ever beet to the effect 
i the part Dress sot the react omponents, 
the catalvst toulimn pour 
cs \ either tron reactant of 
the product: therefore. it istitiable 
to treat its rate of tormation scpal Vy from the 
reaction 


would require 


\ more fundamental approac! 
e consideration the mechanist to a 
set of srmultaneo 


is equations exp! the rate 


of tormation of the main product catalyst 
fouling compound 

In addition. a relation would be needed between 
‘ unount of deposit and the decrease in con 
Wit! this type of approac! deposition 
of catalyst fouling compound is not? iform along 
the reactor length since the partial pressures of 
the reacting components varv. If, then, there ts 


a protik the conversions and selectivities, the 
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temperature distributions and the regeneration 
transicnts may be markedly different from thos 
precieted on the basis of uniform fouling. Tt ts 
the purpose of this paper to draw attention upon 
such sittiatrons 

In the absence of ¢ xperimental data, especially 
about the mechanism and the rate of formation 
of carbonaceous deposits, it seemed justifiable 
to introduce some simplifying assumptions. ‘These 
were mainly in the rate equations so that thi 
mathematical treatment remaimed fairly simpl 
Phes litic itions do not affect. however. the 
general trends revealed by the approach used in 
this paper 

Also, only 


considered coupling olan eneres eqtiation 


sothermial operation been 
to the cont ty equations would have required 
a numerical treatment on an electron computer 
ana thus ck ree ofl comple did rot SCCTH 


justified at the present state knowledge, 


Contincerry Equations 


We shall assume a flat velocity protile and no 
Althoueh solid 


formed from 


diffusion of any sort occurs 
carbonaceous material is bemg 
gaseous compounds, for mathematical simplicity 
it will also be assumed that both the density 
and the number of moles remain constant. Then 
the continuity equation for the reactant, 4A, may 


be written. in terms of mole fractions 
} (1 


When the following dimensionless variables are 


introduced 


Kquation (1) becomes : 


ry (33 
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An equation similar to equation (1), where the 
term containing the feed rate drops out, of course, 
may be written for the catalyst fouling compound. 
Since the amount of carbonaceous compound Is 


usually measured by the amount of carbon on the 


catalyst the equation will be written in terms of 


carbon. Then the continuity equation for the 


carbon IS 


(4) 


the 


weight of catalyst to give a dimensionless variable. 


where the weight of carbon is divided by 


When the dimensionless variables detined above 
are introduced, equation (4) becomes 
oc $2 d 


(5) 


vt F 


Equations (3) and (5) are a pair of coupled, 


hyperbolic, partial differential equations. ‘Their 
solution is made easier by using as independent 
and ¢, where 


variables z and », rather than 


This » that is 


at the displacement front of the flowing material, 


is a time-measuring variable ZeTO 


rather than at zero physical time. In mathe 


matical terms » is the variable along a charac 


teristic of equation (3). Actually, for practical 
purposes 
that » ¢. 


In terms of (2, ») equations (3) and (5) may be 


except for very short times, so 


written 

\y {2 p d 

£2 p i* d. 

o7 I 


3. Reacrion Mecuanisus 


In equations (6) and (7) the rate terms, r, and 
r., remain to be specified. Two simple mechanisms 
the first. the 


formed by a 


will be considered. In catalyst 


fouling compound, C, ts reaction 


parallel to the main reaction, 


Non-steady state behaviour of fixed bed catalytic reactors due to catalyst fouling 


If, for simplicity, both reactions are assumed to be 


first order with respect to A, 


ry Py + kh, Py (8) 
r= kh, Py (9) 
In the second mechanism the catalyst fouling 


compound ts assumed to be formed by a reaction 
consecutive to the main reaction. 
k 


A 


so that, again assuming first-order reactions. 


rae =k, Py (10) 
r, k, y) (11) 
In equation (11) (1 y) represents the mole 
fraction of R in the gas phase, which is only true 


in the approximate situation of constant density 


considered here, of course. 


Recarion Between 


CONTENT 


COEFFICIENTS 
AND CARBON 


The rate coetflicients in equations (8)(11) may 


be written more explicitly, but still entirely 
veneral, as 
k, = ky (12) 
k. k. Po (13) 


where A are the values of these coel 


, and k, 


ficients at zero carbon deposition. The d's are 


functions which may be based on Langmuir 
Hinshelwood concepts and, therefore, contain 
adsorption terms for each component of the 


reaction mixture. ¢@ should be expressed not as a 
function of time, as has been done previously, 
the 


First, this choice 


but rather as a function of the real variable 
carbon content of the catalyst. 
of variable allow 
different 


respect to time would be specific for each reaction. 


might comparison between 


reactions, whereas a correlation with 
Second, when there is a profile in the carbon 
content the activity of the catalyst varies through- 
the 


function only of time would be unsatisfactory. 


out reactor, and thus its correlation as a 

Two specific forms of the ¢-functions have been 
considered in this paper. The first form expresses 
the 


activity on the carbon deposited. It is based on 


an exponential dependency of catalyst 
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the observation that after a very sharp initial 
decline the conversion to the product of interest 
decreases more slowly to tend assymptotically 
to some limiting value, but has no theoretical 


background whatever. 
eXp 


where a is a proportionality factor, to be deter 


mined experimentally. The second form ex 
presses a hyperbolic dependency on the carbon 


deposited. 


This formula corresponds also to the picture 
sketched above and may arise from Langmuir 
Hinshelwood concepts. For mathematical simph 
city, however, only this restricted case, which 
neglects the adsorption of the components of the 
main reaction was considered. The constant A is 
then a sort of adsorption equilibrium constant 
that expresses the proportionality between the 
amount of carbonaccous compound deposited, 
measured as carbon, and the number of active 


sites fouled*. 


5. CataLtyst Fouuinec py PARALLE! 


Reaction Mecuanism 
When equations (8) and (9) are substituted 


into equations (6) and (7) rm spectively, they 


become 
oY 2 (A y (14) 
dz 
2! 


Solutions will be given for both types of activity 


functions discussed in Section 3. 


*\ slightly general hyperbolic function 
Ke), in which the effect of the adsorption of 
the main reaction components is partially taken into 


ean also be treated 


more 


1/(8 


account by the empirical constant, 8, 
by the methods used in this paper. Since it leads to the 
same general trends as the simpler hyperbolic function, 
but is more complicated to represent because of the 
additional parameter, 8, it will not be discussed further 


here. 
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(a) Exponential activity function 


For the purposes of this paper there are still 
two possibilities of interest: both 4, and k, may 
be affected by 


material on the 


the deposition of carbonaceous 


catalyst (both reactions are 
catalytic), or only the main reaction ts affected. 


The latter case will be treated here, so that 


d, EXP ac) 


a (exp ( xc) (18) 
by (19) 
where 
Q ppd. P 
a (20) 
(21) 
k, 
$2 p4¢ dt k. (22) 


The system of equations (18)-(19) will be solved 
subject to the boundary conditions that pure 4 
is fed to the reactor, while initially the carbon 


content of the catalyst is zero: 
y (0, ») l (23) 
c(z. 0) = 0 (24) 


Then, by (19) with 


respect to z: 


differentiating equation 


oY 
b (25) 
\y \> 
~*~ 


ab (exp (— ae) yy 
a(exp(— ac) + y) (26) 
\n 


if equation (26) is integrated with respect to », 


it becomes 


A (= aye 
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16 
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dy = 1 
= Equations (14) and (15) may be written 
ae 
‘ : 
1 
i dz x 
|| : 
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where A (z) is an integration constant. From 
equation (24), it follows that 
i 
K(z) (28) 


Introducing equation (28) into equation (27) leads 
to 


a 
aye [exp | uC) 1} (29) 
x 


Equation (29) can now be treated as an ordinary 
differential equation and directly integrated with 
respect to z. The boundary condition for equation 
(29) at = = 0 is obtained by combining equation 
(23) and equation (19) 


de (0, } 


from which 
c(0,) by + KR, 

From equation (24), A, must be zero so that 
= & 


In general, equation (29) cannot be solved 


analytically. For small values of z the function 
¢ (2, ») can be expanded in a Taylor series in 


however, 


| yaby [exp (— aby) 
ya a exp | alm) | 
yaby [exp(— xby) - (30) 


From this and equation (19) (2, ») is derived. 
This series converges slowly for the case con- 
sidered in this Section, however. The direct 
numerical solution of equation (29) is also clumsy, 
taken in 


The usefulness of equations (29) 


since derivatives of ¢(2z,) must be 
order to get y. 
and (30) will be shown in the next Section. 

In view of this, an approximate solution to the 
set of equations (18) and (19) was sought. This 
solution was based on the observation § that 


ky ky 


) is a small number, since the amount 


of reactant converted to carbonaceous deposit ts 
very small with respect to the amount converted 
to the main product. Equation (18) may then be 


approximated by 
a exp ( uC) Y (31) 


The set of equations (31) and (19) can now be 
solved analytically, starting with the integration 
of equation (29) with y -0. The results are 
abn) [exp (az) }} (32) 


exp 


exp(— ac) exp( az) {exp(abn) 1}} (33) 


This approximate solution was checked with 
the series solution derived from equation (30) 
at values (z, 7) where only the first terms in the 


0-02, the agreement obtained was. within 


series were needed. For values of 


5 per cent, which was satisfactory and suflicient 
for the purposes of this paper. 

It is clearly seen from equations (32) and (33) 
that y and ¢ are functions of both z and ». These 
results are plotted in Fig. 1 (a), where the increase 
of the mole fraction of A, y (or the decrease in 
conversion) is plotted essentially vs. time at 
several bed depths, and in Fig. 1 (b), where the 
carbon protiles are shown at several values of 
the dimensionless group ay. The discussion of 
these results will be given below, together with 


those obtained for other particular cases. 


(b) Hyperbolic activity function 

In this case both the main reaction and the 
side reaction leading to the catalyst fouling 
compound will be considered to be affected by the 
fouling, with the restriction that they are both 
affected in the same way, i.e. their mechanism of 


formation is identical. Then, 


= 


and from equations (14) and (15) combined with 


equations (12) and (13) 


oy ay 
34) 
dc by 
35 
d 1 A c 
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Fic. 1 f@). Reactant Mole fraction vs. time group 


for parallel reaction mechanism with exponential 


activity function. 


a 


Fic. 1(b). Carbon profiles for parallel reaction 
mechanism with exponential activity function. 
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where a and b are the same combination of vari 
ables as in equations (20) and (22) except that hk, 
must be replaced by hk, k,. The set of equa 
tions (34) and (35) may be solved with the boundary 
conditions given in Section 5 (a), with a procedure 


used by pu Domaine et al. [6]. The results are 


2K —1 
2Kby)'* — 1] 
(1 + 2Kby)'* 


y exp [ az (1 
Ae exp (Ae) 


exp [— az 


Ke] (36) 


(37) 


Fig. 


2 (a). 


activity 


Fic. 2 (b). 
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Fig. 2(a) shows the increase in y as a function 
of time at different bed depths and Fig. 2 (b) 
shows the carbon profile at various Kby. These 
results will also be discussed below. The general 
trends are the same as in Section 5 (a). 

Caratyst FOULING REACTION 


BY A 


Main ReEAacTION 


(10) (11) 


equations (6) and (7) respectively leads to 


CONSECUTIVE TO THI 


Substitution of equations and in 


Reactant mole fraction vs. time group for parallel reaction mechanism with hyperbolic 


function. 


az 


Carbon profiles for parallel reaction mechanism with hyperbolic 


activity function. 
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Oy 2 p,d, P 


k 38 
Da 
d, k (1 y) (39) 


For mathematical simplicity only the exponential 
type of activity function will be considered here, 
and again it will be assumed that only &, is 
affected. Then 


When equations (12) and (13) are combined with 


equations (38) and (39) one obtains 


oY 
: a exp ( ac) Y (40) 
oz 
b(1 — y) (41) 
where 
ppd, P 
a P__k, (42) 
and 
{2 p i 
b (43) 


By the following transformations it can be seen 
that the set of equations (40) (41) is entirely 


analogous to the set of equations (18)-(19): 


equations (18)-(19) > equations (40)-(41) 
3 
xb a 
a xb 
5 


Therefore, the series solution, equation (30), 


becomes here : 


Iny az + » aabz xb [exp ( az) 1}} 
2 
2 [ ab + abexp (— az) | 
[ xabz + ab [exp (— az) tH... (44) 


and ¢ (z, ») is obtained from 


1 
exp (— ae) In 
a 


(45) 


It was found in this case that when four terms 
were used the series solution could be used safely 


up to about az 2. aly — 2. When more terms 
are used the algebra becomes prohibitive as the 
terms becomes more complex with increasing 
number. Therefore another solution was sought 
that would be more convenient for computing 
profiles at large values of ». It was noticed from 
the series calculations that, as » gets larger 
y(z.n) = bey does not change very much 
with » any more, With this approximation, 


equation (41) may be directly integrated to give 


To get the second approximation to y, that makes 
ya weak function of », equation (46) is substituted 
into equation (40) to give 

oY 


ay exp (amy) exp (— abn) (47) 
~ 


Integration of equation (47) leads to 


“exp | 


ly az exp abn) (48) 
or 
et (almy) ei (alm) EXP | aby) (49) 
where 
“exp ( \) 
ei (x) d\ = — Fi(—a) [7] 


. 


Equations (46) and (49) now permit easy calcula- 
tions of y and xc for large values of ». It was 
found that the results obtained in this way 
compare very well with those obtained from the 
series solution, equations (44) and (45). at 
alm — 2, and since the approximation improves 
as » increases equations, (46) and (49) may be 
safely used for aby > 2. Equation (44) and 
equation (45) were used for small » and equations 
(46) and (49) for large ». Fig. 3(a) shows the 
increase in y as a function of time at several bed 
depths and Fig. 3 (b) shows the carbon profile at 


several process period lengths. 
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7. Discussion 


(a) Comparison with available experimental data 


Experimental results on the carbon content of 


the catalyst as a function of process time have 
been correlated by formulas of the type 

c (50) 
This 


Voornies on the basis of experiments on the 


functional form was first presented by 


cracking of as oil | +}. Values of the exponent, n, 


ao” 


Fic. 3 (a). 


ranging from 0-38 to 0-53 were found, depending 
on the type of catalyst used. RUpERsSHAUSEN and 
Watson [2] confirmed this type of correlation 
for the case of aromatization of cyclohexane and 
found an exponent n = 0-65. More recently 
Tyuryaeyv et al. [83] obtained a value for n of 
0-68 for the dehydrogenation of n-butane, and 
0-7 for 


It should be pointed out 


Witson and Den Herper [5] found n 
a reforming reaction. 
that equations like (50) should not be used as a 


Reactant mole fraction vs. time group for consecutive reaction mechanism with exponential 


activity function. 


az 


Fic. 3 (b). 


Carbon profiles for consecutive reaction mechanism with exponential activity function. 
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basis for establishing a rate equation for the 
carbon deposition, as has been previously 


atte mpted, since no consideration is given to the 


simultaneously varying partial pressures of the 


components of the main reaction 


\ comparison of the results presented in this 


maper with equation (30) will now be made. 
| 


that the 


considered lead to results that li 


merely to show coupled mechanisms 


in the range of 


the quoted experimental data, However, in the 


experime ntal studies, the carbon content of the 
catalyst was measured by regeneration in silu, 
or from a well-mixed sample. The carbon con 


tents reported are therefore distance averaged 


values, in contrast with the point values given in 


the Figs. 1. 2 and 3 
1 
cd (51) 
L 
With this in mind and taking into account that 
~ f, equation (51) may be rewritten as 
Co an (52) 
og 
Fic. 4 Distance 
PE 
PH 
Ck 
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averaged carbon content vs. 
Parallel reaction mechanism with exponential activity function. 
Parallel reaction mechanism with hyperbolic activity function 


Consecutive reaction mechanism with exponential activity function 


K. Biscnor 


The ¢,,, data obtained by graphical integration 
and 8 
together 


of the point values given in the Figs. 1, 2 
are presented in Fig. 4 as functions of ». 
with equation (52) for » 0.5. The exact position 


of the curves for any one mechanism with respect 


to another mechanism is indeterminate in. this 
Fig. because different multiplying factors 
x. AK. a and b are used on the axes. In other 
words, each curve of one mechanism may be 


shifted with respect to any curve belonging to 


another mechanism depending on the values of 


What is of 


mechanisms are 


the phy sical constants x. A. a@ and b. 


importance here when different 
compared are the slop s of the various lines. 

The 
exponential activity funetion has a slop 10 at 


consecutive reaction mechanism with 


low values of and a slope of 0.5 as al 
approaches 4 and beyond. The parallel mechanism 
with hyperbolic actin ity function also has a slope 
of 1-0 for low Ald» and approaches 0.5 at about 
‘The 


activity function always has a slope of approxi 


parallel mechanism with exponential 


These values are in the same range as 


mate ly 1-0. 


time groups. 
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Non-steady state be haviour of fixed be 


However, it seems that the « xperimental data are 


not accurate enough to determin 


not the slope gradually decreases as time 
progresses, as indicated by Fig. 4. 

The different curves obtained for the same 
mechanism and activity function for different 


values of al. also permit some conclusions to be 
made about the influence of space tim * (reciprocal 
space velocity) since the dimensionless group aL 
is proportional to this variable. It can be seen 
that both the point c-values and ¢ increase with 
inereasing space time for the consecutive reaction 
mechanism, but decrease for the parallel] 


mechanism, Only when there is no protile would 


*The term 
kK. M 


Institute of 1 echnology 


space time was proposed by Prof 


Warson in a kineties course taught at 


4 
j 
f 


* 


Rate surface for parallel reaction m 


those of the experimental studies quoted above. 


whether or 
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say, (In that case also equal to the values at any 
point) be independent of space time. This is only 
possible, however, when the rate of formation of 
the catalyst fouling compound. is independent of 
either the 


reactant or = the when 


product or 
parallel and consecutive mechanisms both occur 


and balance each other in 


their effect on the 
carbon profile. 

In a real system both reactants and products 
may form carbonaceous deposits, so that the 
mechanism would be a combination of parallel] 


and consecutive reactions. Although in general 
they would not exactly balance each other. the 
carbon protile would tend to become flat and the 
space time effect would be less pronounced for 
such a case. But since a very small amount of 


carbonaceous material greatly decreases the cata- 


lyst activity even a small deviation from a flat 


a 
~ 
~ 
4 


echanism with exponential activity function. 
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profile could have a pronounced effect on the 
course of the reaction. 

Again the conclusion probably is that the 
method of in situ regeneration is not sensitive 
enough to reveal, by inspection of data obtained 
at different space times, something about the 
existence of a protil and therefore about the 


What is needed 


are careful experiments in’ which the 


mechanism and rate of formation 
carbon 


profile is actually measured 


(b) Rate profile 8 


In the absence of fouling, and for isothermal 
conditions, the maximum rate of a reaction 
A -» R is always at the reactor entrance. This 
is not necessarily true when thy catalyst IS 
fouled, as will be shown in the following. 


The parallel 


discussed first. Lf, for convenience 


reaction mechanism will be 
the exponen 
tial activity function is chosen, the rate of the 
main reaction, written in dimensionless form, 


r’. is given by 


Introducing equations (82) and (33) into (53) 
leads to 


1 exp | 


az) [exp | xIn 


1 exp | (54) 


Fig. 5 shows the rate surface, 7 It is seen 
that a ridge, which is the locus of maximum rates, 
occurs in the surface 

Whenever the carbon profile is such that it 
decreases along the reactor length. the locus of 
maximum rate, and consequently of maximum 
heat evolution, will travel down the bed as time 
progresses. If the heat-exchanging conditions 
are such that a temperature profile ts not avoided, 
which is almost mevitable in practice, then this 
profile will be continually varying. This may 
complicate the design of the control system. This 
conclusion ts also valid for the hyperbolic activity 
function, u fact, for any type of mechanism or 
any condition that leads to a descending carbon 
profile. Finally, it may be worthwhile to point 


out that, for large values of », the entire reactor. 


kK. B Biscnorr 


although of plug flow type, operates at a nearly 
uniform rate. 

In the case of an ascending « profile, which is 
obtained when the carbonaceous deposit results 
from a reaction consecutive to the main reaction, 
the rate, r, is continually decreasing with » in all 
points of the reactor, except at 2 0, where no 
carbonaceous compound Is deposited. \ gradually 
decreasing part of the reactor will then be effective 


in the conversion to the main product, 
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APPENDIX 1: DererMINation or 


It can be seen from equation (32) that the parameters 
can be easily found for the parallel exponential mechanism 


If equation (32) is rearranged it becomes 


Therefore, for a tixed z, if In te y) 


In [exp (az) 1] 


1 } is plotted against 
x) and at(ork ,) can be found from the 
intercept. Then if the total carbon is measured at the end 


. the slope is 


of the experiment the value of aby can be calculated for 
the total time since ab is known, and Fig. 4 used to tind 


xc... . Then since ¢ has been measured « can be caleu- 


lated, and from xb the value of b(ork, ) is found. Thus 


k, _ ky and « are determined for this mechanism 


2: Rances or 
In order to get an idea as to the practical order of 


magnitude of the variables z and » some experimental data 


on the dehydrogenation of ethylbenzene was used. The 


experimental conditions were 


P =latm., pz 1130k¢g m*, F 0-30 kg hr, 


0-38, op O-O84 m, 


10°*m*®, T 600% 


pp PL 
al. = O2k, 
By a preliminary analysis of the data and ignoring carbon 


it was found that Therefore, 


al, = 20 (A.1) 
Also, 
bt Pk,* ¢ 


Since they depend directly on the carbon-forming 
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mechanism, values of ky", x, and K can only be estimated k = rate coeflicient hr-! atm~! 
by comparing Figs. 1, 2, 3 and 4 with the experimental k rate coeflicient at y — 0 
data. This was done and the orders of magnitude of the K = a type of adsorption equilibrium constant 
constants are AK, integration constants 
L total reactor length 
2 hr’, a > 100, K ~ 200 L L dy dimensionless total reactor length 
For total processing time of the order of 5 hr the values mm, mm constants in equations (50) and (52) 
of aby and Kby become M molecular weight kg mol 
n exponent in equations (50) and (52) 
aby ~ abt 5 (A.2a) P = total pressure atm 
Kbn ~ Kbt 10 (A.2b) rate of disappearance of hr-! 
r, = rate of production of C hr! 
The ranges of variables indicated by equations (A.1) r r4/k, P = dimensionless rate of disappear- 
and (A.2) determined the values used in the computation ance of A 
for Figs. 1, 2 and 3. t time hr 
reduced time dimensionless 
NOTATION epg Qd, 
t mole fraction of A 
a a dimensionless group axial co-ordinat« m 
dimensionless axial co-ordinate 
Pky tionality factor in the exponential 
F activity function 
‘ carbon content of the catalyst, kg carbon kg € void fraction 
catalyst pP4 density of A kg /m3 
Coun distance averaged carbon content, kg carbon/kg PR bulk density of catalyst kg/m? 
catalyst $2 total cross-section of reactor m? 
8 catalyst fouling compound ” t 4 a dimensionless time measuring 
d, particle diameter m variable 
F - feed rate kg /hr ¢@ = activity function in the rate expression 
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Carbon dioxide absorption in aqueous monoethanolamine solutions 
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Abstract) Experiments ha been carried out on the absorption of carbon dioxide in mono 
ethanolamine (MEA) aqueous solutions. \ laminar liquid jet absorber was first used, and the results 
obtained (which covered the ntact time range between 0-02 and 0-07 sec), showed good agree 


ment with the penetration theory equations as well as with the kinetics of the mechanism of the 


chemical reaction which presumably takes place in the liquid phase 


Eventually a disk column absorber was used. The results were reproducible, and have been 


correlated in compact form by an empirical equation. Interpretation of the data on the basis of VOI 
the penetration theory equations appears to be only partially successful 16 
Résumé Des expericnces ont cte effectuces sur Tabsorption de gaz carbonique dans des solu L9¢ 
tions aquetuses de monet hiv vunines (MEA) Ona dabord emplove un absorbeur a écoulement 
liquide lamunaire et les resultats obtenus (comprenant le temps de contact compris entre 0,02 et 


0.07 see) ont ete en accord avec les equations de la théeorie de la pénétration ainsi qu'avec la 


cinétique duo meécanisme ce reaction chimique quia probablement lieu en phase Licpuick 


On a, éventuctlement, utilise une colonne a disques Les resultats sont reproductibles et 
ont été rassemblées sous fort equation empirique. L interpretation des donnése, fondée 
sur les equations de penetration apparait comme netant que particllement satisfaisante 
Zusammenfassung Uber cic \bsorption von CO, in wissrigen Monoaethanolamin-Lésungen 
wurden Versuche durchgefulrt. Zunachst wurde hierbe: cin laminar arbeitender Diuisenabsorber 
benutzt und die erhaltenen | bnisse (uber emen Kontaktbereich von 0,02 bis 0.07 sec) zeigten 
eine gute Ubereinstimmung sowohl mit den Gleichungen der Penetrationstheorie als auch mit der 
Kinetik der in der thissigen Phase vermuthch ablaufenden chemischen Reaktionsmechanismen 


\usserdem wurde cine Scheiben- \bsorbersiule benutzt. Die Ergebnisse waren reproduzierbar 


und wurden in geschlossener | durch eine empirische Gleichung korreliert. Die Interpretation 


der Ergebnisse mit Hilfe der Gleichungen der Penetrationstheoric hatte nur teilweise Erfolg 


INTRODUCTION the liquid phase is well known, and the kinetics 


Ix rue absorption of a slightly soluble gas A of the liquid phase chemical reaction is fairly 


simple. 


ma liquid it is often found useful to add to the 
liquid phase a component B, which may undergo On the basis of the well-known penetration 
a chemical reaction with the ibsorbing = gas theory hypothesis, the average absorption coe- 
This not only increases the capacity of the liquid, Hieient A’, for physical absorption in a stagnant 
defined as the amount of gas which can be liquid can be calculated as [1] 


dissolved in a given mass of liquid, but further- i, 24 (D, rt) (1) 
more imecreases the absorption rate itself, rhe 
latter effect may be represented by the ratio / When the absorption process is accompanied 


of the actual liquid phase absorption coeflicient by a second-order chemical reaction in the liquid 


to the value of the same for purely physical phase a general equation is available only as 


absorption under the same hydrodynamic con derived from the film theory by Van Kreve cen 


ditions. and Horrsizer [2]. Integration of the penetration 


The value of J can be theoretically predicted theory equations has not been carried out com- 


only in a few cases, where the tluodynamics of — pletely for this case, which is of particular interest 
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MEA system, which 


presumably undergoes a second-order chemical 


for the carbon dioxide 


reaction in the liquid phase. 

Nonetheless, the exact solution of the problem 
has been carried out as far as some extreme cases 
are concerned [3]. 

Particularly : 


> 4, b= RBo/nA, (2) 


Case (a) 


Case (b) 7"? v(m T 4) (33) 


The author has obtained, in previous work with 
a laminar jet absorber [4] a series of experimental 
results for the svstem under consideration. 
corresponding to high values of 7. case (a). 
The author's data, as well as Exmerr’s data 
obtained with a short wetted-wall column [5]. 


could be well correlated by the empirical equation 


1 3-78 12-5 Bo 1-80 (4) 


which has the linear form predicted by equation 
(2). The numerical values of the coeflicients in 
equation (4) are in reasonable agreement with the 
values calculated independently for R. n and A, 
(6) 

As a second step in the investigation of the 
COs MEA system behaviour experimental data 
have been collected on a laminar liquid jet 
absorber in the range of contact times between 
0-02 and 0-07 sec. In this range. equation (3) 
is presumably approximated. To compare ex 
perimental results with equation (3) the value of 
the kinetic constant k needs to be known in order 
to calculate the values of the dimensionless time 


T from the defining equation 
T kKBot (35) 


The value of & should correlate the actual 
reaction rate at time 0 according to the kinetic 


equation : 
r Bo (COs) (6) 


The MEA has two functional groups, each one 
of which may contribute to the over-all reaction 
taking place in the liquid phase. Possible reactions 


are [7]. 


I COs + ROH — HORNHCOOH 


Il H.O HORNH*s OH 
(fast) 
CO. OH HCO~s (slow) 
HCO. OH CO%, (fast) 
Ill NH. ROU OH NH. RO H.O 
(fast) 
COs NI. RO NH. ROCOO (slow) 


kinetic and 


data on the reactions considered. which have 


From independent equilibrium 
been found in the literature [8 11}, it appears 
that, at time 0, the over-all reaction rate is. 


at 21-5 ¢ 


r (4150 270 980 Bo'*) (COs) By (7) 


Therefore, the value of k required to fit a second- 
order rate equation such as (6) is a function of the 
initial amine concentration. Fortunately, in the 
range of concentrations investigated k is a weak 
function of Bo. and an average value of 5400 1 sec 
emol can be assumed. Correspondingly, equation 
(3) becomes 

I = 64-8 (Bot) (8) 


It should be pointed out that equation (8) has 


been independently calculated as the initial 


asymptote of the actual data, 


EXPERIMENTAL 


\s already stated, in the first part of this 
work a laminar jet absorber was used. together 
with a soap-lilm measuring technique, as already 
done by other authors [ 4, 12, 13}. A complete 
description of the experimental technique em- 
ployed, as well as the original data. may be 
found in Ref. [14). 

\ first series of experimental data has been 
collected on the physical absorption of COs in 
water. Results are plotted in Fig. 1, together 
with the theoretical line calculated from equation 
(1). The extremely good agreement shown by 
the data with theory indicates the reliability of 
the experimental arrangement. 

Three series of experiments have been carried 
out on COs absorption in MEA solutions. The 
liquid temperature was kept in the range 21- 22°C 
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Physical absorption data 


and recorded for all the runs; data have been 
corrected to a nominal temperature of 21-5°C, 
Representative data are plotted in Fig. 2 as J vs. 
(Bot! In the Fig. the 


through the origin corresponds to equation (8). 


same straight line 
The horizontal straight lines are the final asym 
ptotes as derived from equation (4 The curves 
drawn through the data points actually appear 
to tend as\ mptotically to the line of equation (S), 
thus indirectly confirming the reaction mechanism 
assumed. On the whole the experimental results 
obtained so far seem to indicate that the penetra- 
the 


when a 


tion theory equations correctly represent 


behaviour of the system considered, 
second-order reaction mechanism is assumed with 
k 5400 | sec gmol at 21-5°C. 

Obviously, such a good agreement of experi 
the 


namely a 


mental data and theory is mainly due to 


highly sophisticated absorber used. 


laminar jet absorber. Peculiar problems arise 
when the absorption on a packing ts considered : 
in such case, the contact time is no more firmly 
established, and presumably a whole distribution 
(15). 


concentration 


of contact times has to be considered 
Furthermore, the converted amine 
may build up to an appreciable value, particularly 
the 


which this does not result in an appreciable CO, 


for large packing heights; also in case in 
equilibrium pressure, it nevertheless affects the 
absorption rate because the depth of penetration 
of the 


become of the order of magnitude of the falling 


absorbing component molecules may 


liquid layer thickness. 


Liquid jet chemical absorption data. 


[gmol sec ] 


In order to investigate the behaviour of the 
system in such a situation experiments have been 
carried out on a laboratory-type disk column. 
The absorbing clement consisted of 28 disks of 
1-5 cm diameter, 0-3 em thickness, threaded on a 
nylon wire. The disks were made of chemically 
roughened lucite, Full details on the experimental 
arrangement, as well as the original data, may be 
found in Ref. [16}. 


has been carried out on the physical absorption 


\ preliminary series of runs 
rate. The data are in good agreement with those 
of Taytor [17], but not with those of SreruEens 
and Morris [18]. 


geometrical differences in the disks. 


This might be due to minor 
The physical absorption rate data, which are 
plotted as the bottom line of Fig. 3, can be 
correlated by the equations 


Re < 185, N t-0 Re 


Re Iss. N 0-906 Re-@!? 


Eventually, five series of experimental runs 
have been carried out on the CO, absorption in 
MEA solutions, under conditions of no resistance 
to mass transfer in the gas phase (the gas phase 


was pure carbon dioxide saturated with water 
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hic. 3. Disk column absorption data 


vapour). The results are again plotted in Fig. 3, 
A-k. The 


of these lines and the physical absorption line, 


lines vertical distance between any 


which is a measure of J, slightly decreases as Re 
increases. By cross-plotting the data of Fig. 3 


as in Fig. 4 the J values are seen to vary propor- 


tionally to Bo raised to a power of about 0-6, the 
exponent slightly decreasing with increasing Re 
values. In other words, the exponent on Bo 


increases with contact time. 


oniess 
re) 


dimens 
2 
2 


g mol 


Fic. 4. Absorption increase ratio as a function of 


amine concentration. 


Such behaviour is qualitatively predicted by 
theory: in fact, the exponent on Bo should be 
0-5 at very low contact times, and 1-0 at very 
high contact times. The values found experi- 


mentally indicate that the conditions prevailing 


absorption im aqueous monocthanolamine solutions 


on the disk column are intermediate between cases 
(a) and (b). It might be interesting to attempt a 


quantitative testing of this conclusion. An equiva- 


lent contact time for the disk column can be 
roughly evaluated by assuming the following 


model : 

(a) Complete mixing of the liquid phase at the 
junction between two adjacent disks. 

(b) Streamline flow of the liquid along a 
vertical plane surface of width equal to the mean 
perimeter of the disks. 

kor the above-mentioned model values of the 
various parameters have been calculated for the 


extreme conditions of the experiments : 


Bo 
Re (emol 1) (sec) 2 q 
100 0-1 0-078 6°5 1-63 
20 29-0 32-6 
1000 0-017 3-04 1-63 
20 13-6 32-6 


The physical absorption results are lower than 
the values predicted from equation (1) for the 


assumed model; the values of ¢ and 7 in the 
above Table are therefore probably underes- 
timated. 

Comparison of the calculated values of J" /? 


and q indicates that their order of magnitude is 
roughly the same, thus confirming that the actual 
conditions are intermediate between cases (a) 
and (b). 

the 


A; on the J values four series of 


In order to investigate the intluence ot 
driving force 
experiments have been carried out at fixed 
values of By and Re by changing the COz partial 
Due to 


corrections for gas phase mass transfer resistance, 


pressure in the gas phase. necessary 
and to the different measuring technique which 
had to be 


of inlet 


used —namely, electrical conductivity 
outlet the 
data for these last series of experiments scatter 
The best fit of the data 


obtained by assuming that the J values varied 


and was measured 


liquid 


somewhat more. was 
proportionally to A; raised to a power of about 
0-6. 
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In fact, according to theory, the 
should be (by) 
it would therefore be expected that in the case 
of the disk the {; should 
be somewhat closer to 0 than the experimental 
The feel that a 


interpretation can be oiven for this disere paney. 


‘ xponent on 


0 in case and 1 m case (a); 


column exponent on 


value. author does not clear 


| 
® | 
2 10} 
t “ 
= 
‘ 
ant 
Fic. 5. Over-all correlation of disk column absorption 


data. 


the exponent on 4, 


As 


may 


a tirst approximat ion 
be 


the exponent on 


assumed constant, and equal to minus 
Bo. In this « the actual 


parameter of the pone nomenon is vw ratio By A, 


and all the data obtained can be correlated in 
compact form by plotting 7 values vs. the ratio 
By Ay. as in Fig. 5 In such a plot all the data 
ports corresponding to one of the tive lines 4. EF 
of Fig. 3 fall on the same value of the abscissa 


and have therefore been represented by a vertical 
segment, the length of whi h covers all the values 
of I observed. The single points on Fig. 5 corres 
pond to experiments carried out with mixed gas 


phase. 


ASTARITA 


All the data taken on the disk column can be 


correlated by the empirical equation 


0-875 (Bo 


which holds in the range investigated. Equation 


(9), although partially justified on theoretical 
grounds, has to be considered no more than a 
correlating equation, which can only very 


cautiously be extrapolated to different conditions. 


he author wishes to express his 
very grateful appreciation of the help received by 
Dr. HE. Kramers, of the University of Delft, who advised 


the planning of the work and has reviewed the manuscript 
The 
Mr 


author also acknowledges Mr. Vincenzo Macri and 


STetio who collaborated in carrving out the 


experiments. Complete data may be found in Refs. [14 
and [16], or may be obtained from the author 
NOTATIONS 
l, interface concentration of absorbing gas 
gmol | 
By initial concentration of reactive solute 
gmol | 
D, diffusivity of absorbing gas em? ‘sec 
= diffusivity of reactive solut cm? /see 
A kinetic constant | sec gmol 
ky physical absorption coctlicient cm se 
hy chemical absorption coetlicient cm 
absorption rate increase ratio, , 
jet length em 
" stoachiometric coetlicrent mol Bo mol A 
\ liquid phase NTT 
q concentration parameter R® Boon 
reaction rat« gmol |. see 
R diffusivity ratio (D, D 
Re Reynolds number, 4 times the ratio of liquid 
flowrate per unit perimeter and liquid viscosity 
Contact tune ser 
absorption rate em” sec 
volumetric liquid fowrat« em® ‘sec 
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The effect of gas density and gradual vaporization on gas—liquid a 
flow in horizontal pipes ; 


C. J. Hoocenpoorn and A. A. Burre.aar 
Koninklijke ‘Shell-Laboratorium, Amsterdam 
(Shell Internationale Research Maatschappij N.V., The Hague) 


Abstract—In order to elucidate the effect of gas density and gradual vaporization of the flowing 
fluid in gas-liquid flow in horizontal pipes we have investigated the flow of superheated Freon-11 


vapour and water, as well as of flashing Freon-11 in horizontal 15 mm pipes 

The results show that an increase in gas density does not significantly change the transition 
lines between the different flow patterns in a Kosterin diagram. Only the onset of atomization 
occurs at lower velocities. The Kosterin diagram also holds for the flow of a vaporizing fluid, except 
that the transition to froth flow shifts to lower velocities 


The correlation for the pressure drop which we previously gave for lower gas densities was 1¢ 
found not to be valid at higher densities. A new correlation is presented in graphical form, giving 
the pressure drop over a wide range of variables, including gas-to liquid cle nsity ratios of 10° 


to 10-*. Tests with flashing Freon showed that the acceleration pressure drop due to the increase 


in mixture velocity is best calculated with the aid of our previously given hold-up correlation. 


Résumé— Afin d’elucider linfluence de la densité du gaz et de la vaporisation graduelle du liquide 
sur l’écoulement des mélanges gaz—liquide dans des tubes horizontaux, nous avons examiné dans 
des tubes de 15 mm l'écoulement de la vapeur surchauffée de Freon-11 avee de Veau, ainsi que 
du Freon-11 en ébullition 

Les résultats montrent qu'un accroissement de la densité du gaz ne change pas d'une facon 
significative les lignes de transition entre les différents régimes d’écoulement dans un diagramme 
Kosterin. Seulement l'atomisation s'amorce A des vitesses inférieures. Le diagramme Kosterin 


tient également pour l'écoulement d'un fluide en ébullition, A l'exception que écoulement avec 


formation d’écume commence A des vitesses inférieures 

Il a été trouvé que la corrélation que nous avons établie antérieurement pour la chute de 
pression a des densités de gaz inférieures, ne s’applique pas A des densités supérieures. Une 
nouvelle corrélation est donnée sous forme d'un graphique représentant la chute de pression sur 
un large intervalle de variables, comprenant des rapports entre la densité du gaz et du liquide 
de 10-* & 10-*. Les essais avec le Freon en ébullition montrent que le terme dans la chute de pression 
qui est attribuable a augmentation de la vitesse du mélange peut étre caleulé de la meilleure 


facgon a l'aide de la corrélation donnée antérieurement pour le holdup. 


Zusammenfassung——('m den Effekt von Gasdichte und allmihlicher Verdampfung der stromen- 
den Fliissigkeit bei gleichzeitiger StrOmung von Gas und Flissigkeit in horizontalen Rohren 
zu erkliiren, haben wir die StrOmung von iiberhitztem Freon-11-Dampf und Wasser sowie von 
verdampfendem Freon-11 in waagerecht aufgestellten Rohren mit einem Durchmesser von 15mm 
untersucht. 

Die Ergebnisse zeigen, dass cine Zunahme der Gasdichte die Cbergangslinien zwischen den 
verschiedenen StrOémungsformen in einem Kosterin-Diagramm nicht wesentlich Andert. Nur 
tritt die Zerstdubung bei niedrigeren Geschwindigkeiten auf. Das Kosterin-Diagramm gilt auch 
fiir die StrOmung einer verdampfenden Fliissigkeit, mit dem Unterschied, dass der Ubergang zur 
SchaumstrOomung bei niedrigeren Geschwindigkeiten stattfindet. 

Es hat sich herausgestellt, dass die Bezichung fiir den Druckabfall, die wir schon frither fiir 
niedrigere Gasdichten angaben, bei héheren Gasdichten keine Giiltigkeit hat. In Form eines 
Diagrammes wird nun eine neue Beziehung angegeben, die den Druckabfall iber einen weiten 
Bereich von Variablen gibt, darunter Gas /Flissigkeit-Dichteverhiltnisse von 10-* bis 10-? 
Versuche mit verdampfendem Freon zeigten, dass sich der Anteil des Druckabfalls, der auf die 
Zunahme der Geschwindigkeit des Gemisches zuriickzufihren ist, am besten mit Hilfe unserer 
friheren Holdup-Beziehung ermitteln lisst. 
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The effect ot gas density and gradual vaporization on gas-liquid flow in horizontal pipes 


INTRODUCTION 


Ture simucraNnrous flow of gas and liquid through 
pipes is a complicated matter, Up to now a 
theoretical approach has been impossible and 
hence this kind of flow has only been investigated 
in experimental studies. There are, however, so 
that it is 


In a previous publica- 


many variables which play a_ role 
diflicult to cover them all. 
tion [1] we gave empirical correlations for pres- 
sure drop, hold-up and flow pattern in horizontal 
pipes. A dimensional analysis was applied to 


reduce the number of independent variables 


and it was possible to give correlations over a 
wide range. However, the dimensionless group 
representing the influence of gas density could 
\ most 


applications 


studied over a small 


link to 


therefore missing. 


only be range. 


important technical was 
Besides, in our former work a svstematic study 


had been made on vas 


liquid flow, with a non- 
condensing gas and a non-vaporizing liquid only, 
whereas In many 


practical applications we 


encounter the flow of a vaporizing medium, 
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The present article describes the results of 


experiments on gas-liquid flow horizontal 
15mm pipes, which were made to study the 
effect of the two factors that had not been taken 
hitherto. effect 


was found from tests with superheated Freon-11 


into account The gas-density 


vapour and water, while vaporization was 


studied with the flow of flashing Freon-11 
Freon-11 


(CClg F) was chosen, because it is 


particularly suited to these experiments. Its 
boiling point is 23-8°C (760mm Hg), which 
permits operation at temperatures only little 


high 


Because of its high molecular weight 


above room temperature and at not too 
pressures. 
it has a high vapour density. Also, it is a safe 


liquid with well-known physical properties. 


2. LXPERIMENTAI 
2:1 Description of test set-up 


Fig. 1 is a flow sheet of the experimental set-up. For 
the Freon-Freon experiments liquid Freon-11 is drawn 
from a storage vessel and pumped through a heater at a 
sufficiently high pressure to suppress vapour formation, 


which can be visually checked in a sight-glass just before 


GLASS 


OT; TEST LOOP y 


+— -4 


Flow sheet of Freon installation. 
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valve At this point the liqu t perature is also 2.2 Single-phase friction factors for glass pipes 
“ ' within ome s Owing to th The mean diameters of the glass pipes were found by 
i er the flash val ' heated icquid filling thes with water and weighing The results show 
xture through differences between the pipes of 5 per cent 
p. | test loop consist wo parallel parts inner diameter was also measured directly with a feeler 
ight section 15mm diameter At different cross-sections different values of the diameter 
umd connected by a 180 ' Phe pressure were found, most pipes being somewhat conical towards 
ferent pipes i thi easured with both ends The mean values came near to those found by 
' manometers, filled th hquid and an weighing. The pressure flanges were all of the same inner 
' Ne sporizat curred in the diameter ; as a result, the joint between the flange and the 
s t tse tt perature Wits pipes was not always smooth 
he test ct The pressure drops measured over the test sections 
low nu test served visually a. b und as imdlicated by the manometers 
su ted aps ublicat DD, ete in Fig. 1 were used for correlating our results : 
t ' ' tiom the cools dow! at only for these sections could entrance and end effects be 
ction ti in temperature neglected 
5 ' t before the flas ve is measured Single-phase runs were done to determine the friction 
er test lo ' juid mixture ts factor. Some of the values so found differed from those 
ed ' Phe liq returned to th given for smooth pipes by Moopy [2], (see Table 1) 
v Aproul 1 and its flow Such deviations are probably due to the above-mentioned 
ree Pinal t ts condensed Iso returned to fact of unsmoothness of the flange-pipe connexion. In the 
ra following we have taken for the single-phase friction factor 
thn ts with superhest Freon vapour and the yalue found in our ¢ \periments 
Vapor heater and the 
u xt separated ina | ut drum with a 2.3 Properties of Freon-11 
hy i 1 constant | ire before the test 
The ecparated Hauid is ret The thermodynamic properties of Freon been 
Gee published by Bexnntne and McHarness [3 data 
for the mean temperatures of three series of tests we madk 
“i efi the test loop are given in Table 2 
s the total w velonty was 
100 and The patio Determination of fraction vaporized 
liquid us flow ra was between 10 ind Ihe fraction vaporized in the flashing Freon fluid could 
easily be calculated by writing the energy conservation 
] ] Deviations in sing phase f tion factor 
P fron b d 
re smooth friction 2 9 
r 
‘ t diameter 2 2 52 26 52 52 
Table 2 Physical properties of Freon-11 
ssur N lo 2-026 lo” 
of it. vapour { 6-30 785 11-20 
scosity of vapour 109 we, 1-11 115 Ww? 
scosity of liquid (N s/m* 20 10-4 395 x 10-4 3-58 10-4 
ization J 1-81 10° 179 108 1-74 x 105 
heat (J S71 S77 SAU 
tension N 1-9 10-2 1-85 10-2 1-7 1? 
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law for point o just before flashing 
test loop* : 


and a point p in the 


*See list of symbols at the end of the paper 
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small 


ngng 


No 


per 


compares 


rhe term representing the change in kinetic energ 


being small in 


2 2 . change in enthalpy and is further neglected. 
whese rhe temperature change from o to p 
(2) case, we may write 
which gives (AQ/M,) (T,, 1 
i 
(3) 
’ , The rate of heat exchange AQ between the flowing 
and the surroundings but can 


be 


account by the procedure described in Appendix I. 


‘ 
our 
(4) 
fluid 
into 
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For the range ot ry we are interested in(a, O-003 O05), 3. Discussion or Resuuts 


accurate determination of temperature differences between 


3.1 Flow pattern 


0-6 and 10 C is necessary. This was done for three points 


in the test loop with reference to point o, with copper To analyse the data on tlow patterns they have 


constantan thermocouples, as described in’ Appendix HL. been plotted in Kosterin diagrams (Figs. 3—6) as 


For intermediate points in the test loop «2 was found 
' was done in a previous publication [1]. As the 


from the pressure at that point and a plot of ry Vs. pressure 
made by reference to the three above-mentioned points. ‘tests wer carried out im small-diameter pipes 


The total vapour flow leaving the evclone downstream the can be best compared with our data for air 
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Fic. 3. Kosterin diagram for Freon water in 15 mm pipes at p, ~ 7 kg 


the test loop could also be found from the pressure. This and water and for air and gas oil in 24 mm pipes 


flow was always within 10 per cent equal to the value [1). Fig. 3 shows that the Kosterin diagrams for 
asures th the rotameter in the vapour line. The t3 ; 
measured with rotamet« air-water (p, 15 10°%) and Freon- water 
latter value was less accurate as the flow often fluctuated - ; 
7 0 are 
and liquid entramment vaporized by the superheater (Ps PI ire LOOK iwreement, 


would give differences especially for the transition from stratified or 

The vapour-pressure curve derived from the accurate wave flow to plug or slug flow. \ distinct 
temperature and pressure determination in the test loop is difference is found for the onset of atomization, 
compared with the values published in the literature [3] in 


which occurs here at velocities of 6 7 m/sec, 
Fig. 2 It is seen that most of our points are in good 


on ‘ cre ) » air . ata ale 
agreement with the published curve. Two points measured as against It 12m see for air. Some data also 


in an ebullioscope, also show good agreement indicate that the transition to must annular 
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Fie. 6. Comparison of Kosterin diagrams for flashing Freon and for Freon-—water. 


flow occurs at lower velocities, but they are too 
few to warrant any conclusion ; besides, in small 
diameter pipes the whole wall is easily wetted 
anyhow. The transition from plug to slug flow is 
always gradual and differences are not significant. 
lor the transition to froth flow a small difference 
was found. 

With Freon-—Freon flow (ef. Figs. 4 and 5) the 
transition to froth flow shifts to much lower 
velocities (for comparison see Fig. 6). This can be 
attributed to the fact that the vapour is formed 
im the 


from stratified or wave flow to plug or slug flow 


liquuid as small bubbles. The transition 
is in good agreement with the air—oil data (Fig. 4), 
but differs markedly from the Freon-water data 
(Fig. 6). This difference in trend was also found 
in the air-oil tests compared with the air- water 
tests and was ascribed to the high surface tension 
of water, reducing the formation of waves. 
which retards the onset of slug flow. 


The main conclusions are therefore : 


1. The Kosterin 
influenced by the gas density in the range 
of 1 12 kg 


lower 


diagram is not seriously 
except that atomization 


occurs at velocities for higher 
densities. 

2. The same Kosterin diagram also holds for 
a gradually vaporizing medium, except 

that the transition to froth flow occurs at 


lower velocities. 


3.2 Pressure drop 

The total pressure drop associated with the 
flow of flashing Freon is made up of two terms: 
friction and acceleration. The latter comes in 
owing to an increase in volumetric flow rate 
when flashing occurs. It is important especially 
at high mass velocities (m,). An approximation 
of the acceleration pressure loss between two 
consecutive cross-sections 1 and 2 can be caleu- 
lated on the basis of different mean velocities of 


gas and liquid. This gives 
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Pa m, Ap, m, t (6) 
Pao Pat Pee pl pr 

(1 r,)* (1 r,)* 
. » (5) It could be shown that. as long as the total 


p, (1 R..) p, (1 
mass ve locity m, s not exceed 500 kg m? sec. 


Some authors [4-6] compute the acceleration the acceleration pressure loss Ap, was small 


pressure loss from the hy port he tical case of no slip enough to be neglected for our « xperime ntal data. 


according to the formula: The total pressure drop is then equal to the 
_Atp 
Lo 
Pg 
61 
VOL, 
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x10 
Fic. 7 (a). Two-phase pressure drop coeflicient for flashing Freon flow at my 500 kg/m? sec. 
“tp 
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Fic. 7 (b). Comparison of different corrections to Atp for flashing Freon flow at m, 1100 kg ‘m? see. 
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= 


friction pressure drop. The friction factors 
derived from this pressure drop are given in 


Fig. 7 (a), where 


A APip 
(4m? p,) (AL D) 


Fig. 7(b) shows some results for the total 
pressure drop, computed for a higher value of 
m,, the solid line being taken from Fig. 7 (a). 
Clearly, the values of A,, Ay. not corrected for 
acceleration pressure drop, are too high compared 
On the other 


hand, values corrected with the no-slip method 


with the curve found for low m,. 


are much too low; for higher values of m, even 
negative friction factors were found. 

If the exact correction of equation (5) ts to be 

As R, 

was not measured in these tests we used as an 


applied the value of R, must be known. 


approximation values derived from the correla- 
tion found for air-oil flow in horizontal pipes [1]. 
This correlation reads 


EXTRAPOL ATEI 
RANGE TO ASYMPTOTE 


and A. A. 


FROM EXPERIMENT 


BuITRLAAR 


0-60 |v l 
1 R 


with vy and vy expressed in msec. Fig. 8 is a 


plot of this equation. Fig. 7 (b) shows that the 


values of Ap Ay SO corrected fit the curve for 


low m, very well. Therefore this method was 


used to correct all pressure-drop measurements 
The results are plotted 


c) similar plots are presented for the 


for Freon-—Freon flow. 
in Figs. 9(a—c) as a function of m, m,. 
Figs. 10 (a 
data obtained on Freon-water flow, here Ap, 
could be neglected. The solid curves are fitted 
to the points by the method of least squares. 
In a former paper [1], a pressure drop correlation 
for the plug-, slug- and froth-flow regions was 


given as 


A p, |" 
14 230 | 0-0138 (8) 
Pg 


No my 


with 


Al 
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m, D : 
Me ) = f(Re,,) 
and 
Os 13 
95 (““*) 62-6 (9) 
my m, 
for 
Re,, > 3000 and m, m, < 0-05. 


Here, f stands for the well-known relation between 
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hia. 10 (a), (b) and (e). 


coeflicient for Freon—water in the plug-, slug- and 


Two-phase pressure drop 


froth-tlow regions (330 my 1450 kg/m? sec). 


single-phase friction factor and Reynolds number 
[2]. This correlation was established for the range 
107%, 


that extrapolation to higher gas densities was 


10-3 < p,/p, < 3 and it was shown [1] 
not permissible. 

Our tests described above were all in the plug-, 
slug- and froth-flow regions and extended the 
10°, The 
results of these tests are collected in Fig. 11 (a), 


range of values p,/p, to about 9 
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+ FREON/WATER RESULTS 
x FREON/FREON RESULTS 
6 LOCKHART AND MARTINELL! 
CORRELATION CALCULATED FOR 
FREON /WATER 
PREVIOUS CORRELATION 
(eqs. 8 AND 9) 
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Fic. 11 (a). Effect of gas density on two-phase pressure iirop. 
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where A, Aw is plotted as a function of Py p, for 


ip 
different values of m,/m,. The curves representing 
equations (8) and (9) have been included for 
comparison. As expected, the correlation fails at 
higher gas densities, yielding too low pressure 
drops. In this Fig. new curves have been drawn 
that give the best fit to the new data and to the 
low-density parts of the curves representing (8) 
and (9). For comparison some values for the 
two-phase friction factor as calculated from the 


Locknart and Martine. correlation [7] have 


also been inserted. For low gas densities they 
are the same as those determined on the basis 
of our correlation, for higher densities they 
predict too high pressure losses. 

For the calculation of two-phase pressure drop 
mixture 


some authors [4, 8] use a density 


‘ i l i = 
‘ 2 5 3 5 6 7 689 0, 


Fic. 12 (a). 
with m,/m, as parameter, holding only for plug-, slug- 
and froth-flow. 


Correlation between and py/py 


concept.” The flow is then approximated by 
that of an homogeneous mixture and the single- 
phase friction law is applied to it. This gives 
AL , m? 

(10) 


Ap, 
D Pm 


where A can be found from the single-phase 


friction factor relation with 


s(™ 


This means that A = Aw, so 
Mp Pr 

Aig Pm 


In Fig. 11 (b) the two-phase friction factor so 
For the 


higher gas densities the approximation is quite 


found is compared with our results. 


good, but for lower density ratios the deviations 
are very large. 
The main conclusions with respect to pressure 


drop are therefore : 


4 6 6 40 «680 


Fig. 12(b). 
and m,/m, with p,/p, as parameter, holding only 


Correlation between (Arty No) No 


for plug-, slug- and froth-flow. 
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1. The 


drop for m, m, 


correlation for two-phase pressure 
O-05 as proposed in a former 
paper [1] (equations 8 and 9) is only applicable 
Instead of 


it a new correlation can be given in the form of a 


in a narrow range of p, p, values. 


graph, shown in Figs. 12(a) and 12(b), where 


IS plotted as a function of (Pp, p;) and of 


For convenience this graph Is presented 
in two different ways. 

2. For the flow of a vaporizing fluid the pres- 
best 


sure drop due to acec leration car be cal- 


culated from equations (5) and (7 


I 


Determination of heat transfer from test loop to 
surroundings 


Experiments were conducted with liquid Freon flowing 
alone (7, = 0) to estimate the value of AQ in equation (4). 
From these experiments the coefficient of heat transfer 
from the test loop to the surroundings was found to be 
15 + 3 W/m? 


by the heat transfer at the outer tube wall 


This coefficient is wholly determined 
When it is 
computed for free convection we find a value of about 
5 W/m? °C. The difference from the measured value may 
losses through 


be due to heat copper manometer 


connexions as well as to the presence of some forced 
convection 

With this heat transfer coeflicient we computed the value 
of AQ M, in equation [4 


5 per cent of the other term in equation (4) 


It was mostly between 2 and 
Only in 
some cases, where the temperature in the test section was 
20 


above room temperature, did it increase to more 


than 15 per cent. In those cases the pipes were insulated 


for the pressure-drop tests. 


Aprpenpbix II 
Differential temperature measurements 


Three thermocouples were used. 


They had one junction in common 


copper-constantan 
which was immersed 
in the liquid just before the flash valve. The other three 
junctions were fitted at the places indicated in the flow 
sheet (Fig. 1) 
the pipe diameter to ensure good contact with the liquid. 


The junctions were immersed to half-way 


Heat losses through the couple wires are small because 


the wire diameter is O-lmm and the temperature 


differences are small. As moreover the heat transfer 


coefficient to the couple junction is large, especially in 
two-phase flow, the 
0-01 °C equal to that of the liquid. 

The couples were calibrated with standard thermometers 


of 0-01°C. The measured e.m.f. is 


junction temperature is within 


with an accuracy 
given by 
E=b(T, — + ¢(T, — 


HlooGenpoorN and A, A, 


BurreLAAR 


where b and ¢ are constants. For small values of ( a — T,) 
the second term on the right-hand side can be neglected 
The values we found for 6 are shown in Table 3 in compari 
taken 


Presumably, the differences are due to a 


son with figures for copper constantan from «a 


handbook [9) 
slight difference 


in composition of the constantan. For 


the three couples the values found for 6 were the same 


to within 0-5 per cent ; even after repairing the junction 


no larger differences were found. 


Table 3. 


Em fos for copper constantan as measured and 


as found from a handbook |9 


Omeasured birandbook 
20 36-7 
30 37-6 41-2 
38-7 42-1 


NOTATION 


specific heat of liquid at temperature 7) 


0 
C, gas fraction based on volumetric flow 
D — pipe diameter m 
H, heat content at p J/kg 
My, heat content of liquid at o J kg 
My, heat content of liquid at p J/kg 


AL — pipe length m 


total mass velocity ky m® see 


gas mass velocity kg see 
M, total mass flow rate kg sec 
Ap,, two-phase pressure drop N/m? 
Apa = pressure drop due to acceleration N/m? 
AQ heat exchange rate to surroundings J sec 
Re, — two-phase Reynolds number defined by m,D/nm 

R, gas hold-up 

r, ~ heat of vaporization at p J/kg 

T, — temperature at o c 

T, = temperature at p Cc 

velocity at o m/sec 

» velocity at p m/sec 
Un mixture velocity vy m 
Ves superficial gas velocity m see 
= superficial liquid velocity m/sec 

fraction vaporized 
tp = fraction vaporized at p 
 ~ Single-phase friction factor for total mass flowing 
in liquid phase 
Ap two-phase friction factor detined 


by 
(4 (ALD) 


™ — liquid viscosity N/m* see 


liquid density kg 
Pg = gas density kg /m* 
Pm — mixture density, defined by : 

Cy Pg + (I Cy) PA kg/m* 
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The theory for the upward, annular flow of a liquid in a vertical tube in the | resence 


of a gas or vapour discussed in Part I of this series is deve loped for the prediction of heat transfer 


coeflicients to a liquid boiling in a vertical tube. The theory is tested on the « \pernmental data 


of Denc ier and Let 


Résumé La theorie de lVécouk 


en presence de gaz ou ce vapeur 
vue de prévoir les coellicients d 
vertical 
Zusammenfassung— bin: fiir dic 
in eimem senkrechten Rohr in G 
diskutiert Vorausber 


entwickelt 


wird fiir dic 
die in einem Rohr siedet 


Daten von Dencuer und Les 


INTRODI CTION 


A REview of published work on two-phase heat 


transfer in vertical tubes covering the 


1935-1957 


period 
has bee I 


the 


ared since, those of CAROOTHUIS and Hi NDAI 


made by [1] 


Amongst Significant apers which have 
pay 


[2) and Evuwin and Visnev [3] are noteworthy. 

The apparatus used in most of these investiga 
tions has been equipped to measure only average 
values of the heat transfer coetlicient based on 
the heat flux for the whole k neth of the « vapora 
tor tube. Since the boiling process will normally 
three different 


patterns existing over varying regions of the tube 


produce at least two or flow 
it must be concluded that ave raged measurements 
afford a totally 


theoretical predict 1ons. 


inadequate basis for testing 


\ satisfac tory ¢ xper! 
mental study must show the relationship between 
heat flux and temperature difference in every 
region of the tube. In addition it is nec: ssary to 


measure the feed rate and condition. the absolute 


*Present address : 


tPresent address: 50a Gounari Street, Pireaus, Greece. 


liscutéee dans la lére partic de ce travail est 


aufwirts gerichtet« 
genwart eimmes Gases oder 


chnung von Warmetibergangskoetlizienten an cine 


nent annulaire ascendant d'un liquide dans un tube vertical 


déeveloppeée ici en 


transfert de chaleur pour un liquide en ébullition dans un tube 


Cette theorie est vérifiée par les données experimentales de Dencuer et Ler. 


RingstrOmung einer Flissigkeit 
Dampfes, wie in Teil 1 dieser Seri 


Flissigkeit 


Die Theorie wird iiberpriift mit Hilfe der expermmentellen 


and the 


all these 


end of the tube 
Moreover. 
require to be capable of wide variation, 

Of the 


boiling 


pressure at on pressure 


gradient alone it, quantities 
local 
[4] 


used a natural circulation apparatus which allowed 


few authors of studies giving 


coellioients GueErRRIERI and 
only relatively small variations of liquid feed rate 
and no direct and 


[5] 


ments, 


measurement of it. CoubLson 


reported only a few local measure 


most of their published values being 


YopEr Dopat 


a very limited study of a Freon 12-oil mixture 


average ones, and [6] reported 
covering only low heat fluxes. The most complete 
that of DencLer 


IS} and Les 


work is DeENGLER and 


ADDOMS in which a radio-active 
tracer was used to measure liquid hold-up in the 
tube. 


this study Is its low pre CISION, 


As will be seen the main shortcoming of 


More than a dozen different correlations for the 
heat transfer coefficients of long-tube « Vaporators 
Some of 


have been proposed, the correlations 
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hx undermention 
Operating cond 

flow rate 
I ip wr 
0-405 
on 45 
0-254 
os 


faons 


* 
‘4 
ie 4 Table 1. Indices of variables in he tra 
(Equation of the form | 
we 
Type of correlat Tube dimensions 
Ves 
“a 
‘ n 155 ws 
| j t ‘ ‘ 
Note th relationship ect ar? equivalent to kgs,’ 4 


er equatio 


for ion 


tithe 


wator 


is, conditions and properties raised to the powers indicated i 
li pe yperttes 
Liquid Vapour 
Surface Latent 
Pressure hey Cus Ly py tension heat 
OAS 345 O1lls 2°3 
) Oso O125 oso OsTS 0-25 0-50 
4 657 O32 O-OLS 4 
O-3B55 ooo 0-225 040 
Ooo 0-25 ow Ors 
37 O-B86 0-028 258 O-145 0-357 0357 
ORS ow O25 ow OOS O-10 
rt oss 0-33 O-16 
> 
*These equations employ additional variables not classified in the table. 
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Table 2 


and Iss 
/ poration i 
{ ) ; ection nuclear convect 
1325 2470 (1080) 1422 
10 S51 (355) 


KIRsSCHBAUM Guereiert and Taury 

Level Tube top Tube mid 
nuclear cor ction nuclear con 
m0 i700 (228) 1160 ( ) 1030 
620 787 (150 5S7 


distinguish between the nucleate boiling and 


forced convection regions whilst others trv to 
eover both. It Is dithicult to compare them 
because of the widely varying choice of para 


meters and the absence in many cases of such vital 
Where the 


based on dimensional analysis the 


ones as hquid feed rate. correlations 


are various 


groups “ure normally ey iluated for thy conditions 


at the entry or exit of the tube. By making a 
number of assumptions it is possible to reduce 
each of the published equations to a form = in 


which the heat transfer coetlicient is ¢ xpress d as 
tub 


a direct power function of the dimensions, 
the operating variables and the fluid properties, 
The result of these 
equations 1s 


that the 
tubs 


for a number ol 
Table 1. It 


important 


reductions 
shown in might be 

more variables 
dimensions L and DD. the feed 
rate, the heat flux, the liquid viscosity and thermal 
There littl 


ment between any of the authors on the signi- 


expected 
would be the 
appears to be 


conductivity. agree- 


of these quantities. 


heat 


hieance 
Table 2 


calculated from these 


shows the transfer coetlicients 
water vaporizing at atmosphe re pressure in a 
copper tube 6ft long. 0-5 in. i.d.. with a feed rate 
of 50 Ib_ hr at its boiling point and two heat fluxes 
(constant over the tube length) corresponding to 
50 per cent and 10 per cent vaporization (heat 
flux density 31,000 and 6200 B.t.u_ hr. ft® respec 
tively). The various equations agree to the extent 
of giving higher coeflicients for forced convection 
than for nucleate boiling under these conditions. 
but it difficult 


know individual 


would be in an actual design to 


which values to use. 
It is considered that most of the uncertainties 


arise from premature attempts to achieve averaged 


correlations for the case of 


corre lations before the ol the Various 


heat 


slonilicance 


contributing transter processes 1S known. 


Hear Traxsrer MecHANIsSMsS IN A Lono-TUBI 


Ky APORATOR 


To elucidate the process of heat transfer in a 
long-tube evaporator it is useful to differentiat 
occurring in at least 
that the 


ill be 


Trice hanism 


tube. It 


hetween the 


thre zones ot the Is assumed 


feed is at its boiling point; if not there 
an entry zone in which either forced convection 
heat transfer or surface boiling will be operative. 

In the 


nucleate boiling (unless the te mperature difference 


first zone the controlling mechanism is 


is greater than the critical) and it will be expected 
that the nature of the tube surface and the purity 
of the 
etc, 

Since the 


liqnuid feed {presence ot dissolved gases, 
the heat 


volume 


will influence transfer coetlicient. 


increase of accompanying 
vaporization at atmospheric pressure is normally 
in the range 500 1000 the evap ration of less 


than 1 per cent of the feed will cause appreciable 


changes in the liquid flow condition. The first 
major change leads to slug tlow in which the 
individual bubbles coalesce to form large bullet- 


shape volumes of vapour separated by thin slugs 


of liquid. Further evaporation causes a_ pro- 
gressive acceleration of the liquid in the slugs, 
and in the film covering the tube wall, leading to 
breakdown of the liquid slugs. This second change 
leads to annular- or climbing-film flow in which 
the greater part of the liquid adheres to the tube 
wall in an upward-flowing film, the remainder 
\t first the film 
the 


collapsing slugs, but higher up the tube it assumes 


being entrained in the vapour, 


Is heavily rippled due to the influence of 


Nos. 3 and 4. December, 1961. 
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a relatively smooth appearance with ripples of 
only small amplitude. 

For long evaporator tubes and large tempera- 
ture driving forces the liquid film may break down 
leaving patches of dry wall. Obviously the heat 
transfer coefficient falls rapidly in these cireum- 
Except in where the heating 


stances. cases 


medium is at constant temperature (as with 


condensing steam) burn-out will normally ensue. 
ZONeS 


It is possible to describe transitional 


slug-flow and 


but 


between nucleate boiling and 


between slug-flow and annular-flow. these 
transitions are normally achieved rapidly, and 
the 


To describe the heat transfer processes within a 


flow patterns within them are indefinite. 


long-tube evaporator quantitatively it is obviously 
the 
treatment to a 


desirable to reduce number of mechanisms 


requiring minimum, 


and for these reasons it appears justifiable to 


separate 


consider only three main zones, namely nucleate, 
slug-flow and annular-flow. As a further simpli- 
fication it might be possible to consider slug-tlow 
as a special form of annular-flow since in slug- 
flow the heating surface is covered by liquid and 
the heat thin 
liquid film. It may be expected that only a small 


main transmission is through a 
amount of evaporation will occur from the liquid 
within the slugs, their main influence being a 


stirring action on the liquid film. 
that a 


evaporation 


From the above discussion it appears 


quantitative description of — the 


process in a long-tube evaporator may be built 


on a consideration firstly of the nucleate boiling 
region occurring near the inlet of the tube and 
annular-tlow 
extending over the remainder of the tube. In 


the latter region it is to be expected that an 


secondly on an essentially region 


iterative calculation will be required to allow for 
the changing film conditions due to evaporation, 
Also it will 
for the 


acceleration and possibly entrainment 
test available 


When 


below its boiling point the entry region of the tube 


be desirable to have a 


onset of dry-wall conditions. the feed is 


will be calculated as for normal forced convection. 


The remainder of this paper is concerned with 


the extension of the theory of annular flow of 


liquid and gas in a vertical tube given in parts 
1 and 2 of this series [15], to embrace the heat 


Haseipen and B. G. 
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the annular-flow 
region of a long-tube evaporator. It 
that the flow conditions for a saturated liquid in 
the 


for a liquid in contact with a permanent gas after 


transmission occurring within 


is assumed 
contact with its vapour are same as those 
appropriate allowance has been made for density 
and viscosity differences. It is further assumed 
that the temperature driving force is insullicient 
to produce nucleation within the liquid film. 
The equations thus derived will be tested against 


previously published experimental data. 
ACCOMPANYING ANNULAR- 


Heat TRANSMISSION 


FILM FLow 


little 
available on the variation of pressure gradient 


There ts experimental information 
and hold-up along the length of an evaporator 
tube during evaporation. As already mentioned 
Lee [9], in association with Denc.ier [7], carried 
out experiments on the evaporation of water in 
a 1 in. i.d. vertical copper tube 20 ft long, measur- 
ing the local liquid hold-up at four points along 
the tube by using a radioactive tracer in the form 
of a soluble salt. 

From the local values of total pressure, liquid 
and vapour flow rates and also their local pressure 
gradients it was possible to calculate the theore- 
tical value of liquid hold-up by following the 
interative procedure outlined in Part I of this 
{15}. The following were 


series assumptions 


made : 


Constant physical properties across any cross- 
section, as at the saturation temperature. 
Hydraulically smooth surface of the evaporator 

tube. 
No dispersed phase in the vapour stream. 


For flow conditions in which it was impossible 
to obtain agreement between the theoretical and 
calculated values of y,;* whatever reasonable 
value of R, was tried, slug flow was considered 
to prevail. Such the 


minimum in the plot of pressure gradient against 


flows were at or below 
vapour flow. 

From the detailed calculations it was seen that, 
in general, no term in the momentum balances 
can be neglected, and that the forces required 
for the acceleration of the vapour and liquid 
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phases assume increased significance when eva- 
poration is occurring. Unfortunately, the data 
of Ler do not yield accurate point values of the 
vapour flow and pressure gradient, and the 
interference of background radiation rendered 
the measurement of liquid film thickness un- 
reliable when the liquid hold-up was small. 

The measured and calculated values of R, 
are compared in Fig. 1. Apart from a few points 
belonging to the transition region the theoretical 
values agree with the experimental within the 
estimated experimental error, but since this is so 
large it would be unfair to claim that the validity 
of the theory applied to two-phase flow with heat 
transfer has been established conclusively. In 
general the predicted values appear to be low, 
but this could be attributed to the hydraulic 
roughness of the evaporator tube. 

The analogy between momentum and heat 
transfer is now used to calculate the heat transfer 
coellicients for the case of annular flow with 
heat transfer, but without nucleation on the tube 


wall, using essentially the treatment of von 


16}. 


KARMAN as quoted by Ecker’ 


Results of Ler. Comparison with theory. 
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The differential 
momentum and heat transfer in a direction y 


equations describing the 


at any point within a fluid are 


du (1) 
T Vv € }p 
dy 
, dt 
( € (2) 
/ I dy 


The terms v and v/Pr describe molecular diffusion 
which predominates in the laminar sublayer, 
whereas ¢,, and «¢, describe eddy diffusion, 
important in the turbulent layer; €,, is computed 
from the velocity distribution and ¢€,, assumed 
numerically equal to it. The ratio ey €y is 
believed to vary slightly with y* but the variation 
from unity is not sufficient to cause serious error. 

In order to integrate equations (1) and (2) the 
physical properties of the fluid are assumed to 
be constant within each layer and the shear stress 


to vary linearly with y from +, to 7, so that 


t 
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The heat flux de nsitv q is given by or if Re* ts large. as it usually is in the annular 
llow regime. 
- 
q q (4) V Pr Ss) 
By differentiation of the equation defining 
where q heat flux density at the wall. ’ 
flow in the buffer laver 
From equations (2) and (4) we have 
2 du 5 
7 | q dy j 
. = wr 
(v Pr) + ey 
2 and hie nee (6 becomes 
Vu dy 
| | 5 
N | ] ; 
ow and ay « fr {m\ 
pu* pu Thus from (5 
. 20 
Vw 
5 
iPr 5 
Writing Re* and ( ‘ ay Since Re* is usually y* the term 1 (y'/ Re*)} 
i 
can bn equated to unity and sO 
Art dy 
(5) 
J [1 — (yt Re*)] M,* | dy 1) 
Pr 5 
Equation (5) can be readily integrated if the 5 
variation of with is known. From (1), Writing 
substituting the dimensionless forms of y and | dD 
u we have 
and 
T dy 1 T ay fa 
= Tu E 
tc 
and hence from (3) 
At,* 
y;* du* 
2ky 0.2 — (0-04 DE)? 
In — (10 
By combining (5) and (6) and taking dy*, du 2ky Or (O-O4 DE)" 1, 5 
from the universal velo ity profile on Equation (10) is pre sented graphically in Fig, 
, ab 
My, ane with Pr as the continuous variable and 


the temperature differences 


In the laminar sublayver taken as neglig 


n comparison with v/Pr and (5) becomes 


dy 


(y* /Re*) 


Pr Re* In (1 - 


across the three layers can be caleulated in turn 


bl parameter. 
bic 
For the turbulent layer duv dy 


and 

dy 
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Fic. 2. Temperature drop in 


5 k 
IDOE 


In 


(30 Re*) 


The this laborious 


but by equating 1 (y Re* 


evaluation of equation is 


} to unity a simpli 


fied form can be obtaimed. 


30 [( Tox} 


At* 2-5 (12) 


30 


i 


This relation is presented in Fig. 3 with y,* 


as the continuous variable and 7; 7, as parameter. 
It pros ick reasonabl accuracy rm the annular 
flow regime is well established, but (11) may have 
to be used as the slug flow regime is approached. 

The 


lavers are additive, Le. 


temp rature differences across the three 


At 


* buffer” 


layer and laminar sublayver.’ 


= At;* + At,* + At; (13) 


The heat 


lnguid gas interface is then given by 


transfer coellicient from tube wall to 


* 
= (14) 

Atr 
This theory breaks down as u* becomes equal 
to, or less than. zero, or when nucleation occurs 
on the tube wall. Providing u* is positive it 
may well be applicable to the slug flow regime 
thickness of the 


only a small effect on Af, Le. a 


since the turbulent layer has 


value of 


corresponding to a much greater value of Re* 
that 
without introducing serious error. 

In Part I 


ve locity 


than calculated can be used in such cases 
the concept of a “* double ” 
profile was put forward, i.e. the gas 
behaving as would a moving 
If such is the then 
would be twice the At* 


It is unlikely that the 


liquid interface 


solid liquid interface. Cast 
At* over the total y; 


up to the point y;*/2. 
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interface is fully damped and so the most likely 
value of Af* lies between those calculated on the 
* singk and “ double profiles respectively. 
Furthermore, ripples, which are known to exist 
on the gas-liquid interface, will probably tend 
to eliminate temperature gradients in the \ einity 
but 


defining these ripples is available their influence 


of the interface, since no adequate 


remains uncertain. 


Testinc or AGaInst EXPERIMENTAI 


RESULTS 
The 
Appoms [8] and Le: 


expermmental work of Dencier and 


[9] was analysed from the 
heat transfer aspect in an attempt to confirm 
Although 
the 


Derived data from the 


the validity of this approach. not 


ideal for this purpose these data are most 
useful so far published*. 


original experimental results are shown in Table 3. 


All data are point values for the middle of each 


*It is hoped to publish in Part IV of this series further 
experimental data in this field. 


HASELDEN 


Temperature drop in “ turbulent ” 


way of 


and B. G. Manrzourants 


layer. 
heating section. The flux density Ve reckoned 
on the inside tube diameter was obtained from 
the slope of the curve of vapour fraction vs. 
distance from the tube base; the contribution 
of tlash vaporization was neglected as its value is 
small compared with the heat flux through the 
walls and certainly smaller than the error involved 
in obtaining q,. The steam temperature was 
the 


wall temperature was taken as the arithmetic 


deduced from the saturation pressure and 


average of the readings of the three thermocouples 


located in the central 2 ft of each heating section, 
as the point values are so erratic. 
The At at 


varies with the shear stress at the wall and the 


minimum which nucleation occurs 


nature of the wall surface. In view of the high 


shear stress and low Af in most of DencLer’s 
experiments nucleation on the wall is unlikely 
to have occurred, and the theory is assumed to 
apply to all his data in which u* is positive. 
The experimental values of At;* were calculated 


from equation (14) and compared with those 


228 


7 
VOL 
L9¢ 
j 
24 
4 
= 
= 
: 
; 


VOL, 
196? 
iy 


ca ca i I 
mo Cow oak: iol “ol ol wel 
ml ml Lal it 
ml ml | OL 
we ol 2% ONT. a4 at Lt 
‘yj iy 1 ) 1) OL Pat ad ‘ou uny 


pun UATON 7) SJJNSAL AI[SUDA] Qu 


4 
4 
- 
a 
| 
— 


ol 


ol 


Ol 


ol 


ol 


int 
ol 


mol 


orol 


OOOTTL 


ocot 


I 


of 


OLLO 


moce 
three 


(WLS 


acest 


NEL 


x 


Ol 


Cu 


ou 


~ 6 S & 7 a ¢ Lee 
25 bet: = Bs | 222 
=> = te oe 


a 
q 
ae 
ia 
VOL 
19% 
ee 
ae 
ay 
= 
ay 


‘lwo-phase (gas-liquid) flow phenomena 


Locus for singie 
temperature 
profile 


Fic. 4. Heat transfer results of Dencier. Comparison with theory. 


theoretically predicted from (13). In the former 
u* could be calculated either from the experi- 
mental value of the liquid hold-up R, or, when 
annular flow conditions exist, from the predicted 
hold-up [15], and both values of At;* are presented 
in Table 3. 
little influence on the value of u* under annular 


The large ambiguity in values has 


flow conditions so that the values of Af;* calcu- 
lated by the two methods agree quite closely. 

In view of the ambiguity in the value of At 
and to a lesser extent in the value of q,, the 
resulting experimental heat transfer coeflicients 
are estimated to be in general reliable to 50 per 
cent. Consequently the theoretical values of 
are computed using the single tempera- 
ture profile, physical properties constant at the 
stream temperature and the theoretical y;* based 
on the single velocity protile. 

The theoretical and practical values of At,;* 
are compared graphically in Fig. 4; the scatter 
appears to be random and is of the same order 
of magnitude as the estimated experimental error. 


CONCLUSION 


A method for predicting the point values of 


temperature head required for a given heat flux 


in a long-tube evaporator, based on the universal 
velocity profile, is developed. The heat transfer 
calculation is based on the assumptions of linear 
variation of shear stress from the wall to the 
interface and of constant liquid properties within 
each layer at any cross-section of the evaporator. 
The experimental results of DencLter and LEE 
are presented in a form suitable for testing this 
new method. The correspondence between the 
two is within the range of the experimental error 
which is considered to be 50 per cent. The 
need for more accurate experimental data on 
which to test the method is evident. Such data 
has now been obtained [17] and will be published 
shortly. 
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Abstract 


Drag coefficients for spheres moving through five aqueous solutions of earboxymethy]- 


cellulose (CMC) were measured. With the assumption that the behaviour of these fluids could 


be approximated by the Ellis model, two dimensionless correlations for the drag coefficient in 


terms of a modified Reynolds number and two other dimensionless groups were prepared. The 


Ellis model is easy to use and provides a much better description of non-Newtonian behaviour 


than the more commonly used Ostwald de Waele model. The correlation is of value for the 


prediction of the settling time of a sphere in a non-Newtonian fluid. The results seem to indicate 


that the behaviours of the CMC solutions studied are independent of the third invariant of the 


rate of deformation tensor. 


Résumé — Cet article traite de la mesure des coeflicients de résistance pour des spheres cn mouve- 


ment dans cing solutions aqueuses de carboxymethyl cellulose (CMC). 


ken supposant que le 


comportement de ces tluides suive approximativement le modéle Exits, auteur propose deux 


relations sans dimension pour le coeflicient de 


moditié, et deux autres groupes sans dimensions 


resistance au moyen d'un nombre de Reynolds 


Le modéle @ Ellis est commode a utiliser et donne une bien meilleure description du comporte 


ment non-Newtonien que le modéle plus courant @Ostrwatp pe 


La relation est utilisabk 


pour prévoir le temps de sédimentation d'une sphére dans un fluide non-Newtonien. Les résultats 


semblent indiquer que le comportement des solutions CMC étudiées est independant du troi 


sidme invariant de la vitesse de déformation du tenseur. 


Zusammenfassung —Es wurden Reibungsziffern gemessen fiir die Bewegung von Kugeln in 


fiinf wiissrigen Carboxyvmethylzellulose (CMC)-Lésungen. Unter der Annahme, dass das Verhalten 


dieser Flissigkeiten durch das Ellis-Modell angenihert werden kann, wurden zwei dimensionslos« 


Bezichungen fiir die Reibungsziffer autgestellt, 


Das Ellis-Modell lisst sich leicht anwenden und 


andere dimensionslose Ausdriicke enthalten. 


die eine modifizierte Reynoldszahl und zwei 


liefert cine viel bessere Beschreibung nicht-Newton'schen Verhaltens als das allgemeiner benutzt« 


Ostwald-de Wrele-Modell Lic Bezichung ist 


Kugel in ciner nicht-Newton’schen Flissigkeit 


brauchbar zur Vorhersage der Absitzzeit einer 


Die Krgebnisse scheinen zu zeigen, dass das 


Verhalten der untersuchten CMC-Losungen unabhiingig von der dritten Invarianten des Tensors 


der Deformationsgeschwindigkeit ist 


Non-NewTronran Benaviourt 


Tue equations describing the steady motion 
of an arbitrarv isothermal continuum are the 


equations of continuity and motion : 


tFor the most part we are using the notation of 
TRUESDELL [1], the only notable exception being that we 
adopt the symbol wu, for velocity components rather 
than w.. Comma notation stands for covariant differentia- 
tion and the summation convention is employed through- 


out, 


*Based on Ph.D. thesis of John C. Slattery. 


(pu') 0 (1) 
pul pit ub; + of (2) 


In order to describe the flow of fluids one must 


first specify a relation between the viscous 


portion of the pressure tensor vj; and the rate of 

deformation tensor d, uj i). 
Recently much attention has been drawn to 

the relation proposed by REINER (2), by Rivian 


(3) and by Pracer [4]: 
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id) (d) d) d,* d;* (3) 


in which the 9.* are functions of the invariants 


of the d-tensor chosen here to be 


la d;" (4) 
ITs d* (>) 
= dj (6) 


Equation (3) is the most general relation between 
v,’ and d;' provided that space and time deriva 
tives are not allowed and that v is 
function of d. of 
equation (3) Is tantamount to excluding visco- 


an isotropic 


Onussion time derivatives in 
elastic phenomena from the theoretical develop 
ment. One further restriction must be placed on 
the of (3), 


that for any real flow the net entropy production 


set equations (1), (2) and namely 


rate must be positive. 

Specifying the functional dependence of the 
@ 4) on Il and ITT and several pheno 
menological constants corresponds to selecting 


a “ rheological model Under certain conditions 


there must in addition be relations among the 
derivatives of the ¢.* , Specifically, if v as a 
function of d “ admits a potential rv) then 
) 
t (7) 
dJ 
and then the following relations among the 
¢*) must hold [2 
A) 4 vid) A) 4.’ id 
(8) 
d id vid 
(9) 
d 
(10) 


Similar relations have been given by Trurspe.i 
[1, p. 133) for a different choice of invariants. 
We now note that: 


(a) and 


Ig vanishes identically. For 


For incompressible fluids u’, ; 0 
ich fluids we may 
define ‘*’ to be zero (see [1, p. 228)]). 

(b) 
and if 9,’ 


depends only on I] (and not on I[IT4). 


If. in addition, a potential [’’ exists, 
0, equation (9) states that 


and R. Byron Biry 


To date many experimental data have been 


interpreted in terms of equation (3) with 
— 0 and a function of 
alone. (Reiner has called these “ generalized 
Newtonian fluids.” In review 


article they are called quasi-linear 


[5, p. 673-674] has cast doubt upon the usefulness 
of equation (3) by stating that “it has not vet 
that 


approximately in this way, with a non-vanishing 


been established any real liquids behave 


normal stress coeflicient (i.e. 9," ) and without 


appreciable elasticity.” 
vid) 


Nothing is known quanti- 
tatively about 
ITTg in 


the flows non-Newtonian fluids past spheres might 


or about the importance of 
It had been hoped that study of 


give information about these quantities. 


In the ensuing discussion we will have occasion 


to use two empirical models. The first is the 
widely used but not too realistic Ostwald— de 
Waele (or power law model containing two 
parameters m and n: 

» » in-1)/2 

v; [2m (2 ld (11) 
wherein 7 1 represents pseudoplastic, n | 
Newtonian and » 1 dilatant fluids. The 


second is a thre parameter model and «) 
which has been used by Exus [6, p. 246] and 


more recently by Ger and Lyon [7]: 


dy 


Ger and Lyon have reported that this model is 


d; (4 (12) 


useful for describing the flow of plastic melts, 
and the experiments of FREDRICKSON [8] and 
SLATTERY [9] seem to indicate that this model is 
adequate to describe the steady-state tube flow 
It 
can be shown using the inversion relations given 
pp. 133-4] that equation (12) 


reduces to (11) when 


of carboxymethylcellulose (CMC) solutions. 


by TRUESDELL [1, 


] 
n (13) 


= 0, 


Note that d as a function of v given by equation 
(12) admits the potential 


Hence for this model having 9,4“) — 0 is con- 
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sistent with having 9,4‘) depend on II, and not 
on II],. The experimental results described pre- 
sently seem to indicate that the flow of CMC 
solutions in tubes and around spheres can be 


fairly well described by equation (12). 


Previous WorkK on FLOW AROUND SPHERES 


The following brief tabulation gives references 
to the sources of literature reviews and mentions 
specifically some recent works of particular interest 


in connexion with our work: 


Newtonian (theoretical) 


(a) Svroxes’ [10) initial derivation for steady, creeping 
flow led to the relation F = 624nU'R which is valid for 
Re 0-1. 

(b) Osren [11] and Goupstern [12] extended SToKEs’ 


law taking the inertial terms (i.e. pw’ u; )) partially into 
good for Re 2. 


similar 


their results are 
[13] 
PROUDMAN 


account ; 

(ec) Kawacutl 
Re 50: see 
JENSEN [15)}. 


extension to 
| 14) 


made a 


also and PEARSON and 


(d) Hucues and [16] surveyed unsteady- 
state behaviour 

(ec) Harre. and Byrne [17] treated movement of a 
sphere within a cylindrical boundary. 

(f) FALKENHAGEN [18] has summarized many other 
aspects of the theory. 
Newtonian (experimental) 

(a) Scumier [19] and Murrray [20] summarized 
data in absence of wall effects. 

(b) McNown and Newuin [21] presented results 
showing effects of a cylindrical container for 10 l Re 

10°. 


Non-Newtonian (theoretical) 


(a) Tomrra [22] presented an expression for the 
drag force* on a sphere 


equation (11). 


moving very slowly through a 


fluid characterized by Tomita obtained 


his result by arbitrarily assuming an expression for the 


*One of the authors (J.C.S.) wishes to thank Professor 


Tomita for his correspondence confirming that Towrra’s 


[22] equation (29) should read 
F (n) A 
where 


1) (nm 1) 
10n2 


1)? (n 1) (n 


(n—1)> (mn — 
6 144 || 
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stream function which satisfied certain boundary con- 
ditions; the constants in this expression were not evaluated 
using the variational principle described in the paper. 

(b) The fluid behaviour model used by Tyapin [23] 
was not of the form required by equation [3]. 

(c) Jain [24] examined the conditions under which a 
symmetric velocity distribution would be obtained for a 
fluid with 
constant (15) 
His method was to introduce a suitable artificial external 
force so that the resulting equations could be integrated ; 
he did not neglect the inertial terms. Having assumed the 
velocity distribution to be symmetric and the fluid to be 


he concluded that 


subjected to a suitable external force, 
vid) 


the drag force was not affected by the magnitude of 
(d) [25 

Ostwald-de Waele 

points of separation 


analysed boundary-layer flow of an 


fluid a sphere and calculated 


past 


26) have used a variational 


Stokes’ 


(e) ZIFGENHAGEN, ef al. 


method to obtain deviations from Law for a 


truncated power series non-Newtonian model ; inasmuch 
the CM¢ 


cannot 


as the latter model is inadequate to describe 


solutions discussed in this paper, their results 


be compared with ours. 


Non-Newtonian (experimental) 


Cuase [27], Hirata and Kuso [28] and Suepparp [29] 
have reported studies on the motion of spheres in non- 
Newtonian fluids. No attempt was made by these investi- 
gators to correlate the flow in this geometry with that in a 
tube viscometer or rotational viscometer in terms of model 


parameters. 


DATA FLow 


3. NEW ON 
CMC 


Two expressions may be written for the force 


EXPERIMENTAI 


SOLUTIONS AROl SPHERES 


F which acts on a sphere falling at a terminal 
in a quiescent fluid of infinite extent. 
the the 
“friction factor” or * drag 


coellicient  f; the the 
Newton’s second law written for the sphere 


\ elocity 
The 


dimensionless 


definition of 


first expression 1s 


second is statement of 


F =} g (pon p) (17) 


then 


Elimination of F gives 


Psph a 


18) 
p 


which is the relation used to obtain experimental 
f values from measurement of the following : 
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Table 1. Information regarding CMC solution at 85-0°F and ea weriments performed with them 


Line Item 
1 Solution number 1 2 3 4 5 
2 Type of solution* Low Low Medium Medium High 
3 CMC by wt. 5-262 +166 2-565 1524 0-603 
4 Density ( gem~") 1-O0188 10141 1-0070 1-0025 0-9986 
5 Estimated range of | max. sphere 
encountered in falling-sphere expts equations 
(28) and (30)) (dyn em-* L060 8 390 10 705 2-250 3 365 
6 Ellis parameter 1-337 1-170 1-412 1-185 1-707 
7 Kilis parameterst ¢. (cm* sec”! dyn-}) 0-0000 0-1377 0-03830 04210 0-2591 
Ellis parameter? ¢, (em** sec”! dyn *) O-O5211 3211 O-2724 0-027909 
” No. of data points used to establish Ellis 
parameters 21 22 24 26 
10 Av. errory in 4Q from equation (32) 2-3 16 37 5-6 
11 Rang wall RAp 2L dvn em-* 8 1010 +H) 17-720 6 300 8 270 
12 Ay errory in f from equation (37) 10-4 38 2-4 
13 No. of points compared in line 12 0 7 37 5 24 
14 Ay error; in f from Fig. 4 14-5 ies 17-2 
15 No. of points compared in |i 14 32 
16 Range of U/D in falling sphere experiments 0 45 OOF SI O14 40 O37 93 O16 98 
*Hercules (MC Type 70C (high viscositv) Lot No. 12708 
Hercules CMC Type 70 premium (medium viscosity) Lot No. 11796 
Hercules CMC Type 70 premium (low viscosity) Lot No. 10550 
tin the tabulation of Ellis-model parameters previously reported [9, p. column headings and ¢,, should he 


interchanged 


Average of the absolute values of the error [9 


Fluid density , 7Sgmem-”; the density of the glass spheres was varied 
| 

The densities of the tive CMC solutions studied are given from approximately 1-0 to 49 gm em-* by filling each 

in Table 1, line 4 with varying amounts of lead shot, a rigid polyurethane 


foam-in-place liquid resin and paraffin 
Sphere diameter D 


Terminal vel 
sets of spheres were used steel bearing balls Termina 


(0-025 in D OS in.) and Christmas tree ornaments Each tluid was studied in three evlindrical containers 
the necks of which had been removed (D 0-5) +, 5 and 6 in. in diameter and 30 in. high \pproximatels 

I4in. were allowed between the top of the tube and the 
Sphere density Psp measuring section, and Gin. following the measuring 


The cde nsit\ of the ball be arings was approximately section to the bottom of the tube. For spheres moving 


Table 2. Comparison of impulse counter to frame count on the basis of precision in determination of 


ler minal i’ lon 


Average “, velocity Number of 
deviation points 
Timing accomplished both by impulse counter Impulse counter 30 
and by frame count 163 
Frame count 2.0 
Timing done by impulse counter alone 1s 67 


Timing done by frame count alone O77 5 
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34 


slowly a stop watch was used for timing. For spheres 


moving more rapidly the descent was photographed with 
an electrically driven 16mm movie camera. Im the 
latter 


counting frames or by noting from the 


determined either by 


filrm the 


case fall times could be 
readings 
of a device counting impulses from 60 cycles alternating 
Table 2 The 


measuring section itself was composed of three subsections 


current compares these two methods 


of approximately 6, 11 and 6 em respectively. From the 


film average velocities over cach of these shorter distances 


as well as the average velocity over the entire 23 em were 


determined. Table 2 gives the maximum per cent devia- 
tion of the total average velo« ity from any one of the 
three velocities averaged over a portion of the 23 em; 


as errors of this magnitude could be introduced in timing 


and in measuring the fall distance it may be concluded 


that top and bottom effects were negligible. A comparison 


of the 


effect of the cylindrical boundary could be neglected also. 


results for the three cylinders suggested that the 


least accurate entering 


By far the 


into the calculation for / 


quantity 
is the terminal velocity 
U’. The figure of 2 per cent from Table 2 is believed 
of the 


to represent a conservative estimate errors 


in the terminal velocity for rapidly moving 
sphe res (the fram count velocity Was used 
whenever possible); the error would be much 


less than one per cent for slow moving sph res. 
With these the 


range from about 4 per cent for “ fast 


assumptions error in f would 
spheres 
to less than 1 per cent for ** slow sph res. 

A complete summary of the raw experimental 


data, and further details are to be found elsewhere 
New 
CMC 


Two 


DatTa on o1 


CAPILLARY 


EXPERIMENTAI 


SOLUTIONS THROUGH TUBES 


vlass viscometers were constructed 


according to a design sketched in Fig. 1; impor- 
tant dimensions are given in Table 3. The design 
absolute viscometer 
Newtonian 


In operation the viscometers were 


was a modification of an 


used by workers for fluids 


50), p. 51} 


many 


submerged in a constart temperature bath to a 
A and B in Fig. 1. 
vacuum system were connected to the two three 
stopeocks, A and B, that 


was drawn on one side while the other 


line just below Lines from a 


way such a partial 
vacuum 
side was opened to the atmosphere. By means of 
a bleed valve pressure differences ranging from 
tin. of 


obtained. To operate, the fluid level in the left- 


water to 25in. of mercury could be 


Non-Newtonian flow past a sphere 


the 


flow 


hand member was drawn above G. vacuum 


connexions reversed so as to cause from left 
to right and the 
fall from G to G’ measured. 
the known volume between G and G’ the 
was calculated. At the end of the 
and B 


reversed by mcans of the three-way stop-cocks, 


time required for the meniscus 


From this time and 
volume 
rate 


flow run 


the pre connexions at \ could he 
value 


fluid 


th pressure difference adjusted to a new 


with the 


and another determination made 


| j 
| # 
| 
K 5 
| | 
~ 
| 
| 
S 
) 
K | 


Runs 


disturbances in 


flowing in the opposite direction. wert 


10 min or more apart to allow 
the fluid to be damped out and to allow time for 
drainage. 

Any 


should be capable of analysis without resorting 


viscometer used for non-Newtonian fluids 


to calibrations with Newtonian fluids. From 


macroscopic mechanical ene rey balance written 


for flow between a point 1 in A, and a point 2 
in A, chosen such that the potential energy at 
point (1) equals that at (2) we obtain [31, p. 211). 
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dk 
dt 2 Car 


(19) 


If we assume that the energy lost due to viscous 
dissipation outside the capillary tube is negligible 
compared with that in the tube itself, and if we 
assume fully developed velocity profiles almost 


everywhere within the tube. 


ad 
~ roa (vt) 


dr 
This integral be evaluated by 
it with the 


Rapinowirscn [31, p. 68 


may comparing 


results of the treatment ol 


to obtan 


Ap (21) 
where Ap is the pressure drop over tube D in 
Fig. 1. Since the flow area of A, was mack 
nearly identical with that of A, 

= (v"),, (22) 
Then for quasi st ady-state behaviour 
Ap Py Pe (23) 


But this last assumption means that the pressure 


difference (Py Py) 1S not exactly that read on 
the manometer Doo), for the hydrostatic 
head changes during the run The former 


has been estimated in terms of the latter for 


Newtonian fluids as [30, p. 73 


2 p gh (24) 
pgh) (Por Poe pgh) | 


In Pee 
\ similar calculation for fluids following equation 


(11) has been carried out [9| to give 


Ap 


As the parameter n could not be determined 


until after the data were analysed equation (24) 


was used to correct the obse rved pressure 


difference. The use of equation (24) was further 


justified since the correction was important 


only at low stresses, where the fluids approached 
Newtonian behaviour. 


Results 


from the two viscometers described 


— Doe pgh)' (Pa Poe pgh)' "| 


pgh)'” 


Kvery effort was made to 
RAp 2L and 4Q 
Differences 


obtained on reproducing measurements were less 


are presented in Fig. 2. 
measure the quantities 


with less than 1 per cent error. 
than 1 per cent except at very high and at very 


wall, RAp 2L. 


At the highest stresses errors in measuring short 


low values of the stress at the 


for the differences 
\t the lowest 


time intervals could account 


which ranged as high as 6 per cent. 


f 
r 
= 
Ve 
Fig. 2. Comparison of data from capillary-tubs 


viscometers with equation (32) 


stresses variations tn the small pressure differential 
over the long period of time required for a run 
probably were the cause for differences of up to 
5 per cent. End effects were neglected in analy sing 
these data ; however, they were estimated to be 
occurred with 


verv small. The highest flow rate 


the 5 per cent CMC low solution (run 12) for which 


(Po Per + 


[ Rey hrube 
The 
given by [81, p. 47] 

L, = 0.070 R Re 
2Ro | 


ht? 


entrance length” for a Newtonian fluid is 


where Re 
fA 
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Table 3. 


Non-Newtonian tlow past a sphere 


Dimensions if viscometers (symbols refer to Fig. 1) 


Length of tube D (em) 
Measured average diameter of tube D (em) 


Factory specified diameter of tube D (em) 


Ratio of tube length to measured diameter 
Volume of C (between lines G and G’) (em?*) 
Height (h) of C (between lines G and G’) (em) 
Approximate volumes of vessels A (cm”*) 


Viscometer no. 1 iscometer no. 2 


128-27 42-807 
0-6385 0-2104 
0-6215 0-2096- 
06469 00-2111 

200-9 203-5 
10-271 09-6949 
8&-89099 
10 10 


If as an approximation we apply the above for 


the non-Newtonian problem we find 
L, 0-062 R 


which is a small fraction of the total length. 
107 R (see Table 3). 

For a complete tabulation of results and 
further details see Ref. [9). 


5. Benaviour or CMC 


Simple models such as equations (11) and (12) 
should not be expected to describe the behaviour 
of a fluid over all ranges of stress. Since the model 
constants are determined by curve fitting it ts 
important to know the maximum and minimum 
values of stress occurring in the geometry to be 
studied. According to Stokes’ treatment for a 
sphere moving slowly through a Newtonian fluid 
the individual components of stress range from 
zero at an intinite distance from the sphere toa 
maximum at the sphere surface, 90° from the 


direction of flow and 


Bul 
1/2 on 
IT, sphere D (=0) 
Also from Stokes’ development 
24 
f » Re ’. for Re 0-1 (27) 
Re 


Equations (26) and (27) may be combined to 
| 


IT, sphere 


U2of 
"! for Re < 0-1 (28) 


From the experimentally determined plot of 


f vs. Re for Newtonian fluids an empirical rela- 
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tion for f has been suggested (31, p. 194] which 
5 102: 


is valid for 2 Re 


J Re®6 (29) 

Kquations (26) and (29) may be combined to 
obtain the approximate relation 


f 1-667 
18-5 


E I], sphere 3 


for 2 Re <5 102 (30) 


For lack of any better criterion the range of 


14 TT, walt RAp 2L to which an empirical 
model was fitted was planned to coincide approxi- 
mately with the ranges of [4 IT, | 
lated from equations (28) and (30). The experi- 
mental range of [3 Il, and the calculated 


range of [4 TT, |ha are given in Table 1, 


ax. sphere 


1/2 : 
max. sphere caleu- 


lines 11 and 5 respectively. 
For flow through a tube of tluid described by 
equation (11) (Ostwald-de Waele model) the 


equation of motion gives [6] 


lin 


Bn 


7 


2Lm 


Fig. 2 shows that this model approximates very 
well the behaviour of the 5 per cent CMC low 
solution. The other four solutions in Fig. 2 appear 
to be described by this model at high stresses, 
while they tend toward Newtonian behaviour 
at low stresses. An obvious choice for one 
model which will represent the behaviour of all 
five solutions is equation (12), (Ellis model) ; 
for flow through a tube 
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R Ap R Ap 30 


7 ‘In +31] 22 


Kgquation (32) deseribes powel model behaviour 
Newtonian 
stresses. On this basis was taken as 
log [4Q oh s. log [RAp 21) 
curve at high stresses (large values of | R \p 21.|); 


with i correction mportant only 


if low 


the slope of thy 


the two remain ters were evaluated by 


making a least s« 


data from the 


onstants 


nted m Table 


two ulass viscomet 
determined in this manner are prese 


1. lines 6 through the corresp« rcurves are 


drawn through the data m Kig. 2 The average 
error in predicting the experin tal data with 
equation (32 is also given in Table 1, lines 0 and 


10). 

It should be noted that neither the Ostwald «tk 
Waele model (11) nor the Ellis ndel 
fically Hlects, Ihe 


12) spec! 


account lor Visco last 


solutions used were not tested Visconw lastu 

behaviour, 

6. CORRELATION Frictio FACTORS FOR 

KFrow or CMC SoiuTIons AROUND SPHERES 
By a dimensional analysis of the equations 


of continuity and motion and the pertinent 


boundary conditions, it may be shown [9; 31, 


). 107 | that for a fluid described by equation 


(12) the fnetion factor may be expresse ad thus: 
f—f (Re, B, (33) 


in which « is the dimensionless parameter in 


equation (12). Re, is a Revnolds umber referred 


to 


l 
: 

(54) 
and B Is 


of © 


a ratio giving the “ relative strengths 


and d 
and ¢ 


theoretical derivations for f as a 
function of Re,, 


The experimental data of Suarrery deseribed 


fo date no 
B and x have been made. 


been used to obtain experi- 
These 


pressed not in terms of f but rather the quantity 
f* detined by 


in Section 3 have 


mental correlations. correlations are eX 


and RK. Byron 


low, /* (x 1) 


.O803 (x 
lows, | 1) 
8.5017 1) 
3-7789 ) 
10502 ‘| B6 


Two correlations are availabl 


1. For Re, 
holds: 


the followimy simple relation 


24 
(37) 
Re, 
When and B 


Stokes law. 


0 this simplifies to the 


usual Comparison of equation 
(37) with experimental data ts given in ig. 3 

2. For Re, for 
several values of « The curve z 


to the 


Re, 0-1 Fie. 4 wives vs. 


eorr sponds 


usual Newtonian curve [20, p, 304 Com- 


Vv « 
v * 
f 
Aan 
+ 5 
Re 
Fic. 3. Comparison of experimental values of /* 


with equation (37). 


* 
: 
Pligg | 
VOL 
19¢ 
aa 
(35) 
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196? 
Fic. 4. Graphical correlation of /* 

D 

ONS 

IN 


Fic. 5. Comparison of experimental values of /* 
with Fig. 4 
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yw past a sphere 


parison of Fi t with experimental data is 


given in Fig. 5. 

\ more detailed appraisal of the correlations with 
the data points has been given elsewhere [9]: a 
summary is given in Table 1, lines 12-15 

lor a total of 294 data points the average error 
in the correlation is slightly more than 10 per 
cent. This error may be attributed to the follow- 
ing: (1) equation (12) does not de scribe the volume 
rate of flow in tubes exactly, as shown in lines 9 
and 10 of Table 1; (2) the capillary viscometer 
used may not be as accurate as some other designs 
9 p. TI]; (3) Table 2 indicates that, on the 
average, failure to reach the terminal velocity 
and errors in timing accounted for errors of 2 per 
cent or less in the measured terminal velocity, 
or errors of 4 per cent or less in the measured 


friction factor f. 


7. CONCLUSIONS 

1. Equation (37) and Fig. 4 are the only 
available means for estimating the friction factor 
for spheres falling in quiescent non-Newtonian 
fluids whose behaviour can be described by the 
three-parameter Ellis model, equation (12). 

2. Kquation (37) and Fig. 4 may be used to 
estimate friction factors for power law fluids 
described by equation (11) by setting B 0, 

3. The use of three-parameter non-Newtonian 
models for purposes of obtaining exp rimental 
correlations has been illustrated for the first time. 
It is suggested that such an approach will be 
fruitful for establishing design procedures for flow 
systems with complex geometries and for heat 
transfer in such systems. 

t. The thre parameter model in equation (37), 
while still easy to use. prov ides a better de scription 
of the steady-state non-Newtonian behaviour of 
CMC solutions than does the two-parameter power- 
law model, 

5. We are tempted to conclude provisionally 
that the effects of []], are small. For creeping 


flow of a Newtonian fluid it is easy to show that 


| dD 


Il, 


X | function of p and cos @| (38) 


In the absence of a better approximation, equation 
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(38) may be used to suggest the order of magnitude 
of variations in []],. As is shown in line 16 of 
Table 1 the ratio U 


wide range of values. The fact that a reasonably 


D was varied over a very 


good correlation was obtained without the 
incorporation of ITT, leads us to suspect that the 
contribution of ITI, is small. Additional experi- 
ments in simpler geometries will be needed to get 
further information about the role of [II,, the 
existence of g 4“ . and the importance of visco- 
elastic effects. 

6. Additional experimental work and addh- 
tional analytical solutions for more sophisticated 
models (including viscoelasticity) are needed. 
The present work should be regarded as a first 


attempt to understand non-Newtonian flow 


around spheres. 


Acknowledgments—The authors wish to thank W. E. 
Stewart of the University of Wisconsin for his suggestion 
to check the effect of Hl, E. FE. Miuuer of the University 
of Wisconsin for advice concerning photographing the 
descent of the spheres, L. H. Doncury for preparing the 
graphs and G. G. Corrre.y for assistance with numerical 
calculations. One of the authors (J.C.S.) is indebted to 
Alumni Research Foundation (1956-57, 
1958-59) and to the 


(1957-58) for financial support of this work. The authors 


the Wisconsin 
Procter and Gamble Company 
suggestions for improving the 
presentation in this manuscript offered by D. W. 
McEacuernx, D. M. Meter and R. 
University of Wisconsin and by A. G 


also acknowledge the 


Turtan of the 
FREDRICKSON of 
the University of Minnesota. 


NOTATION 


B = dimensionless group defined by equation 


(35) 
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a, do oy 
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Abstract Bipolar co-ordi 


slow. viscous tlow for the stea 

of infinite extent Iwo cases are considered 
its surface ; (ii) the plane is a free 

of the surface in the latter case is neglected 


to Stokes’ law necessitated 
partich Application of the 


cise ussed 


Réesume 
equations relatives a 

au vormage ou a distance dun 
plane est rigide et le fuice wthere : (11 


On neghve dans 


clonnes pour les corrections 


une distance finie de la particule: 


Zusammenfassung Mit 
langsames viskoses Fliessen fur die stationiire 
unendlich grosse Obertliich: 
lange ntiaispear 


rin 


vor, in der di 
Obertliche vernachlissig 
von dem Teilchen notwendig ist lie 


im Kugelviskosimeter wird diskutiert 


INTRODUCTION 


STOKES law, for the resistance of i sphere moving 


slowly through a viscous liquid, finds wick 


application in the mite rpretation of low Reynolds 
This 


known relation applies only to fluid media which 


number sedimentation phenomena well 


extend to infinity in all directions. In most real 
situations, however, the fhuid is externally bounded 
by rigid walls and or a free surface The 


of these 


pre SCTICT( 
from the 
Stokes’ 


boundaries at finite distances 


particl necessitate corrections to resis- 


tance formula. 


The case in which a sphe re falls along the axis 
of an infinite ly long circular cylinder has been 
elaborated in great detail by Tans authors, most 


notably by and Sayne Investiga- 


Pergamon Press Lid 


Howarp 


ites are cmploved to obtain * 


(i) the plane surtace 
surface on which the tangential stresses vanish 
Numerical results are 

the presence of the plane boundary at a finite distance 
results to end-effect 


Des coordonneécs bipolaires sont utilisées pour obtenir des solutions 
surface plane intinie 


dernier cas la déformation 


Polarkoordinaten werden 
Bewegung ciner festen Kugel gegen eine 
vy. erhalten. Ks werden zwei Fill 


(1) Die ebene Obertliiche ist fest und mit Flissigkeit behaftet 


omer von thr hinws 


nungen verschwinden 


rut briisse 
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wering, New York Universitv, New York 53, New York 
January 1961) 
exact solutions of the equations of 


lv motion of a solid sphere towards or away from a plane surface 


is rigid and fluid adheres to 
Deformation 
provided for the corrections 
from the 


correlations in the falling-ball viscometer are 


exactes des 


nt lent et visqueux dune sphere solide en mouvement uniforme 


Wx cas sont conmsick res (1) La surtace 


elle est libre et les forees tangenticlles disparaissent 
de la surface Des résultats numeériques sont 
la loi de Stokes nécessitées par la présence d'un plan de séparation a 
Suit une discussion de Vapplication des resultats aux relations 


donnant Teffect des extremites dans les viscosimétres a chute de bill 


*enxakts Losengun der Gleichungen fiir 
ebene, 
betrachtet 

(11) liegt eine freie Oberthich: 
In diesem Fall wird die Verformung det 


werden angegeben zur Korrektur des 


Stokes schen Gesetzes, die infolge der Gegenwart einer cbenen Grenztliche in endlicher Entfernung 


Anwendung der Ergebnisse zur Korrektur von Endeffekten 


tions of this nature « miphasize corrections arising 
fact that the 


They do not, however, provic 


from: the fluid is laterally bounded. 


insight into the 
equally interesting case where the thud is bounded 
longitudinally. that 


direction of motion of the particle, 


IS, pe rpendicular to the 


In this context we propose to investigat the 


motion of a sph rical particl towards or away 
from a singl 


limited thaid, 


plane surface in an otherwise un- 
Two distinct cases are of interest : 
(1) the plane surface is rigid as, for example, when 
bottom of the 
falls ; 


for example, when it corresponds to 


it constitutes the container mn 


which the particl (11) the plane ts a free 
surface iis, 
the interface between a liquid and the atmosphere. 


The rigid wall case has been treated by Lorenz 


q 
‘a q 
| 
con 
19¢ 
4 
iy 
_ 
| 
| 
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[2] for the situation in which the sphere radius, 
b, is small compared to the instantaneous distance, 
h. of its midpoint from the plane. He finds that 
the resistance of the particle is greater than would 


he predicted by Stokes’ law by the amount 
s h h | 
It is our intention to pros ide ** exact solutions 


of these proble ms, unrestricted with regard to the 
rath 


Kevatrions or Morion 


We consider here the problem of a solid sphers 
of radius 6 moving with constant velocity U 
towards a plane surface, 2 0. The instantaneous 
distance of the sph re centre from the plane Is 
denoted by hh. as depicted in Fig. 1. The origin 
of co-ordinates, O. is located at the pomnt of 
intersection of the sphere axis with the plane. 
Attention is contined to the semi-infinite domain. 


Fic. 1. Schematic sketch. 


The fluid motion is, in general, governed by the 
Stokes. Navier equations, 


and continuity equation, 
0 


for incompressible tluids. For sufficiently slow ~ 


motions it 1s permissible to neglect the quadratic 
term v- Vv in comparison to the viscous term, 
vV*v. This can be rigorously justified for 
sufliciently small values of the particle Reynolds 
number, OU" 

The thuid motion is inherently unsteady, since 
the distance separating the particl from the 
bounding plan continually changes. However, 
as is easily established, the time -<depende it term 
im th equations of motion, Jv dt, becomes 
negligibly small comparison to the viscous 
term for sufliciently small values of the dimension- 
less group UM 

Thus, whenever these two dimensionless criteria 


are met, the equations of motion are of the form 
Vp = 


where « 1s the fluid viscosity. These are the so- 
called creeping motion equations. They are to 
he considered simultaneously with the continuity 
equation, 

Related problems dealing with the slow rotation 
of two spheres perpendicular to their line of 
centres [3, 4) and the slow translation of two spheres 
parallel to their line of centres [5] have been solved 
exactly in bipolar co-ordinates. 

Because the motion is axisymmetrical, the 
present problem is most readily treated by means 
of Stokes’ stream-function, &. In terms of this 
function the velocity components in cylindrical 


co-ordinates [p. are 
(1.1) 


Neglecting the effects of fhuid inertia and the time 
derivatives of velocity, the differential equation 


satisfied by the stream-function is [6] 

(1.2) 
where the differential operator ®* has the follow- 
ing form in eylindrical co-ordinates : 


: p | (1.33) 
» dp 


For the class of problems at hand we describe 
the fluid motion in bipolar co-ordinates. The 


bipolar co-ordinates of a point na meridian 
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afinite 
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é 
; v: Vv \ p v V2 
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plane are defined by the conformal transformation 


[6] 


2 ip ic cot 4 (my + 7 &), 
or, equivalently, [7] 
p 1 (2 
é In 
p c) 


where ¢ is a positive constant. In the present 
application it is only necessary to consider the 
situation for which z > 0 and p > 0, correspond- 
ing to the range of values « E 0, z ’ 0. 


On the basis of the foregoing we find 


cosh & COS 7 cosh é COS » 
and thus 
(z ccoth (c cosech &)*, 
(p c cot »)* (c cosec n/)*. 
The surfaces evolved by rotating the curves 


constant in the p, = plane about the z-axis 
are therefore a family of spheres of radii ¢ cosech & 
whose centres lie along the z-axis at the peints 
0, z c coth &). When 


degenerates into the plane z 0. 


0 the sphere 
If we denote by é x > 0 the solid sphere of 
radius 6 on which we ultimately wish to satisfy 
the boundary conditions, then 


b cosech a. 
Furthermore, since the centre of this sphere lies 
at a distance Ah from the plane Zz 0, then 
A coth «a. 


Solving these simultaneously we obtain 


x cosh in J (1.5) 


and 
= bsinh (1.6) 


A solution of (1.2) in bipolar co-ordinates, 
suitable for satisfying boundary conditions on 
the sphe re and plane, has been given by STIMSON 
and Jerrery [5]. With slight modifications their 
solution is 


U, (€) (uw), (1.7) 


(cosh — py 
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where for brevity we have put 


COS (1.8) 
Here, 
U,(€) 


+ by sinh(n — 4)é 
(1.9) 


a, cosh (n 


Cyn cosh (n d, sinh (n 


and Cy '\? (u) is the Gegenbauer polynomial of 


order n 1 and degree 4. These latter func- 
tions are related to Legendre polynomials via the 


relation 


C (4) P, 2 Py 
i 
2n 
The constants a,. by... . . are to be determined 


from the boundary conditions. 
As shown by Stimson and Jerrery, the frie- 
tional force, F, in the positive z direction, opposing 


the motion of the sphere is 


2 (an by Cn dy). 


(1.10) 
bsinha 


where « is the viscosity. 

In the subsequent development we shall require 
an expansion of the term (cosh — p* 
having the same general form as the right-hand 
side of (1.7). Upon combining (1.4), (1.6) and 
(1.8), there is obtained 

L? sinh? « 


But 


cosh & } [ exp (€) exp 


so that 


(cosh E 1/2 
[1 2 exp (€) 


(2) exp (4 €) 


exp (2 £)] 1/2 


If, in the potential expansion 


(ry? — 2ryp rep + = L Py 
valid for rg > r, we put ry 1 and rg = exp (€) 
(€ > 0), then 
(cosh & V(2) 2 Ps 
exp [ — (k + 4) €]. 


However, 


(2k + 1)(1 
(k + 1) (k 


Py (yu) 


2) (u) — — 1) (yu), 
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from which we find, by appropriately altering the 


summation indices. 


@ 
(cosh p? \/(2) sinh? « n(n + 1) 
jexp[ — (nm — 4) €] exp — (n + }) 
| 2n — 1 2n +3 | 


p) 


n 


(1.11) 


which is in the desired form. 


2. PLANE SURFACE 


Here and in the sequel the fluid motion is 
referred to a co-ordinate system at rest with res- 
pect to the plane. On the hypothesis of no relative 
motion at fluid solid interfaces the boundary 


conditions on the surface of the sphere, & a, 
are 
v,=0, v, U. (2.1) 
Again, the boundary conditions at the solid plane 
surface, & 0, are 
v, 0, v, 0. (2.2) 


These can be expressed in terms of the stream 


function in the following way: By the chain-rule 


07 
d p 
pv, pv, (2.3) 
d 7) 
and 
pv, pv, (2.4) 
dé dé dé 
Thus, on the sphere surface, 
d 
| 4 U p* (2.5) 
and 
af, 
a4 4 U p* (2.6) 
1d f=a 


Since » and € are orthogonal the former of these 


two conditions is satisfied by 


a 


As can be verified by direct differentiation the 


[AU (2.7) 


following is entirely equivalent to (2.6) and (2.7): 


[ (cosh é 


[ 4 U (cosh 


p*), (2.8) 


and 


| ~ (cosh ps)? 
) 
a 


| U (cosh (2.9) 


In analogous fashion the evanescence of velocity 
at the solid plane wall leads us to the boundary 
conditions 
(2.10) 


[ (cosh é 0 


and 


(cosh 0. (2.11) 


The conditions (2.8){2.11), in conjunction with 
(1.7) and (1.11) lead to the following four simul- 


taneous equations to determine the constants 


ay, cosh (n b, sinh (n — 4) x 
cosh (n dy sinh (n 3) 
b? sinh? « U n(n + 1) 
v (2) 
exp (n h) exp (n 2) x 
(exp | exp[ (219) 
2n — 1 2n +3 
(n [ay sinh (n 
b,, cosh (n 4) 
(n [en sinh + cosh(n + 
* sinh? « U n(n + 1) 
2 (2) 
texp| (n })a] exp| (m+ (2.13) 
Ay Cn 0, (2.14) 
and 
(n by (n 3) dy 0. (2.15) 


The solution of this set of equations is 


Cn Un 
1) (2n + 1) 
1)? sinh? «| 


6? sinht« Un(n (2.16) 
\ (2) [4sinh?(» —(2n 


and 
(2n b* sinh®? « Un(n + 1) 
(2n+3) (2) (2n + 3) 
2sinh(2n + + (2n 


1) sinh 2a (2.17) 


4sinh*(n + })a —(2n + 1)? sinh? 
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If we denote by A the correction which must be 
applied to Stokes’ law as a result of the presence 
ot the solid wall then 

/ (? 1S) 
and from (1.10 
n(n | 
\ sinh x 5 
3 1) (2n 

I2sinh(2n — 2n + 1)sinh2z 

1; (2.19 

| 4sinh*(n 2n 1)? sinh? 
where the parameter x Is given terms of the 
of sphere radius, to the distance of tts 
centre from the plane, /. in equation (1.5). This 
formula is virtually identical to similar expres 
sion given by Strivson and Jeri y [5] for the 
Stokes’ law correction the ( ol two equal 


S176 sph rcs falling paralle | to thy ofl centre 
ts is inverted, 


the 


except that the lead term in brac! 


Incidentally. as pomted out by FAXEN [8 


sa typographical error in their manus ript and 
the multipher of their expression for should be 
than 


Using tabulated values of the 


rather 


expone ntial and 


hyperbolic functions [9 10, 11 we have mad 
accurate calculations of A for values of b hk in the 
range of interest. These ar presente d in Table 1. 


T abl l. Stokes Lax corrections ; solid plane, 


yuation 

1 hob hh 

0 l 
1-1276200 O-SS6S8 1885 9-2517663 
i” 1-54350806 0-6480542s 

5 2-3524006 042500605 1S374749 
20 3-76219057 0- 26580222 14128620 
2-5 (16307 125 
340 10-067662 027 11252465 


0 l 


When the sph re is far removed from the wall 
it is sullicrent to retain only the first term in 
(2.19) and to neglect exp | x) compared to 
exp (x). This results in 

Sh 
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for small b A, which agrees exactly with the valu 


given by Lorentz [2] obtained by the method 
of reflexions 
3. Free Surract 
When the plane, 0. towards which the 
sphere falls ms free surtace thre boundary condi 
tions on the plane are that the normal component a 
of velocity and the tangential stresses vanish 
3.1) 
and 
Plena K } 0 
‘ p 
1 di 
= «{ 
The latter equation is automatically satistied by 
virtue of the prevailing svmimetry. Furthermore, 
in view of (3.1) the Vanishing of the first stress 
component Is assured by setting 
| } 0 (3.2 
os 0 
Now, 
1 da (° or 
Since 0 along the plane then the 


derivative po Vanishes on this plane and the 


condition (3.1) is met by (Quad ») a 0 or, 


since & and are orthogonal, 


(33.33) 


In regard to (3.2) we have from (1.1) that an equi 


alent condition Imposed on the stream function is 


| 0 


But. with the 


+= 
where J is the Jacobian of the transformation. 
leosh COS 7 
J | 


the vanishing of the tangential stress is easily 


shown to correspond to 
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(33.4) 


The boundary conditions expressed (3.3) and 


3.4) are equivalent to 
[ (cosh ¢ o (3.5) 
ina 
(cosh uy = (3.6) 


From (1.7). these result in’ the simultaneous 
equations 
ty (3.7 
and 
1\2 
a)” Un 0. (33.8) 


The surface conditions on the sphere are unaltered 
Thus, to the 
2.12) and (2.13). The 


solution of this set of four simultaneous equations 


from their previous values, above 


we append equations 


is 
Ay ( (3.0) 
j sinh? x Un 
(2) (2n—1) 
teosh?(n l\y 2(2 l)sinh?® 
1}. (3.10) 
2 sinh (2n l)sinh2s 
and 
i? sinh? x } 
d 
(2) (2n 3) 
beosh*® (n 2(2n sinh? x 
l (3.11) 
2sinh(2n 2n Ll) sinh 


The frictional fore exper need by the sphere IS 
therefore 


(3.12) 


where the Stokes’ law correction is 


nin 1) 
3 sinh x 2 


teosh? (n 1)* sinh? 


1} (3.13) 


2sinh(2n 1) x (2n 1) sinh 2 


Values of 8 caleulated from the 
Table 
When the sphere is far from the free surface, 


ec are pre- 


sented in 


the Stokes’ law correction obtained from (3.13) is 


The slow motion of a sphere through 


a viscous fluid towards a plane surface 


= | (3.14) 


valid for small 


Table 2. 


Stokes’ law corrections for a lree surface. 


equation 3.13 


h 4 

0 

Os 11276260 3-OS670 
14) 15450806 
15 23524006 14636 
240) 1247131 
205 1-1 388563 
30 


Independent contirmation of the present results 
by a different method of computation is provided 
by the These 


authors studied the slow motion of two sphere s of 


work of FAXéN and Dani 12}. 


unequal size each moving with arbitrarv constant 
velocity parallel to the line of centres, using a 
STICCOSSILY ¢ 


approximation technique known as the 


method of “ reflexions.” If in their treatment 
the radius of each sph re is b. the ecntre-to-centre 
distance is 2h. and if the 


with the 


spheres move towards 
ve locity, their 


expression for the frictional drag. F, experi need 


each other san 


by either sphe re assumes the form 


9 {b\? 19 


93 B87 (b\5 1197/b 
| 1.0214 i | 


331 
TOALS 


19.821 


(i) 


panes (3.15) 
But. W hen two equal spheres approach one another 
with the same velocity, the plane midway between 


them is a plane of symmetry on which the normal 


velocity and tangential stresses vanish. Thus, 
(3.13) and (3.15) should be comparable. Values 
of the Stokes’ law correction calculated from 
(3.15) are presented Table 3. At the smaller 
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ay 
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ratios of hb this series converges too slowly to 
The tabulated 
are estimated to be correct to about 1 digit m 


These 


be compared with those given in Table 2. 


yield accurate results. numbers 


results should 


rhe 


the last significant figure. 


agreement is excellent. 


Stokes’ law corrections for a free surface, 


Table 3. 


equation (3.1 5) 


1-1276260 
1-5430806 1-06 
2°3524006 1-4654 
37621957 1247126 


6- 1322895 1-1 3885607 
10-067662 


x 1 


080875850 


4. Discusston 


The preceding calculations show that the effect 
of a stationary obstacle in the path of a particle 
is to increase the resistance of the latter beyond 
that which it would experience in an unbounded 
the 


force (e.g. 


medium when moving at same velocity. 


Alternatively, if a given gravity) be 
acting the effect is to decrease the sedimentation 
velocity below that given by Stokes’ law. Further- 
more, the increased resistance is less in the case 
of a free surface than in the case of a solid surface, 
The 


not, in all 


which is unable to yield to the stresses. 
effects 


probability, modify these qualitative conclusions. 


inclusion of inertial would 

On the other hand, the present results show 
that for both types of surfaces the resistance is 
the 
whether the particle is moving towards or away 
It is here that the 


inertial terms in the equations of motion leads, 


increased by same amount re vardless of 


from the plane. omission of 
in the general case, to an unrealistic inference. 
It seems more natural to expect that the resistance 
be different, according as the sphere is approaching 
or receding from the surface. Of the two possi- 
bilities, the most plausible conjecture is that the 


resistance suffered by an approaching sphere is 
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greatest. This contention can be demonstrated 
by invoking results from ideal fluid theory [6] 
which state that a sphere moving perpendicular 
to a wall is repelled by the wall whether the 
particle motion is directed towards or away from 
it, the magnitude of the force being the same in 
either case. Thus, the forces of inertia hinder the 
particle in the former case and assist it during 
the 


inertial effects are sensible the particle resistance 


latter. From this we may infer that when 
is least in the case where the sphere recedes from 
the surface and vice-versa. 

It is a matter of experience that the proximity 
of a boundary to a moving particle enhances the 
range of particle Reynolds numbers, Ub v, over 
equations provide a 
the 


exists 


which the creeping-motion 
valid description of the flow — Le. range in 


which a direct proportionality between 
particle resistance and velocity. For example, in 
Carty's [13] experimental study of a ball rolling 
within a viscous fluid down an inclined plane, this 
proportionality was observed to persist up to 
particle Reynolds numbers of about 20. On this 
basis it is reasonable to expect the present analysis 
values at 


to vield correct Reynolds numbers 


substantially above 0-5, the value normally cited 


as the upper limit of Stokes’ law for an un- 
bounded fluid. 


—_ 
r 
D 
H 
y 
4 
Radius 
N ’ 


Fig. 2. 


Falling-ball viscometer. 
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The slow motion of a sphere through a viscous fluid towards a plane surface 


5. FALLING-BALL. VISCOMETER 


It is of interest to attempt an application of 
our results to the falling-ball viscometer. In such 
a device a spherical particle falls along the axis of 
a circular cylinder, as in Fig. 2. Of Importance 
are the corrections to Stokes’ law occasioned by 
the proximity of the cylindrical boundary, 
container bottom and free surface to the particle. 

Dimensional analysis indicates that the Stokes’ 
law correction resulting from these three effects 


is of the form 


6a J Ro’ h 


{Lb bh ob 
Of primary interest is the situation wherein each 
of the above ratios are small. The separate correc- 


tions required for each of the boundaries alone are : 


(1) cylindrical boundary correction 


(ii) container bottom correction : 


9/b 
f (9 14 


(iii) free surface correction : 


b 3 /b h\2 
f (0,0, 14 l(a) | 
It is tempting to assume that these corrections 


can be applied separately in the limit, in which 


event a Taylor series expansion would give 


l 2-105 


b 
6a Kx bl’ 


9 3 /b 
8 h 


This is essentially the point of view adopted by 
LADENBURG [14] in an oft-cited paper dealing 
with corrections to the falling-ball viscometer. 
The conception is, however, fundamentally un- 
sound, as it gives cognizance only to interactions 
between particle and boundaries while failing to 
take account of the interactions among the 
boundaries themselves. 

To demonstrate this contention consider the 


related, but more tractable, problem of a sphere 


falling between two infinite parallel rigid planes, 
the motion of the particle being parallel to the 
walls, as in Fig. 3. Let 1, and ls, respectively, 
denote the distance of each plane from the 
mid-point of the sphere, and let 2 / be the distance 


between walls. 


} 
; 
~< 
| 
4 
| 


Fic. 3. Sphere falling between parallel planes. 


Lorentz [2] provides a solution in the case 
where a sphere moves parallel to a single plane 


wall, valid for small values of b J;. 


His correction to Stokes’ law is 


F 9 b\2 
(i) | ¢ I, 3) 


Thus, were it correct to simply superimpose the 
individual corrections, the resistance of a sphere 


falling between two plane walls would be given by 


F 9 l b\2 
62 16 / (5.2) 


Now, Faxén [15] has obtained a detailed solu- 
tion of the problem at hand, valid for small b/1. 
When 


1+ +0/(7)' 


while for 


lo FAXEN’s solution is 


3lo, the coeflicient in the above 
expression becomes 1-3052. The corresponding 
coetlicients derived from (5-2) are 1-125 and 1-500, 
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respectively. As these differ from the correct b = radius of sphere 
values we may infer that it is not gen rally b,, coellicient in equation (1.1) 
: ‘ positive parameter detined by equation (1.6) 


yx rmissible to superpose individual corrections. 


coellicient in equation (1.9) 
Although the technique ofl superposing solutions 12/4) Gegenbauer polynomial of orde rm and degree 
is fundamentally in error, it appears from the with argument 
two numerical examples cited above that the errors d,, coctlicient in equation (1.9) 
incurred may not he too serous It therefore force on sphere 
h distance from sphere centre to plan 
appears worthwhile to bring equation (5.1) to 
boundary 
fruition. ce spite its shortcoming. This calculation h. initial distance 
differs from Lapensura’s [14] principally in that h, final distance 
the free surface correction was not nown to him. il distance from sphere centre to free surface 
In its stead he utilized the orrection as number 
J Jacobian of a co-ordinate system transform 
for a surtace. 
The mstantaneous velocity ol tiv ball Is h summation index 
| dh dt. Let hy and he. respective lv. denote / one-half distance between walls 
the initial and final distance of the ball above the Hels distance from sphere centre to walls 
hottom of the contamer and let summation index 
the depth of liquid in the evlinder. The duration p = dynamic pressure of fluid 
P. (mu) Legendre polynomial of order m= with 
of the experinn nt ws pon ubstituting m 
argument 
juation ind rlorming distance from origin to points 1 and 2, 
mtegrations, bearing in mind that F is constant respectively 
we eventually obtain R, — eylinder radius 
tine 
instantaneous velocity of sphere 
Om K hl average velocity of spl re 
P b b (€) function of argument defined in equation 
l 105 | 
in a hy a lig (1.0%) 
v fluid velocity vector 
In hy a In (5.3 velocity component in radial direction 
Ss (hy a) 1 I my a 1 velocity component in longitudinal direction 
o-ordinate eus d along svt et axis 
where (h hy ck notes tha average ve lo ity mensured along 


component of stress-vector acting 
of fall of the ball during the experiment, By way 


across plan 2 constant 
ot « xample, when the speed of tal s timed over component of  stress-vector acting 
the middle third of the length of the viscometer across plane 2 constant 
we have hy a 2 3 and hy a 1 3. whence Greck Letters 
mrameter defined by equation (1.5) 
~) +4 2-105 2.00 Stokes’ law correction factor for a free 
Ry a surface, defined by equation (3.12) 


bipolar co-ordinat« 
For a typical viscometer whose depth-to-radius 


dynamic viscosity of fluid 
ratio. a Ro. is 10:1 this in plies that the corree \ Stokes’ law correction factor for a solid 
tion for end-effects will be roughly one tifth of surface, defined by equation (2.18) 
the correction for the evlindrical boundary alone. H COS 7 


bipolar co-ordinate 


icknowledgements The author would like to thank ; evlindrical co-ordinat« 
Jounxn Hapret of New York University for his useful density of fluid 
suggestions kinematic viscosity of fluid 
azimuthal evlindrical co-ordinate 
NOTATION 2 differential operator defined by equation 


a depth of liquid in viscometer (1.3) 


a coeflicient in equation (1.9) js Stokes’ stream function 
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Dynamic control of chemical engineering processes using a 
method of Lyapunov 


R. Korercke and L. Lapipus* 
IBM Research Centre, Yorktown Heights, New York, U.S.A. 


( Recewwed 25 November 1960 ; in revised form 23 February 1961) 


Abstract—Previous papers from this laboratory have detailed a procedure for controlling 
dynamic linear chemical processes in an optimum manner. Involved in the method was the use 
of dynamic programming as developed by BeELLMAN and extended by KALMAN and consisted of 
minimizing a quadratic form of the state or dependent variables of the system. A brief summary 
of this procedure is presented in a later section of this paper. However, in certain physical situa 
tions the method is impractical because of the nature of the inputs which must be used as control 


variables, i.e. feed compositions must be varied instead of the more natural feed rate. 


In the present paper the method of Lyapunov is used to extend this dynamic control approach 
to allow flow rate to be used as a control variable. To illustrate the details a number of different 
procedures are presented ranging in complexity from a relatively simple approximation to a 
detailed search routine. 


Résumé—Le centre de recherches de V'LB.M. a étudié dans des articles antérieurs un 
méthode pour contréler de facon optimum les procédés chimiques dynamiques et linéaires. Cette 
méthode utilise la programmation dynamique telle qu'elle a été développée par BrtLMAn 
et étendue par KALMAN et consistant A minimiser la forme quadratique de l'état ou des variables 
dépendant du systéme La derniére partic de cet article donne un résumé de cette méthode. 
Dans certains cas cette méthode est cependant inutilisable en raison de la nature des données qui 
doivent étre utilisées comme variables de controle: ainsi on doit faire varier la composition de 


lalimentation plutét que sa vitesse. 


Dans cet article, la méthode de Lyarunoy est utilisée pour étendre ce controle dynamique 
afin de permettre lutilisation de la vitesse d’écoulement comme variable de contréle. Un certain 
nombre de procédés sont présentés par ordre de complexitré croissante, depuis approximation 


relativement simple jusqu’a la recherche détaillée. 


Zusammenfassung Friihere Arbeiten aus diesem Institut behandelten cine Methode zur 
Kontrolle dynamischer linearer chemischer Prozesse in optimaler Weise. Dabei wurde die von 
BeLLMAN entwickelte und von KALMAN erweiterte Methode des dyvnamischen Programmierens 
angewandt, die darin bestand, dass eine quadratische Form der Zustandsvariablen oder der 
abhangigen Variablen des Systems auf ein Minimum gebracht wurde. Eine kurze Zusammenfassung 
dieser Methode wird in einem spiteren Abschnitt dieser Arbeit gegeben. Bei gewissen physikal 

ischen Gegebenheiten ist diese Methode jedoch unpraktisch wegen der Natur der Kingangsgréssen, 


die als Kontrollvariable benutzt werden, zum Beispiel muss dic Zulaufzusammensetzung geiindert 


werden, statt logischer die Zulaufgeschwindickcit. 


In der vorliegenden Arbeit wurde die Methode von Lyarunov benutzt, um dic dvnamisch« 
Kontrolle zu erweitern, damit die Zulaufbeschwindigkeit als Kontrollvariable benutzt werden 
kann. Um Einzelheiten zu beleuchten, werden cine Reihe von verschiedenen Verfahren angegeben, 
die in ihrer Komplexheit von relativ einfachen Anniherungen bis zu speziellen Forschungs- 


methoden reichen. 


*Present Address : Department of Chemical Engineering Princetown University, Princetown, New Jersey, U.S.A. 
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STATEMENT OF PROBLEM 


Ir sEEMS advisable to choose a physical system 
familiar to chemical engineers which can serve 
both as a basis for the discussion and for numerical 
calculations. The particular system chosen is a 
train of six (6) 


liquid-liquid countercurrent 


extraction units with a secondary feed to one of 


the middle stages (Fig. 1). 
The solvents are assumed com- Xo Y, 
pletely immiscible and there is a 
single solute in raflinate STAGE | 
stream which is to be transferred 
to the extract stream. The second- x) Yp 
R RVOIR 
STAGE 2 
FI 
F 
STAGE 3 
Xe 
F2 
Xs % 
STAGE 4 
RESERVOIR 2 
STAGE 5 
Xs 6 
STAGE 6 
Fic. 1 x Y 
Schematic of extraction train. s } ? 
In equation (1) 
— (d+ p) p 
d —(d + p) p 
d — (d* + p) 


ary feed is taken from two large reservoirs, each 
containing a constant, but different, composition 
of the single solute. The symbols x and y are used 
to indicate raflinate and extract compositions 
respectively, F and 6 are raflinate solvent flow 
rate. If 


H is the hold-up (assumed constant for all stages) 


rates and w is the extract solvent flow 


of the raflinate phase and h the analogous hold-up 
of the extract a material balance on any stage 


leads to the dynamic material balances. 


dyn day 
h H 7 wie 
dt dt n | Yn | 
n 1,2 
d J d 
h H bz, , b* x, 
dt dt 
+ Frp n=8 
ly da 
Yn n 4.5.6 


where b* = 6b + F. Assuming a linear equili- 


brium relationship 
Y,, ar, +B 
and defining 
b 
d d* ; p a ha +H 
a a a 


the material balance equations can be written in 


matrix form as 


Ax + D,m, + D,m, 
| 
— (d* p) p | 
d* (d* + p) P 
d* (d* 
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0 0 

x D, D 0 


Note that m, and m. contain ti nput strennis 
to the svstem. Kquation Ibn inteyvrated 
to Vir ld 
exp| At] x (0 
| exp D,m, dA 
} exp | D.m,d 
where |1 
\’ A 
exp A / 
x (0 x (/ f 0 
If it is assumed that the inputs, m, and m.,. 
are changed only at discrete ti increments 


r 27.3 


called the 


sampling times, 
the integrated equations above can be 


simplified to the difference form 


x A, m, (/ A. m, (hk) (2) 
/ 0, I, 2, 
whe re d exp | \ r | 
A, exp |A Ald D 
(f 
A, | exp [A A] d D, 
To simplify the algebra let us assume that the 
feed composition rp is he ld constant thus A, m, 
is a constant) and control of the svstem is to be 


achieved by blending the flows F, and / » to vield 
different values of | ry On this basis and defining 


the new variables 


and L.. 


LAPIDUS 


m, : m, vy 
yi x(k) — X,, 
z (i (hk) y* 


where X_ is a steady-state equilibrium condition 


of the system. equation (2) is transformed to 


z(k +1 @z(k) A, m, (k) 3) 


Kquation (3) is a difference equation representing 
the dynamic behaviour of the extraction svstem. 

We 
gramming approach described in previous papers 
(slight 


clarity). 


now can briefly outline the dynamic pro- 


liberties will be taken for purposes ol 


This objective mia be stated in con 


densed form as finding that set of discrete control 


signals m, (0), m, (1) which will move 


the dynamic systen represented by equation (3) 


from an initial state z(0) to the origin my min- 


imizing the quadratic function 


N 
kel 
as N -- ». When Qisa positive definite matrix 
such as the identity matrix, the iteration pattern 
[2, 5}. 
PO pi yiX-o Q 
(AT A,)' ATP @ 
@+4,Cc% 
Oo 
vy’) 


obtained by dynamic programming [6] serves 


to define the constant matric C” in the equation 
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m, (k) C® z(k) (4) 


Using equation (4) and then (3) in a repetitive 
manner the sequence ol optimal control vectors 
and the calculated 


method to 


values of z(k) can now be 


directly. Extension of the include 
other control variables such as the feed COMpos! 
tion a, follows in a direct manner. 

From a realistic and practical point of view, 
however, it is difficult to visualize control of this 
physical system by using changes in composition; 


rather the control would most easily be performed 


by manipulating the various stream flow rates. 
Krom equation (1) it can be seen that if d is used 
as a control variable the coeflicient matrix A 
of the dynamic system becomes time-varying, 


On this basis the method outlined above no longer 


is adequate since a time-invariant A is implicit 
in the deve lopment of equation (4). 
If both the 


feed rates. 


secondary and the mam extract 
F and b (or d). are to be used as control 


variables equation (1) can be rewritten in the form 


dx 
Ax + dE,x 4 E.x - dD, D, (5) 
dt a a 
w he re 
p 
P p 
4 P p 
Pp p 
p 
l 
l l 
l 
E, 
l 
10 
0 
l 
E, 
l 
l l 


0 

0 

0 ? 

D, i; D, < 

0 

0) 0 

| 
and where (Y ) x iS taken as zero (see next 


Section). Actually equation (5) can be written in 


a more general form as 


dy 
Dy | Ei y + D; | (6) 
dt 
t=! 
where the wu;. i r are control tlow 


rates and y x x The control problem of 


interest now 1s to find that set of discrete control 


signals, u(0), u(1), which will move the 
dynamic system represented by equation (6) (or 5) 
from an initial state vy (0) to the origin along som 


optimal path. 


NUMERICAL PARAMETERS 


To provide a suitable base for subsequent 
numerical calculations the following parameters 


were chosen (any convenient set of units may be 


used), 
Ty 60 Y, — 0 (pure solvent) 
a 100 Se 0-0400 
x 2-20 Up 0-0300 
0 50 
In addition to these constant values there is 
specified that = 50 and ba 100. In 


other words the system of six extraction stages 
will be at an initial state corresponding to b 50 
and the control sequence is to move the system to 
a new equilibrium state corre sponding to b 100. 
Only the main feed rate is to be used for control 
in this example; this is merely for convenience 
sake. Based upon these initial and final conditions 
and the listed parameters, equation (1) or (5) 
may be solved in the steady-state, (dx dt 0), 
to yield 
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0-0245523 
0-0187009 
0-0164845 
0-0105254 
| 0-0060110 
| 0-0025909 


x (0) 
(corresponding to 
b 50) 


0.0333450 
| 
0.0244595 
0-0194628 
(corresponding to 2 
0-01387847 


to b 100) 
0-00733823 


Lyarunov’s Direct Meruop 


As already pointed out the problem of interest 
here is finding that sequence of inputs u,, Us, 
of equation (6) such that given any arbitrary 


for the dynamic system 


initial vector y (0) the system is returned to the 
origin in some optimum way. * Optimum way ”’ 
is, of course, an intuitive concept which needs to 
be precise ly defined ; it can be pra tically proposed 
that a fast response with a minimum overshoot 
is satisfactory. The overshoot requirements lead 
to stability considerations, and hence it is natural 
to define “optimum way” around stability. 
With this in mind it is @ natural approach to 
establish the 


LyapuNov’s direct method which is the best single 


control criteria on the 


technique for the stability analysis of linear or 


non line ar proce SSCS, 


The Appendix to this paper presents many of 


the pertinent details of the method and thus it is 
only necessary here to quote some of these results. 
Briefly, the method is a mathematical abstraction 
of the simple concept that if the total free energy 
of a system is always decreasing then that system 
must be stable. This may be implemented in the 
scalar function 


present case by finding a 


V (y) Yn) called the Lyapunov 


function which has the property that the difference 


VY Yo 


A V(y) is minimized over each sampling period 
by a suitable choice of the u(k). Note that this 
consists in the analogous case of the continuous 


rather than the discrete system of causing the 
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basis of 


derivative of V (y) to be negative. The function 
selected here to be used as V (y) is given by 


Viy(k)] = (k) Qy(k) (7) 


where Q is a_positive-definite matrix. As a 


consequence 


A V(y (k)) =A Vik) 


(k + 1)Qy(k+ 1) 


(k)Qy(k) (8) 
and using equation (6) with the inputs uj; 0 


A V(k) = y" (k) Py (k) (9) 


where 


(10) 
exp [D 


Note that 
A V (k) in equation (9) is always negative. As a 


if P is a_ negative-definite matrix 


result the problem becomes one of finding that 
positive-definite matrix Q which, when equation 
(10) is solved, vields a negative-definite matrix P. 
If this can be accomplished the unforced system, 
uy 0, is always stable. 

The control criterion of interest can now be 
stated as: 

“ Choose the input u (k) in such a way that the 
resulting A V(k) is more negative than it would 
be if the inputs u(k) were zero. The optimum 
control vector is that u(k) which makes A V (k) 
the most negative.” 

At this point it is profitable to mention a few 
important points which motivate such a control 
criteria. First. the method stresses and establishes 
stability. A major problem of many designs is to 
show that if a certain error criteria is minimized 
the resulting closed-loop system is always stable. 
By using the present method it is assured that 
there are no initial conditions which can cause 
unstability. Second, the method is relatively 
simple to use assuming suitable computational 
facilities. The only period of time taken into 
account in the control is that interval between 
two successive sampling instants. It is not neces- 
sory to consider any past history in order to decide 
what to do, nor is it necessary to project into the 
future beyond the bare minimum of one sampling 


interval. Finally, by solving the problem one 
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16 
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interval at a time the necessity of an accurate 
model is greatly reduced. In fact the accuracy of 
the model is the practical stumbling block to 
many design approaches which attempt to 
minimize some criteria over a period of time not 
warranted by the data used in arriving at the 
model. It is for these reasons, establishment of 
stability, simplicity and practicability, that the 
most attractive for 


method of Lyapunov is 


establishing a control criteria. 


CALCULATING THE OprimaL Conrro. Vector 


There are a number of possible methods which 
can be used to implement the control strategy 
detined above for specifying the optimal control 
vector. In the present section three such possibil- 


ities are discussed. 


Quantized approximation 

The first method is called the quantized approx 
imation and results by starting with equation (6) 
and noting that for a particular choice of u (k) 


y(k + 1) Py(k) A (11) 
where 


r 


(D+ 


A wexp|(D Bi) a] Dt (12) 
isl i=! 


Substituting (11) into (8) there results 


d exp 


A V (k) y' (k) y (h) 
2A’ QO*y(k) AOA 
and letting 
P square matrix 
s = 207 QA = vector (13) 
R — A™ QA = scalar 
AV (k) becomes 
AV (k) =[Py(k) + s]’y(k) +R (14) 


The P matrix definded in equation (10) is not 
necessarily the same as P defined by equation (13), 
since in the latter case ® has been altered by the 


inclusion of the control vector. 


Dynamic control of chemical engineering processes using a method of Lyapunov 


To determine the optimum control vector a 
differentiat 


equation (14) with respect u (/), set the result to 


possible procedure would by to 


zero and solve this equation for u(k). Since this 
would involve determining the derivative of both 
% and A with respect to u, and then manipulating 
the answers, this approach does not seem fruitful. 
The difficulty is further enhanced when restraints 


are placed on the u vector, i.e. 


To circumvent these problems, the u’s can br 
limited to 
Denoting a 


typical member of that set by u;. it i easy for 


quantized, i.e. the choice of u can b 


a finite set selected by some means. 


a digital computor to calculate a P matrix. s 
vector and the number R defined by equations 
(13) and denoted as P;, s; and R;. To illustrat 
this point let us say that there are two inputs 
restricted such that 


u, and nu, 


This immediately implies that equation (6) will 


have the form 
[D u, E, u, 


u, D, u, D, 


dt 


It can then be 


results from using only ei 


assumed that adequate control 


rhteen possible contro! 


vectors ; these being generated from the various 
combinations of using six values of u, and thre 


of Uy. For instance the six values of uy could be 


2, 3}, and the three of Uy could 
bye 1,0, 1]. The set of eighteen vectors would 
then be 

3 3 3 2 
0 2 2 
0 0 l 


with the null vector a member of this set. 
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On this basis the procedure for calculating the 
P;, S; and R; sets would be as follows: 
First. determine a Q matrix, if 


using equation (10) with P l 


necessary, 
and solving 


the S\ stem 


I exp D -)]’ Q [exp D 


Next. use the first control vector of the set to 


determine and A, by means ol 


uation (12). 


For the above numbers this means that 
—exp(D + 3E, | E, 
A, 3 | exp{[D + 3 E, + 1 E,) D, 
1 }exp{(D 3E,+11 D, 
There are a variety of ways to ¢ ilate >, and 


A, from the above formulae if a digital computer 


is used. The simplest procedure ts to use infinite 
matrix polynomials, in the form 
A? +* 
exp (A I Ar 
i-O 
Ar \ 
exp |A Aj da I 
2 
7 
and only involves matrix multiplication and 


addition. Once Q, ®%, and A, are determined it 
is possible to use calculate 
S$). and 
Using the next 
0 and A, can be calculated in exactly the 
san With these and the same Q, Ps. S, 


and R, follow. In like fashion each of the eight en 


equations (15) to 


control vector n this case 


way. 
control vectors can be used and a corresponding 


P, s and R evaluated. Now 
and a particular value of y, 


using equation (14) 
eighteen A V's can 


be calculated, i.e. 


and L. Laprpus 


P,y +s,]" y R, 
AV, =([P.y +8,]" y + R, 


Froin thes eighteen scalar values the optim il 
which is most negative. If it were 
the fourth A V the opti nal control 
2 and l. 

mechanized quit 


one is the on 
as an exampl 
values would be u 
The entire process can he 
easily since once the system dynamic equations 
values of the eighteen P's, 
Starting with the 
A | Ss are 

and thi 
Krom the 
at the end of the first sampling 
The 


and V (2) and then 


are known the s's and 
R's can be 


veluc (0) the 


calculated. initial 


eighteen evaluated, 


the most negative chosen associated 


optimal u (0) apphed., svstem dynamics 


the resulting vy (1) 


period follows directly. entire process ts 


repeated to vield u(1) 


tinued in the manner until y.. is reached, 


Note that the 


plicated that a digital computer ts required, 


calculations are sulliciently com- 


Continuous approvin ation 


Although the present method ts as general as 
the preceding quantized approach it becomes 
increasingly complicated as the number of inputs 
increase. However, with only one or two inputs 
to manipulate and either the range in the values 
of the Inputs not exeecedingly large, the method 
results in great computational simplicity. 

The basis of the method is to expand ® and & 
as a matrix polynomial in u. If the control vector 
is a sealar u, Le. there ts only one imput, ® in 


equation (12) can be detined as follows: 


> exp |D u E,| +r u' 
“wy, 
where 
— exp|D+r 
(C, E, 
Vv, C; - (15) 


lc,.,, DC, 


J 
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Similarly the expansion for A can be written as 


iM U, U, 


A >” 
i 1 


and thus it is possible to rewrite equation (11) 


in the form 


v (kh) U, 


v (/ 
(ky Ey, (16) 
where Ey wy (ky + U 


error 


the 


Ew may be thought of as the truncation 


associated with only retaining M terms in 
series expansion, 
The control procedure is to substitute equation 


(16). with E,, deleted, into equation (9). M is 


either by by other 


This 


2M -degres poly nomial in w which can be differen- 


selected expe rumentation or 


considerations. substitution results in a 


tiated with respect to u and set equal to zero. 
The roots of the resulting 2.01 polynomial can 
then be root-finding 
to deter 


determined by standard 
technique s. (It is nece ssary, of course, 
mine which of these roots minimiz equation (9). 
However, there are many standard procedures 
for doing this). 

(s an illustration of the simplicity that results 
with this procedure consider the case M & 
Equation (16) now becomes 

y (k +- 1) U,] 


vy (k) y (A) 


where Y, and ¥, are given by equation (15) and 
U, is calculated by 


U, | | exp [D A} dd) D, 
| = (D r)' T \p 


Letting A, denote , y (k) 


U, there results 
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v (A 1) u A, (17) 


Differentiating equation (9) with respect to u 


leads to 


dA V(k) dy™(k+1 


} 
2 OQ vik l 
du du 
and from equation (17) it can be seen that 
dy" (k +1 a? 
du 
Thus setting the derivative of AV (k) to zero 


1) 0 


and substituting again from equation (17) finally 


forms 
A.’ Q y A QA)u—0 
or 
(A QY, 


It can be seen from equation (18) that the calcula- 
tions needed to determine the optimal value of u 
and involve onlv a few 


are relatively simpk 


matrix operations. Just as in the quantized 
approach equation (18) is re yo ated at each sampl- 
ing period to develop the se juence ol optimal 
control values. 

Without giving any rigorous analysis, a close 
inspection of equation (18) points out the major 
problem which can arise in using this procedure. 


Suppose is such that 


y(h) 


In this case A, and the denominator of equation 
(18) would be zero; the calculation results in an 
were not an 


could be 


tolerated since A, would be ZCTO, Howe ver, since 


answer of u 0. If equation (17 


approximation an infinite value of u 
equation (17) is merely an approximation, such 
an answer would be disastrous. Various procedures 
could be used to circumvent this problem. One 
would be to use a higher order 
the 
equation (18) was less than a 
Another 


approach at this point, In any case, the first-order 


polynomial 


approximation whenever denominator of 


certain amount. 


would be to switch to the quantized 


approximation affords a simple means of arriving 
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at proper control, providing care is used in its 
application. 
To round off the 


influence of the 


theory of this Section an 
analysis of the ignored Ey, in 
equation (16) can be made. The results of such 
analysis show that for any +, there always exits 
an large enough such that if 


y(M) 


may be arbitrarily large and 


all y’s are returned to a circle of siz 
Further, 
v(M) 
\ denotes the norm of y (MV 


may be arbitrarily small. The symbol 
Thus by taking 
enough turns in the expansion the ditliculties 
mentioned in the preceding paragraph can always 


be eliminated. 


The ratit approae h 


The present method calculates the optimum 
control vector by an iteration scheme as contrasted 
to the previous two me thods which were direct. 
The iteration ts yx rformed on the polynomial 
expansion of @ and A given in the preceding 
Section. 

Considering only one input the procedure 
involving equation (18) can be used to calculate 
a first approximation, called u“’, to the optimal 
vector. The iteration now consists of recalculating 
the variable u in order to obtain a correction to 


For this purpose define a new variable u'? 


such that 


u (19) 


Substituting (19) into (6) there results (with 


only one input u, u) 
dy 
(D+ u"’ E,)y Ey y 
dt 
D, 
The matrix D is a constant matrix 


(since Th has be nh calculate d) and can be denoted 
as 
and may be denoted D.. As a result 


Similarly the vector u"’ D, is constant 


dy 


A, E.ly D D, 
di [A, 1 


This equation is similar in form to (6), (except for 
the inclusion of the vector D,). and thus in an 
analogous fashion it is possible to arrive at a new 


form for equation (17), 1.e, 
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(A Wy(k) + A, + A, (20) 


Note that Y, and A, are now different from the 
Thus 


corresponding terms of equation (17). 


in equation (20) ts calculated from 


exp + E,] = exp[A,] 7 


Following the procedure used in determining «,. 
a value of u'?’ which minimizes A V (k) can be ob 
tained. It is 

V (hk) 


QA 


A,’ QA, 
A,' QA, 


Redetining the variable u by the equation 


the procedure just outlined for determining u‘?’ 
ll) is to be con 


is repeated. This time u‘®) + u 


sidered constant and u™? is the variable. This 


process can be repeated until u\®’ +0 at which 


is equal to 2 u™, 


procedure must be applied at each sampling 


the time 1 The entire 


(optimum 


instant. 

Actually the procedure outlined using equation 
(3) and (4) and the iterative sequence between can 
also be used to solve the present problem. The 
method is, however, quite ineflicient and very 
time consuming. To briefly outline this method 
consider equation (5), and suppose that a guess 
is made of the control value d"’ (the superscript 
is used to indicate the initial guess). Once this 
value of d"’ is specified equation (5) is completely 
determined and may be written in the form of 
equation (3). The ® matrix and A, vector in 
equation (3) are now known and the iteration 
pattern can be used to calculate C* and then 
If 


originally made was correct ; if d@’ 4 m, (1), the 


m, (1) in equation (4). (1) the guess 
guess was wrong and the process is re peated 
using d‘?? My (1). This procedure is continued 
until finally | 
error. When this criteria has been met the initial 


value of d. att 


ms, (1) e. some tolerable 


0, is known and equation (5) can 


be used to advance x (0) to x (1). The process of 


guessing d and iterating is then used agein, ete. 
Note that what is being done is a large search or 


iteration process per sampling period which in- 


196; 


‘ 

: 

if 

» 
VOL, 
16 

) 

a 

Pe 
> 


VOL. 


Dynamic control of chemical engineering processes using a method of Lyapunov 


cludes a subiteration iteration within the over-all 


iteration. It would seem obvious that such a 


procedure would require a_ large 
computing time. 

From the authors experience in using the three 
methods outlined above it is possible to make a 
number of qualitative statements. The quantized 
approach has the distinct advantage of applying 
to problems where the inputs may saturate. Its 
main disadvantage is that fine control is generally 
lacking. Systems controlled in this fashion are 


characterized by long tails on their response 
curves. The continuous approximation is more or 
less the antithesis of the quantized in that fine 
control is good but difliculties may be encountered 
in controlling large perturbations. Thus a com- 
bination of the two methods is probably the best 
to use. The iterative approach has the decided 
disadvantage of requiring excessive calculation 


time and thus is not recommended. 


NUMERICAL EXAMPLES 

In the present Section results are given for the 
numerical use of the above methods as applied 
to the train of six extraction units defined pre- 


viously. The resulting data are plotted in Fig. 2. 


Using only the quantized approach 


Before the quantized approach can be used it 


is necessary to convert the system dynamic 
equation (5) to the general form given by (6). 
Note that in performing this transformation F a 


| 0-645 0-169 
| 0-128 0-662 
0-012 0-123 
> exp [Dr | 
Pl 0.001 0-018 
0 0-002 
0 0 


The matrix Q was chosen to be the identity matrix 
I. As a check to see if this choice is satisfactory 
the roots of P in equation (10) were computed 


using 
roots [P] roots {exp [D* exp [D I! 
The values obtained were 0-715, 0-670, 
0-688, 0-686, 0-700 and 0-813. Since 
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amount of 


is taken as a constant and that r. the upper limit 
on the summation of equation (6), is merely 1 
since only one control variable is involved. On 


this basis equation (5) can be written as 


dx F 
= (A E,) x 
dt a 
F 
dE,x dD, - D, (5) 
a 
and at the desired equilibrium point 
0 A E,) 
E, x,, dD, D, 
a 
Solving for x,, yields 
E, d.. E,| | dD, D, 
a a 
and defining 
y=x-x,, D, = D, + E, x,, 
u d D A E, d., E, 


transforms equation (5) into the final form 


dy 


uD, (21) 


As a first step in the actual computation it is 


necessary to evaluate exp[D +r] by the infinite 


series expansion. For + 0-20 the result is 

(retaining only three decimals) 
0-022 0-002 0 0 | 
0-163 0-021 0-002 0 
0.608 0-156 0-020 0-002 
0-177 0-615 0-156 0-200 | 
0-026 0-176 0-615 0-154 
0-008 0-026 0-175 0-592 


P P’ and all its roots are negative P is negative 
definite. Therefore Q 
To perform the quantization the u values 


I is allowable. 


were restricted to lie between 2-0 and 1-0 


with ten explicit values 


20; 0-5; 0-25; 0-125; 0-0625; 


0-01825; 0: 0-05; —O-1: 1-0 
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On the basis of these values the corresponding ten and stored in computer memory. As an exampl 


matrices P, vectors s and scalars R were computed for u 20, they were 
0.7152 O-2053 OO772 0-0217 0-0048 0.0000 
' 
0.2053 O-6704 0-203 4 0-082] 0.0240 0.0052 
0.2034 0.2150 0.090] 
P 
| 0.0217 0-082 1 00-2150 O-6856 0.2124 0.0762 
0-00-48 0.0240 0-000) 0.7004 0.1687 
0-0009 0.0052 O-O247 O-O762 0.1687 O-STBO 
s 0.0037 0.0036 0.0080 0.0037 0.0024) 


R 0.00024 


At each sampling imstant y (A Was computed first. corre sponding to an input of d 3-0. 


VO 
trom the sampled x (k) and the Known a I'he Proceeding ina like fashion for the othe r sampling ~ 
ten values of AV (hk) were then computed by — intervals the results shown in Fig. 2 were obtained 196: 

means of equation (14) using the stored values 
j 
ol P. S iil al h and the / Thee value ol lized ai proa and continuous approrimation 
u corresponding to the most negative such A V (A rere 1 
I Ihe control signal lor the continuous method } 
was the n used for the control sivt for the me xl 


jo using a first-order approximation can be caleu 
period. To illustrate, for the initial value of x (0), 
lated directly from equation (18). In order to 


vy (0) was computed to be 
circumvent the problems which arise for large 


0-00OS8TS22 it was decided to proceed as follows: 


O-0005841 1) Calculate u at the desired sampling yn riod 


0-007 9750 using equation (18). If |u| as calculated by this 
v (0 x (0) x ‘ 
: = 0-O08987 4 equation is less than 1-0 this value of u is taken 
0-0077737 as Satisfactory. 
O-OOFT 2) If the programin switched to the 


TI | Al leulat tl vio quantized method using only the three values of 
vw ten values 0) calculated tor us ¥ (0) b 


u 1-0, 0 and 2-0, 
are 
30.3 10-5: 12 10-5: O32 10-5: In (1) the vse of equation (18) requires the cal : 
culation of and A). is m rely exp [D 4 
4 as already given and A, can be calculated using 
6-2 10-5: 5-6 10-5; 50 ; and U, (see equation 17). U, results directly 
6-3 « 10-5 from the definition of @ with u Oand ¥, from 
the use of equation (15). In the latter case there 
It is clear that the most negative value is the results a 
0-112 0.031 0-004 
0-104 0.000 0-025 0-004 
V, 0-022 0-102 0-090 0-027 0-004 | 
0.0038 0-027 0-087 0-092 0-027 0-004 | 
0-004 0-030 0-087 0-092 0.028 
0.005 0-030 0-084 0.1038 
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Fig. 2 shows the control achieved by using this time required for this method (see below) the 


approach. usefulness of the method is in serious doubt. For 


this reason also the detailed computations are 


Iterative approach deleted. The results however are shown in Fig. 2. 


The use of the iterative approach is felt to be 


Discussion RESULTS 


suffice ntly direct so that no details of the caleula 


tion are nec ssary. In lieht of the computation Fic. 2 contains the results of the three control 


8.0 


QUANTIZED 
CONTINUOUS + QUANTIZED 


FINAL EQUILIBRIUM VALUE 


| 
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Q SELECTED BY DYNAMIC PROGRAMMING 


OUTPUTS 


UNCONTROLLED RESPONSE 


PURE QUANTIZED 


QUANTIZED + CONTINUOUS 


0.0 — 
2.0 


TIME IN MINUTES 


Dynamic response of extraction train using various control schemes. 
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methods as applied to the train of six extraction 
units. The plot shows the exit composition from 


stage 6, VS. the time of operation shown 
transient response of the 


is the normal 


the control 


pre 


and action for the continuous and 
quantized approaches, 

In any linear process of this type in which the 
inputs saturate, it is to be expected that for 
reasonably fast response the mmputs will be at one 
of the that 


essentially what occurred for the pure quantized 


limits or at zero. It is seen this is 


and continuous plus quantized approach. As was 
expected, the combination approach ha la slightly 
better re sponse ove! all than the pure quantized 
However for large movements in the 
diffe rence 


at a ste actly 


solution. 


state space, as here, the is not striking. 


Normal regulatory action state would 


produce more favourable respons for the con- 
tinuous approach. 

As far as computational time ts concerned, it 
required about 5 min. on an IL.B.M. 704 to compute 
the proper inputs using the iteration technique 
described by equation (4) and about 5 sec for 
either the quantized or the continuous approach. 
This difference 


te chnique a cunosity rather than a r ally workable 


vreat as to make the iteration 


Is 


method. 


No ATION 


a hx il 

b raflinate (main) solvent flow rat« 
b* b F 

d bia 

d* b* /a 


iteration values of flow rate variable 


F raflinate (secondary) solvent flow rate 


F, solvent flow rate from secondary reservoir 1 
F, solvent flow rate from secondary reservoir 2 
h extract hold-up for any stage 
i] — raffinate hold-up for any stage 
h index for sampling period 
waa 
generalized control flow rates in 


equation 6 


yf?) 
iteration values of control variables 
rr extract solvent flow rat« 
raflinate compostion in nth stage 
Up composition of secondary raflinate feed stream 
%_ =~ composition of main raflinate feed stream 
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Yn extract composition in nth stage 


"> composition of extract feed streain 
x parameter in equilibrium expression 
3 parameter in equilibrium expression 
r — sampling period 
\ variable of integration 
A coeflicient square matrix of equations 1 and 5 
Cc* matrix in equation (4) obtained by dynamic 


programming iteration 


D — square matrix in equation (5) 


D, matrix of equations (1) and (21) 
D, = column vector of equation (1) 
D, = column vector in equation (5) 
D, — column vector in equation (5) 
E, matrix in equation (5) 
E, — matrix in equation (5) 
Ey truncation term in series of equations (16) 
I identity matrix 
m, column vector containing inputs equation (1) 
m, column vector containing inputs equation (1) 
P negative-detinite matrix of equation (10) 
Q positive-detinite matrix 
R = sealar defined by equation (13) 
s column vector defined by equation (13) 
u (k) — column vector made up of control variables, u, 
U, matrix from equation (16) with M 1 
(y) V Yo .¥,) sealar of Lyapunoy 
function 
(y) — difference in Lyapunov tunction 
Viytk + 1) — Vy(k)) 
x ~ column vector with clements 2,, 25, » Be 
x,, — column vector of steady state values of x 
y (k) = column vector of dependent variables at Ath 
sampling period 
z(k) — column vector of dependent variables (equa- 


tion 3) 
® = square matrix of equation (2) 


°, matrix derived from equation (12 

4 = matrix defined by equation (12) 

4, matrix of equation (2) and from equation (12) 
A, — column vector of equation (2) 


matrices defined by equation (15) 


APPENDIX 


Many of the important features of LyaruNnov’s direct 
method for analysing stability of a physical system can 
be delineated by a qualitative discussion. Consider a 
continuous dynamic system which is represented by the 


set of linear or non-linear differential equations 


dy 
— =f, Ya i 1, 2, (A.1) 
dt 


The y,; are the dependent variables of the system. Now 
Yo »¥n) 
exists near an equilibrium or steady-state point y,, with 


suppose that a scalar function V (y) 


the following properties : 
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I. J is always positive in the neighbourhood of y,. 
but at y,. itself V is zero. This may be expressed as 


Il. Near y.., the derivative of 1° is always negative 


and at y.. itself the derivative is zero. Thus 


dV (y) 
at 
dV 
y 
dt 


LyaruNoy pointed out that property I corresponds to 
the stored energy of the dynamic system being a scalar 
function, always larger than some minimum value which 
can be taken as zero without loss of generality In the 
same manner property II corresponds to the fact that the 
stored energy is always dissipated, except at y,. where the 
energy is a minimum. 

The rather obvious conclusion reached by Lyarunov 
was that if a scalar function with properties I and II can 


be found then the equilibrium state y,, is a stable state 


ss 


As a further point of interest we note that since | (y) 


is an implicit function of ft 


dt dy, dt 
at 
(A.2) 
dy. 
$=] 


Thus once the scalar function is known the derivative can 
be calculated without actually solving the differential 
equations (A.1). 
Obviously the main problem involved in using 
LYAPUNOV’s method is in finding the scalar function 
V (y) called the Lyapunov function. When (A.1) is linear 
I (y) can be calculated in a straightforward manner but 
when (A.1) is nonlinear there is no clear cut procedure. 
Thus one must resort to a trial-and-error process of hunting 
for a Lyapunov function whenever a new system is en- 


countered. 


The discussion just presented for analysing stability of 


a physical system by Lyarunov’s direct method was quite 
qualitative and mathematically non-rigorous. Actually 
there are many subtleties to the method which should be 
examined carefully. For the most complete discussion in 
the English literature the paper of KaLmMaN and Bertram 
is highly recommended. 

With this brief description of the continuous case in 
hand we now turn to the discrete-time dynamic system 
which is the main concern of the present paper. The follow- 
ing theorem underlies the control strategies proposed. 


processes using a method of Lyapunov 


Theorem 1 


“Consider the discrete-time, autonomous dynamic 
system 


y(k + 1) =f[y(k)] (A.3) 


The nomenclature here is that the vector y at time 
h 1 is some function of the vector y at time k. It is 
implicitly assumed that f (0) 0. 

Suppose there exists a scalar function V (y), referred to 


as the Lyapunov function such that (0) 0 and 
I. > 0, y #0 
Il. AV (y) < 9, y 


Ill. (y) is continuous in y 
IV. (y) @ asthe norm y @ 


Under these conditions the system (A.3) is uniformly 
asymptotically stable in-the-larg 

In this theorem A J} (y), which corresponds to the deri- 
vative in the continuous case, means the difference between 
I (y) at times & 1 and k. Asymptotic stability in-the- 
large means simply that no matter how much a system 
is initially perturbed from equilibrium, nor no matter 
when it is perturbed, it will always return to equilibrium. 
As a final point note that the form of equation (A.3) 
corresponds to equation (6) assuming that the system 
inputs are zero (an autonomous system). 

A convenient Lyapunov function for Theorem 1 is the 


quadratic norm 


V [y V = yT (k) Qy (k) (A.4) 


where Q is a positive definite-matrix. It can be observed 
that Vy (k)] 0 when y(k) = 0 and that conditions 
I, III and IV of the theorem are satisfied. I is satisfied 
immediately because Q is a_ positive-definite matrix ; 
III is satisfied because the derivative of V (y) exists for 
all y and in fact 

dt 


dy 


2Q y(k) 


Finally, condition IV is satisfied because V (y) is itself 
a norm. 

It remains only to show that Q can be so chosen that 
A V (k) is negative for all & and all y. Note that A FV (k) 


is defined as 


AV ik) = + ()Qytk) 


In order to shorten the presentation we can seek this Q 
for the case of equation (5) or (6) rather than (A.3). The 
assumption is made that the existence of a steady-state in 
equation (5) implies that the matrix D in equation (6) has 
all its characteristic roots in the left half-plane [7]. Actually 
the existence of a steady state does not necessarily imply 
the stability of D, nor will the method to be outlined 
necessarily fail if D is not stable. However, for most 
practical cases the assumption is valid and it will be made 
here in order to avoid the mathematical pathology 


necessary in such cases. Using equation (6) and its analogy 
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to equations (1) and (2), y(A 1) can be determined not hold. This is, any positive definite matrix Q does not 
trom y (k) if the inputs are zero, i. necessarily define in equation (A.6) a negative definite & 
y (h 1) exp [D +] y (k) © y (k) matrix P. Nevertheless, because of the theorem, it is ; - 
always possible to find a matrix Q such that under the . 
where the u(k) = 0. Using this result in (A.5) assumptions made (the inputs are zero, and the matrix : 
(kh) Qy tk) D is stable) A (hk) in equation (A.5) is always negative 
Oly Thus, step Il of Theorem I is satisfied. Normally to deter 
wl ik) Pv Ue) mine Q it is possible to make an intelligent guess and uss 
where (1.6) to see if P is negative-detinits If this fails, it is 
P oO oO (A.6) always possible to fall back on the procedure of choosing 
any negative-detinite matrix, say minus the identity matrix : 
Since all the roots of D are in the left-hand plane it got p equal to this chosen matrix, and then solve the 
follows that the magnitudes of the roots of @ in (A.6) algebraic equations implied by equation (A.6) to determine 2 
are less than one. It is thus possible to use the following oO E 
theorem, which is a matrix equivalent of the familiar Having established a function I (y) which satisfies the 
Routh Hurwitz procedure for determining stability of a the conditions of Theorem I for the autonomous system 
differential equation. (the inputs are zero) a control criterion can be defined for 
choosing the input vector u (k) The desired control 
Theorem 2 criteria can be stated as follows: 
If the magnitudes of all the roots of a matrix @ are less rhe input u (*&) is to be chosen in such a wav that the 196: 
than one, then for anv negative-detinit: itrix P, equation resulting \ J (4k) is more negative than it would be if the 
(\.6) defines uniquely a positive-definite matrix Q input were zero. The optimum control vector is that 
It should be pointed out that the inverse theorem does u(k) which makes A I (k) most negative 
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Dilution of a jet 
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Abstract- (a) A photographic method has been used to determine the concentration-distribution 
of jet-fluid when a circular turbulent jet of liquid mixes with an unlimited liquid environment 
Ihe time-average concentration @ at a point (7, r) is given by 


d r 
a 78 exp | 


r O-135 


(b) The process of dilution on the molecular scale of jet liquid by ambient liquid has been 


studied by using an alkaline jet in an acid environment, both containing an indicator. A plume 


all jet fluid has been diluted below some specified 
concentration, m. It is found that all plumes are the same shape, having a width r 


of blue indicator results : outside the plume 


at a distance 
r from the orifice given approximately by 


The point on the axis at which all jet fluid has been diluted to a concentration m or less is 1-34 
times as far from the orifice as the point at which a m 


Résumé—(a) Une méthode photographique est utilisée pour déterminer la distribution des 


concentrations dun jet fluide, au cours du mélange d'un jet turbulent circulaire avee un Licpuicte 


environnant non deélimite 


kn un pont pour term yx rature movenne a 


178 “exp Ar ) 


(b) La dilution a échelle moléculaire dun jet liquide par un liquide ambiant est étudiée en 


utilisant un jet alealin dans un milieu acide, chacun deux contenant un indicateur colors ll 
en résulte la naissance d'un céne de coloration bleue. A Vextéricur du céne tout le jet fluide a été 


dilué au-dessous de la concentration spécifiée m. Tous les cones ont la méme forme, et leur ravon 


r a une distance a de Vorifice est approximativement donnée pat 


0,32 logy 6,41 © 


mi 


Le point de Paxe a partir duquel tout le jet fluide est dilué a la concentration m ou a une con- 


centration inferieure, est a une distance de Vorifice valent 1,34 fois celle correspondant au point 


pour lequel a m 


Zusammenfassung (a) Ks wurde cine photographische Methode benutzt zur Bestimmung 


der Konzentrationsvertcilung cines Flissigkeitsstrahles fiir den Fall, in dem cin runder turbulenter 
Strahl ciner Flissigkeit sich mit ciner umgebenden Fliissigkeit unbegrenzter Ausdehnung miseht. 


Die Konzentration im Zeitmittel @ im Punkt (2, r) ist gegeben durch 
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i 4.78 — exp | 
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(b) Der Verdiinnungsvorgang im molckulare 
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O.135 2 


Massstab cines Fliissigkeitsstrahls durch cine 


ruhende Flissigkeit wurde mit Hilfe cines alkalischen Strahls in ciner sauren Umgebung untersucht 


wobei beide cinen Indikator enthielten. Ein Biischel mit blauem Indikator entstand, ausser!alb 


des Biischels war die Fliissigkeit des Strahles starker als cin speziclle Konzentration m verdiinn! 


ks wurde gefunden, dass alle Biischel gleiche Gestalt haben, die bei der Weite r im Abstand 4 


von der Diise angenihert ge@eben ist durch 


O82 


i 


Der Punkt auf der Achse, bei dem die gesamt« 


{0 


g,, 641 


mia 


Fliissigkeit des Strahls auf cine Konzentration m 


oder noch weiter verdiinnt wird, ist 1.34 mal so weit von der Diise entfernt als der Punkt, bei 


dem a m ist. 


Wuewn a turbulent free jet mixes with its environ- 
ment, the primary result is to intersperse macros- 
Molecular 


diffusion tends to reduce the resulting variations 


copie elements of the two fluids. 


in concentration between neighbouring regions, 
but in general the instantancous concentration 
of the jet-fluid at any point in the mixing zone 
fluctuates about its mean value. The more 
complete the degree of mixing on the molecular 
More attention 


has been given to the easier experime ntal problem 


scale. the less the fluctuations. 


of measuring time-average concentrations in the 
mixing zone than to investigating the degree of 
*‘unmixedness or “segregation.” However, 
when the object of the mixing process 1s to bring 


molecules of the two thids into proximity so 


that they can react chemically the degree of 


segregation in the mixing zone ts all Important 
in determining the rate of reaction 

HawTnorne et al. made some measure- 
ments of “ unmixedness” in turbulent flames. 
Since the work reported in the present paper 
was carried out, Rosensweic eft al. [2] have 
reported the results of experiments on concentra 
tion-fluctuations in a smoke jet. The decay of 
temperature fluctuations when a hot jet mixes 
with a cold environment ts an analogous process ; 


Corxsin and Userrot [3] have made measurements 


of these fluctuations. 

The exp riments reported here were designed 
to investigate the decay of segregation and the 
dilution of the jet-fluid in the mixing zone of a 
liquid jet. The technique used made it unneces- 
sary to measure spatial or temporal concentration 


fluctuations. 
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Meruop 
We have to make use of the concept of 


PRINCIPLE OF THI 


“the concentration at a point” in a region of 
This concept, like 


that of “temperature at a point.” gives rise to 


non-uniform concentration. 


difficulties, but for present purposes it will be 
should 


be taken to mean a region much larger than a 


suflicient merely to say that a “ point 


molecule, but much smaller than the seale of the 
smallest concentration eddies present. 

Suppose the jet consists of water containing 
a concentration M (1 m) equivalents per unit 
volume of alkali, and issues into an environment 
consisting of water containing a concentration 
Mm of acid. Both liquids contain the same 
concentration of an indicator which ts blue in 
alkaline solution and colourless in acid solution. 
Let the instantaneous concentrations (volume 
fractions) of jet-fluid and of ambient fluid at a 
given point be a, (1 a) respectively ; then if 
a m the fluid will be neutral, while if a m 
it will be alkaline and blue, while if a m it 
will be acid and colourless. The concentration of 
indicator in the blue form will be the same in all 
regions where a m and there will be a sharp 
surface between blue and colourless tluids, where 
a m. 

The position of the boundary will fluctuate 
because of turbulence and the segregation of the 
jet fluid. 


will sometimes be blue and sometimes colourless. 


In general the fluid at a given point 


The fraction of the time, n. for which the fluid 
at a given point is blue (i.e. the time-average 
colour density at the point, expressed as a 
fraction of the colour-density of the blue thuid) 
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is equal to the fraction of the time for which the 
concentration of the jet-fluid at the point is 
greater than m. 

In principle it is possible, by taking a time- 
exposure photograph of the jet, to determine the 
colour-density at each point ; then by varving 
m one can find the fraction of the time for which 
the value of a (concentration of jet-fluid) at each 
point exceeds any given value. With this infor- 
mation it is possible to calculate statistical 
properties such as a? for each point. This is 
equivalent to the information obtained by 
Corrsin and [3] and by Rosensweic 
et al. [2]. 

However the mathematical technique for 
deducing local values of the colour density from 
the photographic image of a three-dimensional 
jet requires experimental measurements of greater 
accuracy than we were able to obtain. The results 
were therefore expressed in a cruder but prac- 
tically useful form. This is described in more 
detail below. Roughly speaking, it consists of 
drawing a series of surfaces enclosing the coloured 
plumes formed with different values of m: 
outside each it can be said that “ almost all” 
the jet fluid has been diluted to a volume-fraction 


less than m. 


LIMITATIONS OF THE METHOD 


Several oversimplifications have been made in 
this discussion of the principles of the method. 

Firstly, it has been assumed that the indicator 
changes colour abruptly at some value of a. 
In practice it will be sufficient if the full change 
takes place over an increment of a very much 
less than both m and (1 m). In circumstances 
typical of our experiments this requirement 
was generally fulfilled. The full colour of the 
indicator is developed as the excess concen- 
N 


In the worst case (the experiment 


tration of acid changes from about 2 
to zero. 
with the smallest value of m) the resulting range 
of a over which the colour change took place was 
about 7 per cent of m; in general the error was 
much smaller. 

Secondly, it is assumed that the colour-change 
adjusts itself instantaneously to the locally pre- 
vailing composition. In practice it will be sufli- 


Dilution of a jet 


cient if the time for the colour-change to take 
place, in a uniformly-mixed solution containing 
a slight excess of one reagent, is so small that the 
colour-distribution is indistinguishable from that 
which a truly instantaneous change would give. 
The worst case was the jet with the largest value 
of m, giving the shortest coloured plume. The 
time taken for a particle on the axis of the jet 
to travel the length of the plume was about 
t 10-2 sec ; unless the colour-change reaction 
takes place in a much shorter time, the plume 
will be longer and more diffuse than it should be. 
However, it has been found [4] that the indicator 
used, bromocresol preen, changes colour under 
these circumstances in less than 10-8 sec, and the 
reaction between acid and alkali is certainly 
much faster, so in the worst case the measured 
plume-length will be in error from this cause by 
less than 2-5 per cent. 

Finally, the method is subject to an error, which 
is difficult to estimate, if the diffusivities of the 
acid and alkali are unequal. The method purports 
to follow the mixing of two liquids of known 
mutual diffusivity, %, by colouring the regions 
in which the concentration of one fluid is greater 
than a specified value, m. It can be shown that 
if both acid and alkali have the same diffusivity 
in water, 7, (which need not be the same as the 
self-diffusivity of water) the results can be 
correctly interpreted in this way. However, if 
their diffusivities are unequal one can only say 
that the results probably represent the mixing 
of two fluids with a mutual diffusivity inter- 
mediate between the diffusivities of the acid and 


Diffu- 


sion in a system containing four species of ion ts 


alkali, and depending on the value of m. 


a complicated process, and cannot be described 
in terms of two diffusivities ; but in our experi- 
ments the effective diffusivity of the acid was 
probably substantially greater than that of the 
alkali. In general the error will not be important 
if the main object is to compare the behaviour 
of systems with widely different Schmidt numbers, 
or if the rate of the mixing process is only weakly 
dependent on the Schmidt number. In our 
experiments the effective value of the diffusivity 
was about 2 10-5 em? see, and the Schmidt 


number about 500. 
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The technique used in these experiments had 


EXPERIMENTAI 
originally been deve loped for use in an apparatus 
made of galvanised iron, in which it was impossible 
to use cither strong acid or strong alkali as the main 
\ dilute solution 


fluid, because both corrode 


zine. 
(0-02-0-03 N) of borax had therefore been used 
as the alkali and a solution of hydrochloric acid 
as the acid. It was convenient to use the sam 
reagents in the experiments described this 
paper. The jet fluid was alkaline The indicator 


used was bromocresol green, which changes from 


vellow to blue as the pH changes from 3-8 to 


5-4. a range which renders it suitable for use with 


borax and id, In COrTrosion 


hvdrow hloric 


resistant equipment it would be simple r to use 


hydrochloric acid and sodium hydronic “as the 
reagents and phenophthalein as the indicator: 


solution 


the latter changes from red in all 


to colourless in acid solution. but is not suitabl 


for use with borax). 


and basi 
The 


form 1s 


The absorption spectra of the acids 
the 
maximum absorption for the basi 
at 6150 A; 


form 


forms of indicator were measured. 
Ly lune 
at this wavelength the acidic (yellow) 
\ Wratten 25 (A) filter 


no light of the wavelengths 


form 


absorbs ho light. 


transmits virtually 


absorbed by the vellow and ts transparent 


to wavelengths most strongly absorbed by the 


blue form: this enables the blue form of the 
indicator in the mixing zone to be viewed without 
interference from the vellow form 


Since little light was absorbed by the indicator 


it was nec ssary to use a hioh-« 
Kodak P.200 is the panchromatt plate with the 


in Great 


mitrast plate 


highest contrast available commercially 


Britain. 


istic curve has a long linear portion. 


ts character 
The plate 


vreater 


It is reasonably fast and 


wavelengths than 


while the Wratten 25 (A) filter 


ms not sensitive to 


A. transmits 


only wavelengths above 5800 A This narrow 
banda cnsures that Beer's Law will be ole ved 
closely. 

The working section of the apparatus was 


luminated from behind by a 
filament lamps (No. 2 
diffused by 
The camera had a lens of 14 in. 


parr of 500 W 
tungsten Phototloods). 


The light 
tracing paper. 


was several 
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focal length : this gave an image of adequate size, 
while the photographs could still be taken from 
so far away that lines of sight through the mixing 
zone were practically parallel. 

The exposure (5 sec at £16) was chosen so as 
to give a satisfactory time-averaged picture and 
to give optical densities on the developed plate 
which lay on the linear part of its characteristic 
Under these circumstances, 


curve. provided 


Beer's and Lambert's laws are obeyed, 


where PD is the optical density of a given point 
on the image of the plume 
Do is the optical density of the exposed 
plate when there is no plume in the 
field of view : 

x isa constant ce pending on the absorp 
tion coellicient of the indicator and on 
the prope rties of the plate 

bdz is the integrated time-average concen 
. tration of blue indicator along the line 


of sight corresponding to the given 


point on the image. 


The constant « may vary from plate to plate, 


but will be uniform plate 


that 


concentration 


over particular 


provided development is uniform. 


absolute measurements are to be 
made, 


to establish the 


each plate must be calibrated individually 
value of 

Optical density protile s of plates were obtained 
with a Joyce Loebel automatic recording densito- 
meter, which gives directly a plot of the optical 
density. 

The apparatus (Fig. 1) was designed to produce 
a circular jet with a uniform initial velocity-profile, 
emerging into a stagnant environment uncon 
taminated with jet-fluid. The Reynolds number, 
vreater than 10% The 


a shaped orifice in. (0-32 em) 


dug was to be jet was 


formed at dia. 
It discharged into a Perspex box 30 in. high and 
18 in. square. The box was initially full of liquid, 
which overflowed at the top during a run. Calcula- 


tion showed that the velocity of reverse flow due 


L9¢ 
| 
| 
\ 
: 


VOL. 
16 
1962 


Studies in turbulent mixing—l. Dilution of a jet 


Heod 
bottle 
b 4 
a 
E 
re) 
Weir 
7 
/ 
j 
Droai n 
Perspex 
tank 


Fic. 1. Apparatus. 


to entrainment would be only about 2 per cent 
of the axial velocity of the jet at a 100 d. 
and that in the region of interest the liquid 
entrained by the jet during the course of a run, 
would be ambient liquid uncontaminated by jet 
liquid. 

When measuring the spreading of the jet, the 
jet liquid was a solution of indicator in borax 
solution, and the tank was filled with water. 
When measuring dilution of the jet fluid the 
ambient solution consisted of 0-05 N HCl, and 
the jet thuid was a solution of borax of concentra- 
tion 0-05 [(] 


tained 5 mg |. of bromocresol green. 


m|N; both solutions con- 


For calibration purposes a wedge cell containing 
indicator solution was photographed  simul- 
taneously. Since the illumination of the field of 
view was not uniform, a blank photograph of the 


apparatus without the jet of blue indicator was 
taken on the same plate. In applying equation 
(1) to any point on a photograph of a mixing 
run, D is the density of the image at this point, 
and Dy the background density measured at the 
corresponding point on the blank photograph. 

All measurements were made at a Reynolds 
number of 12,000. 


RESULTS 

Spre ading of jet 
The spreading of a jet of blue indicator solution, 
with no chemical reaction taking place, was first 
investigated. It is known from previous work [5] 
that in fully-turbulent jets (dug v about 104 
or greater) the time-average concentration 
(volume fraction) @ of the jet fluid in the mixing 
zone is given to a good approximation by an 

expression of the form : 

a (a, r) Af exp | 
Ir Br 


(2) 


at a point distant r from the axis of the jet on a 


plane distant 2 from the origin of the jet (Fig. 2a). 


v 


Fic. 2. Co-ordinates of jet. 


The constants A and B are the same for all fully- 
turbulent jets. The best fit is usually obtained 
when the origin of x is taken to be a few diameters 
downstream of the actual orifice, but this refine- 
ment is not justified by the accuracy of the 
present work. 

If the jet is photographed from a direction at 
right-angles to its axis, the density of the image 


at a distance y from the axis (Fig. 2b) is 
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a + dz 
cABd exp — [y*,(Br)*] (3) 


where c¢ is the concentration of indicator in the 
undiluted jet fluid. Thus the density of the 
photographic image is given by 


Do D ca ABd (7) exp [y? (Ba )?}. (4) 


The distance from the axis of the image at which 
the density falls to half the maximum is therefore 
the same as the distance, r,,., from the axis of 
the jet at which @ falls to half the maximum. 
Thus 7, can be measured directly from the 
densitometer trace, and B calculated from the 
relation exp — (5) 

The value of « can be determined from density 
measurements on the image of the wedge cell ; 
the value of ( Do D) measured on the centre-line 
of the image of the jet is (from equation 4) 
equal to ca ABdy (ar), whence A be 
determined. 

The range of z/d covered was from 8 to 110. 


The measured values of r,,2 ranged from 
0-095 to 0-126 with a mean value of 0-112, giving 
B 0-135. The results are summarized in 
Fig. 3(a). Previously published values of B, or 
measurements from which B can be calculated 
[3, 5], range from 0-116 to 0-139 for the spread 
of temperature and concentration. Most of the 
published results refer to values of x2/d less than 
BO. 

The measured values of A varied from 4°45 
to 5-45. with a mean of 4:78. The results are 
summarized in Fig. 3(b). Published values 
[3, 5] range from 455 to 5-7 for temperature 


and concentration. 


Dilution of jet fluid 

In these experiments the jet fluid was alkaline 
and the environment acid; the indicator was there- 
fore blue only at those points where the instan- 
taneous concentration of jet-fluid attained values 
greater than m, and the plume was thus of finite 
length. The density of the image on the photo- 
graphic plate at the point (x, y) (Fig. 2b) is 


- . ¥ 
Cc & 
O10 a) Holf-widths 
0-09 
b) Density on Onis 
O-! 
a 
os 20 40 60 80 100 
x/a 


Fic. 3. Results of spreading experiments. 
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2*) | dz 


where n is the fraction of the time for which the 


indicator at a given point (7, r) is blue. 
In order to recover from this observed quantity 
the radial 


distribution of the  time-average 


concentration of blue tracer, it ts 
necessary to carry out an elaborate mathematical 
operation on the transverse density -profile of the 
image at x. In practice the measurement could 
not be made with suflicient precision to enable 


this process to be carried out, and the radial 


distribution of blue indicator could not be 
determined. 
x 
| 
| 
| 2 
b 
O 
Fic. 4. Time-average colour densities in plumes. 


Fig. 4 shows the form of the time-average radial 
and axial distributions of blue tracer which would 
be obtained (a) if the jet fluid were completely 
segregated ; (b) if concentration fluctuations were 
completely smoothed out by molecular diffusion 
so that the local concentration did not fluctuate 
with time; and (c) if, as actually occurs, the 
smoothing process were only partial. In the 
completely segregated case no reaction occurs 


and the distribution is the same as in the spreading 
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experiments described above. The completely 
smoothed plume would have a sharp boundary. 
The actual plume has a diffuse boundary, but 
is sharper than the segregated plume. Fig. 5 
shows the corresponding forms of the images 
which would be obtained on the photographic 
plate. The density-distributions in the images of 
the completely-segregated and completely- 


smoothed jets can be calculated from equation (2). 


Fic. 5. Relative optical densities in time exposure 


photographs of plumes. 


Inspection of the axial density profiles of the 
photographs of the plumes showed that the 
downstream portion was in all cases a straight 
line for a considerable part of its length, with 
only a small “ tail” (Fig. 6a). Extrapolation of 
this straight line to zero density gave a point (XY) 
on the axis which may be called * the end of the 
plume.” At this point almost all the jet fluid 
has been diluted to a concentration m or less. It 
would be more satisfactory to pick the point at 
which (say) 99 per cent of the jet fluid has been 
diluted to a concentration m or less, but without a 
knowledge of the radial colour-distribution this is 
impossible, 
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Fic. 6. Specimen density profiles of plumes. 


The limit of the plum in other regions of the 


jet was arbitrarily defined as the point where the 


optical density of the image had the same value 


r/\ 
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(5, Fig. 6b) as at the end of the plume. It is thus 
possible to locate a series of surfaces beyond each 
of which almost all the jet fluid has been diluted 
to less than some specified concentration, m. 
It is instructive to present the results in such a 
way as to compare the behaviour of the actual 
jet with that of a hypothetical ‘smoothed ” 
jet, in which the concentration at every point ts 
at all times equal to its time-average value. The 
edge of the smoothed plume is the point at which 
a is equal to m. Thus we find from equation (2 


that its width r is given by 


L L r 
where 
Ad 
L (7) 
m 


Thus all 


smoothed plumes can be repre sented by a single 


is the length of the smoothed plume. 


curve with dimensionless co-ordinates r,L, v/L. 
This is curve A in Fig. 7 (using the value 
0-185). 

The points representing the limits of the plumes 
in the actual jet with six different values of m 
are plotted in the same co-ordinates, calculating 


L from equation (7) with A 1-78. It appears 


Fic. 7. Plume boundaries. 
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that the plumes are all similar in shape and that 
their linear dimensions are proportional to Lom. 


Their shape is given roughly by 


L 
0 32 logyg 1-34 or 


r— OB2Za (lo 6-41 


In Fig. 8 the length of the plume for various 
values of m is compared with the length of the 
smoothed plume. The results can be summarized 
by saying that the point 
concentration m disappears is about 1°34 times 
as far downstream as the point at which the 


average concentration Is m. 


m or 


Fic. 8. Plume lengths 


Experiments were carried out to see whether 
the behaviour of the jet was sensitive to the 
The half-angle 


without reaction, was found 


value of the Reynolds number. 
of a spreading jet, 
not to change significantly in the range 2300 

12,700. With alkali in jet and acid in ambient 
0-097, the length of the plume 


was found to be independent of the Reynolds 


fluid, and with m 


number over the range 6500—12,000, although the 
longer at Reynolds 
below. All the 


carried out at a 


plume was substantially 
4000) and 


described 


numbers of other 


experiments were 


Reynolds number of about 12,000, 


COMPARISON WITH OTHER MEASUREMENTS 


Comparison may be made with the dissipation 


of temperature fluctuations in a hot-air jet, as 


Studies in turbulent mixing—I. 


at which jet-fluid of 


Dilution of a jet 

determined by Corrsin and Usrrotr [3]. In this 
case the Prandtl number is 0-7, and the decay of 
temperature segregation will follow the same pat- 
tern as the decay of concentration segregation 
in a system having a Schmidt number 0-7 (when 
allowance is made for the reduced density and 
enhanced spread of a hot jet). These authors 
report the r.m.s. temperature fluctuation, 0’, at 
various points in the jet. This corresponds to 
the r.ms. concentration fluctuation 


a \ [(a a)*] (8) 
It is necessary to make some assumption about 
the distribution of the temperature fluctuations 


that the 
fluctuations are normally distributed about the 


about the mean. We have assumed 


mean value, @, so that the fraction of the time 
for which the temperature at the point exceeds 
a specified value, ¢t, is 


n erf (9) 


If we imagine those parts of the jet in which the 
temperature exceeds ¢t to be coloured. we can 
calculate the time-average optical density distri- 
bution in the image of the plume. 

It must be emphasized that the assumption 
of normal distribution of fluctuations may well 
be wrong, so the conclusions drawn from this 
calculation must be treated with reserve. 

Fig. 9 (a) shows the calculated relative optical 
densities along the axis of the plume (using the 
data for the 15-20). 


Using the same procedure to find the “end of 


published 


region w/d 
the plume” as employed with the photographs 
of liquid plumes, we find the plume-length to be 


which the time-average temperature, @, is equal 


being the distance downstream at 
This, as would 
be expected, is less than the value of 134 L 


found for the liquid jets. If the rate of decay of 


to the specified temperature, ft). 


segregation in jets is influenced by diffusion one 
would expect the relative degree of segregation 
to be higher at any point in the liquid jet than in 
the gas jet, thereby giving rise to a longer plume. 

RosENswei«, et al. [2] used an optical method 
to measure the fluctuations of smoke-concentra- 
tion in a jet of smoke-laden air. The Schmidt 
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Fic. 9 (a) Synthetic plume for hot-air jet. 
(b) Plume in liquid jet. 
(c) Synthetic plume for smoke jet 


number in this case was about 5-5 105, com- 


pared to about 500 for the liquid jet. Their 
published figures have been used to calculate the 


profile of the jet having L 15d (the result is 
not sensitive to the value of L d chosen). This is 
shown in Fig. 9(c). The * synthetic ” smoke 


plume does not cut-off as sharply as the liquid 
plumes were observed to do. A line drawn through 
wrofile g 


the steepest part of the | gave an intercept 
of 1:14. This is actually shorter than the plume- 
water (1-34L), but 


this is not an appropriate method of locating 


length in as can be seen, 


the “end of the plume” in this case. 

A representative liquid plume is tentatively 
at Fig. 9 (b). 
from which the plume-lengths were determined 


shown Unfortunately the plates 
were not calibrated, so the vertical scale of this 
profile cannot be directly compared with that of 
9(a) and (c). A vertical scale for (b) has been 
chosen to fit it in between (a) and (c), where it 
presumably belongs. The curve for the liquid 


plume Is clearly of different shape from the 


synthetic ” plumes, suggesting that the assump- 


P. V. DANcKWERTS 
tions made in calculating the shape of the latter 
may be at fault. It appears, however, as would 
be expected, that the plume formed by the smoke 
jet is effectively longer than the plume of the 
liquid jet in the sense that a greater proportion 
of the jet fluid travels a given distance downstream 
without being diluted to a specified concentration. 
The fact that the experimentally determined 
fluctuations in the smoke jet are relatively greater 
than in the hot-air jet means that the former 
will give a longer plume, whatever the basis of 
calculation. 

The Reynolds number in the experiments of 
was 26,000 and those of 
12,000 


RosENSWEIG et al. in 
Corrsin and Useror 52,000, as against 
in our case; but our experiments suggest that 
this would have little effect on the length of the 
plume. 

Measurements in a hot-air jet specially designed 
for comparison with those in the liquid jet are now 


in hand. 


CONCLUSIONS 


In water, the plumes which indicate the region 
beyond which the jet fluid has been diluted to a 
concentration m or less appear to have the same 
shape for all values of m, and their linear dimen- 
sions are proportional to 1 m. The point on the 
axis at which almost all the jet fluid has been 
diluted to a concentration m is about 1-34 times 
as far downstream from the nozzle as the point 
at the 

The corresponding figure calculated for a hot- 


which time-average concentration is m. 
air jet is 1-11. The smoke plume does not appear 
to have a sharp cut-off, although the calculated 
profile indicates that it is effectively larger than 
the plume water. 


undoubtedly affected by the Schmidt number, 


The plume-lengths are 


although no great reliance can be placed on the 
quantitative aspect of the comparison between the 


three systems. 
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NOTATIONS 


A = constant in equation (2) Ty/9 = concentration half-width of jet 
a = instantaneous concentration (vol. fraction) of jet t = specified value of temperature 
fluid ug = velocity of jet emerging from nozzle 
a’ = r.m.s. concentration fluctuation x = distance along axis of jet from nozzle 
a time-average of a y = distance of point on photographic image from 
B = constant in equation (2) axis of image 
b = concentration of blue indicator = = distance along line of sight (Fig. 2b) 
¢ = concentration of indicator in either form a = constant in equation (1) 
D = optical density of photographic image 0 r.m.s. temperature fluctuation 
D, = background optical density of exposed plate @ = time-average temperature 
9 = diffusivity 5 = optical density of photographic image at edge 
d = nozzle diameter of plume 
L = length of “smoothed” plume = Ad/m : a viscosity 
m = value of a which gives neutral mixture 
n = fraction of time for which indicator is blue erf (k) = exp (— ¢*) dt. 
r = distance from axis of jet o 
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Abstract—The problem of one dimensional countercurrent diffusion in porous media is con- 


sidered An exact mathematical solution is obtained for unsteady-state diffusion in a porous 


body separating two well-mixed gas volumes. The deve lopment considers that the concentrations 


in both gas volumes change 


om their original values Ce and .¢ 0 


to different values (1) and 


C(t). Unsteady flow in such a system is directly analogous to the unsteady conduction of heat 


Experimental apparatus is simple, vet provides for quick and accurat: 


measurement of the 


quantities necessary for evaluating the flow pattern equation for porous media samples 


Résume— Lartick s‘occupe du probleme 


dans des milieunx poreux 


diffusion unidimensionnelle a contre-courant 


Une solution mathématique exacte est obtenuc pour une diffusion 


variable dans un corps poreux, séparant deux volumes gaseux bien mélangés. Le traitement 


considére, que les concentrations de deux volumes gaseux changent de leur valeurs originales, 


Ct 


directement analogue a la conduction variable de 


aux valeurs différentes 


et it) 


tn courant variable dans un tel svstéme est 


la chaleur. L/ appareil expérimental est simple, 


mais permet une mesure rapide et precise de quantités nécessaires pour létablissement d'un 


equation typique du courant dans les échantillons de milieux poreux 


Zusammenfassung— Das Problem ciner Gegenstromdiffusion in ciner Dimension in pordsen 


Mitteln wurde untersucht. Eine genaue mathematische Loésung wurde fur den Fall der nicht 


stationiiren Diffusion zweier gut durehgemischten 


Gasvolumen abgeleitet kis wurde angenommen 


von der Ausgangsgriésse ,C, und ,C, auf neue Werte ,C (t) und (1), bezichungsweise. 


1” 0 
Die nicht stationiire Stromun, 
Wiirmeleitung. Di experimentelle 
genaue Bestimmung der notwendigen Grdssen 


in porosen Probx n. 


IN WORK reported earlier [1] carbon dioxide and 


nitrogen gases were allowed to diffuse counter- 
currently through plugs of compre ssed potassium 
perchlorate to study the effect of varying plug 
porosity and length on the diffusion coetlicient. 
In that work particularly simple experimental 
apparatus was required for the measurement of 
the quantities necessary for evaluating effective 
coellicients the 

This 


solution for the 


diffusion porous samples 


examined, article develops the exact 


mathematical unsteady-state 
diffusion problem of a“ porous body “aS considered 
in the earlier work, and, subsequ ntly, describes 


the instrumentation requirements for such a study, 


A STATEMENT OF THE PROBLEM 


The problem considered is that of counter- 


ore 
mee 


fur di 


durch cinen pordsen Korper getrennten, 


dass sich die Konzentration beider Gasvolumen 


iindert. 


in solchen Systemen entspricht vollstandig der nicht stationiiren 


\pparatur is ganz cinfach, erlaubt jedoch die schnelle und 


Bewertung der StrOmungsgleichungen 


current diffusion in a porous plug separating two 
Fig. 1. The 
plug is given a preliminary treatment to justify 
about the 
Diffusion is allowed to proceed 


gas volumes, 1 and 2, as shown by 


some statement initial distribution 


1.e., Cy (a) — 1n it, 


for a definite time and the gas volumes are 


kept homogeneous by mixing or stirring. The 


concentrations in 1 and 2 change from their 


l 
(t) and ,C in time ¢, and from a knowlede« 


original values, ,Cy and Cy, to different values, 
of these values the diffusion constant of one of 
the gases is to be determined as it diffuses into the 


other. 
GENERAL SOLUTION OF THE PROBLEM 
Assume for simplicity that the plug is of unit 


cross-section, and is bounded by planes 4 0 and 
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> 
a 
4 
2 A 
SA 
/ 4 
( 
2 
y 
d 
5 
= 
Fig. 1 Diffusion cell. 


g and and initial concentrations and Cy 


neous Gascous mixture Ss of volumes 


respectively, are in contact with the two sides of 


tha plug. The tirst extends from a 0 to 
gos the 


boundary a l. 


second mixture, in contact with 
extends to a l h. The 
initial distribution of concentration across the 
effective 
After time ¢ the concentrations in the two gas 
denoted by ,C(t) and ,C 


medium by C (2. 1). 


medium of volume, /, is Cy (2). 
volumes will be 
and the distribution in the 

The diffusion proce ss considered here can he 
differential 


(Fick’s second law of diffusion): 


represented by a partial equation 


(1) 


The boundary conditions for which equation (1) 


may be solved are : 


(i) at t 0 for 0 l. 


(ii) C(O.) = C(O); C(Lt) — ,C( for t> 0. 


(ii) C= at t= 0 for 0, and 
if at 0 for / l h. 

ot eg oa 0 at ch da rel 


Equations (iv) express the proportionality of 


rate of increase of concentration in the gas 

volumes to rate of supply of concentration chang- 

ing constituent at the respective boundaries. 
The solution of equation (1) can be represented 


by 


Ca (2) 


where c, and ¢, are solutions which satisfy equation 


(1). The solution, e¢ which vanishes at a 0 


and at a l, and which satisfies equation (1), Is 


given by the known Fourier formula 


2, a, Exp | x, t) sin (3) 
l 
where 
a (y) sin dy (4) 
l 0 ] 
0 
and 
xr? 
(2) 


Solution C9, by Duname.’s theorem [2], which 
corresponds to zero initial concentration in the 


medium and the faces maintained, respectively, 


in contact with gases of concentrations ol (t) 
and ,C (t) is 
iC (r) — F, (2, t — 1) 
ot 
= | 
iC — F, (a. t dr, (6) 
or 
(7) Fi (at —r 
oT 
0 
(7) 


which may be written 
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} 
0 
where 
a 
F,(a,.t) = 1 
x noma 
— 2, exp | x, ¢) sin (9) 
and 
F, (2. t) 
l 
2 = TT 
| n 


After substitution of equations (9) and (10) in 
equation (8) the solution of equation (1) written 
as ¢, satisfies equi ations (i) and (ii). 


After differentiating with respect to 7, one may 


write [3] 
. 
— 
2 b,, exp | t) cos 
cos nwa exp [ x,, (t r)] 
( dr 
where 
b,, 1)" Co (12) 


So equations (iv) now give, respectively 


lg {dC, 


2 Db, exp(— 2,4) 


22 exp | x,, (t r)] 


—(— 1)" de (13) 
and 
elh 

2 5(— 1)"b, exp(— 


22 | ( 1)" exp [ x,, (t r)] 


—(— 1)" ,C’) dr (14) 


Dvr 


Solution of the problem in the form 


Ay 

C. — exp (— Bib) (15) 

-—2 ( t) (16) 


[ where (, denotes the final uniform concen- 

tration of the gaseous solution = given by 

(g +l +h) = (C0) 8 (2) da (,Co) A] 


x 
. 


0 


may be had by substituting. 
and Weaver [4] 


as treated by Marcu 


IC, 

2_ Ay exp (— Bit) (17) 
dC 

1. Bhexp(— (18) 


in equations (13) and (14), re spectively. Kqua- 
tions (13) and (14) will be satisfied identically 
by substituting equations (17) and (18) if Ay, Bi 


and 8; satisfy the equations 


1 
gt | 


B, l | 
(aX B,) 
l ( 1)" 
+ 32, (20) 
| (Xp 
(21) 
( hen B,) 


If equations (19), (20) and (21) lead to unique 


values for the numbers Aj, B;, Bi, equations 


(17) and (18) will yield the problem solution. 


Using the formula 


27 
tan Z 2)? (30 2)? 
(22) 


(50 
and letting 
« 
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Equations (19), (20) and (21) become 


Z, Z; sin Z; 
B, | cot (20°) 
Ye Z; Z, sin 
b, «(2 E 0 ( 1) if 0 
where 
and (24) 
y and y, 
h 


Simultaneous elimination of A;, B;, from equa- 
tions (19’) and (20’) gives 


Z? —(y, ¥2) Zcot Z 


Y1 Ye 

The roots of equation (25) give the numbers 
B. By 
the graphs y = Z* — y, y, and y = (y, + ye). 
Z cot Z, one can readily determine the Z’s for 
which real positive values only are taken. From 
equation (21°), 4; may be had in terms of B;, 8; 
and D’ and equations (19') and (20') can be made 
to yield in terms of A, and 

Considering the A’s, B’s and §’s as known, 
equations (15) and (16) represent the concentra- 
tions in the two gas volumes in terms of final 


uniform concentration C, and ¢. For time 
t — 0 they become 
A 
= (26) 
B, 
B, 
(27) 


either of these permits a numerical evaluation 
of the A;, B;. In the ratios 2 (By Bi) 
which appear before the exponential terms of 
equations (15) and (16), the D’ term cancels, 
since it is a simple multiplier in A;, By and £,. 
In all diffusion problems at large values of ¢, all 
the exponential terms except the first become 
small so that if a plot of log (,C — C,) against ¢ 
is made, a curve is obtained such as shown in 
Fig. 2 in which the curve approaches asympto- 


finding the points of intersection of 


tically a straight line. The slope of this line is 
8. Barrer [5] shows that at small values of 
t it will not be necessary to take many terms of 
the exponential series, in solving for A; and B,. 
By means of equations (15) and (16) for ,C 
and ,C, the concentration distribution in the plug 


is found from equations (3) and (6) to be 


d 
C (a, t) eq 
l n 
(— 1)" By) exp(— 28) 


(a,, B.) 


which satisfies equation (1) and conditions (i), 
(11), (in) and (iv). This considers that due account 
is taken of conditions involved in 
(19°), (20°), (21°), (15) and (16). The y terms 
associated with these equations are expressions 
* effective 


volume to that of respective end containers. 


equations 


of the ratios of the porous plug 


The implied assumptions that the diffusion 
coetlicient is independent of concentration and 


concentration gradient permit this development. 


APPLICATION OF THE GENERAL SOLUTION 


For the case considered here the volume ratios 
y, and y, are equal to y and the subscript will be 
dropped. 

Let the positive roots of equation (25) with 
v1 = Ye = y be Z where i = 0, 1, ; 
arranged in order of magnitude. Standard pro- 
cesses for finding the roots of such an equation 


give 
y 9.,)'/2 
Z, (2y) (1 ==)? 
| ) » (29) 
1440) 
2y 
Zi imn+ ve 
ia 7 


i 1, 2,- . (30) 


Powers of y greater than the second may be 


disregarded since the quantity involved is 


obviously very small. When y, 
(19’) and (20’) show that 


Ye equations 
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Fic. 2. A typical diffusion rate curve log (,C — C,) vs. time. 
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A; B, (31) 
thus the linear equations for Ay become 


Ay + (— 1)" — (32) 


The A; values depr nd on the initial concentration 
in the plug, Cy(a). Let us consider that the 
initial treatment of the plug is such that it ts 


saturated with the gas of container 1 and contains 


no amount of that constituent of container 2. 
Then 0 (27). For this case 
b,, (33) 
[? 
and equation (82) becomes 
with 
l ( 1)’ 
d,, Me (34) 
and 
( l +1 
n* 
The solution is 
(=) 
D fy\. 
2 y | : ) for i even, (36) 
I? 
2» 
Ay 2 y | °| : for i odd, (37) 
él? 


With roots (equation 30) these values of the A, 


give 


y (1 493 


and from equations (26), (27) and (30) and 


we get 
A 3 


It follow Ss 


lL nsteady-state one dimensional countercurrent diffusion of gases 


= — (42) (Ge?) 
fori even orodd, (42) 


from which can be obtained 


of o | Y ) 
af 2 2 (1 6 
Dit 5 2 


D’ t (i? x? ty) 13 
exp (43) 
| 
2 
2 (1 . 
2 + 6 60 
t : 
exp (1 
el 45 
4 6 4 
2; (— 1)’ (1 (44) 
i? a? 77? 
| D' i} 
exp (44) 


APPARATUS AND INSTRUMENTATION 


Fig. 3 shows a schematic diagram for a diffusion 
apparatus which may be used in the measurement 
of quantities necessary for evaluation of the diffu- 
sion coeflicient of a porous sample. All « quipment 
except item C ts enclosed in a constant tempera- 
ture bath. In diffusion tests, pure gases are 
admitted to the system at points A and B. On 
‘ntering the system, both gases pass through an 
electrically-heated preheater C, which may con- 
sist of two 20ft coils of } in. copper tubing 
mounted in an insulated tank of water. Constant 
temperature is maintained in this tank by 
means of a thermo-regulator controlling electric 
current to the heating elements. It is convenient 
to set this thermo-regulator to maintain the 
above that of the 


temperature bath. 


tank temperature at 1-2°F 
diffusion constant 


Fifteen-foot coils D and E (located within the 


system 
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Unsteady-state one dimensional countercurrent diffusion of gases 


eae constant temperature bath), of jin. copper 


tubing and placed in the lines between the pre- 
heater and the diffusion cell proper, will bring 
the temperature of the gases entering the system 
down to that of the constant temperature bath. 

Construction details of a diffusion cell half and 


1 


BE 


a plug holder are shown by Fig. 4. Dimensions 
are shown for illustration. When used in experi- 


MAY 


INCHES, 


mental work two cell sections are clamped to- 


PLUG HOLDER 


gether with the porous plug mounted in the 


flanged cylindrical holder separating them. This 


construction provides a definite cell geometry, 


4 AND 8 


in that the volumes on both sides of the porous 


(OR HOLDERS 


LENGTH OF 


> 


plug enclosed between the cell half and porous 


VOL. 
16 


196? 


medium are equal, and always remains the same 


irrespective of plug length. | 
In the course of an experimental run_ the 


| 

| 

| 

| 

NOTE: 


composition of the gas in each half of the diffusion 
cell (cell halves are H and I) is observed from 


SEE NOTE 
BELOW 


gas analyser. This instrument measures changes 


time to time by means of a thermal conductivity L 


in the thermal conductivity of a gas, and thereby 


changes in composition, as a function of the change 


in resistance of a heated platinum filament. The 


consists of thermal conductivity units L and M. 
Model 30-S Gow-Mac units perform well in this === 


analyser sensing system for this diffusion cell — 
service. In operation a stream of gas is circulated j 


1/4" 


through each conductivity cell by means of small 
gas pumps F and G (Corson—Cerveny bellows 
pumps or other similar units may be used for this 
purpose), which also maintain homogeneity of 
the concentrations in the gas chambers. The 
analyser electrical circuit is that of a Wheatstone 


6" 


UMFERENTIAL 


HOLES (EACH END 
0.032" 


bridge with operation based on constant current 


12 ciR 


conditions and degree of bridge unbalance. ~ 


The conductivity cells are readily calibrated with 


/8 


gases of known composition before conducting ¢ + 

If the constant temperature bath, containing a} | | 7 

the diffusion cell and thermal conductivity units, a a 

is constructed with provisions for both heating 


2" 


and cooling, any temperature within the heating 


cooling range of the system may be selected for ~ | 16° 2 N 
diffusion runs. However, if only provisions for - 
heating are made (with cooling only by heat- 
leak) in the bath design, satisfactory diffusion Fic. 4. Construction details of diffusion cell half and 
runs may be made at some temperature above the plug holder. 
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ambient. for example, wc (bl Thermal determined by the thermal conductivity vas 
conductivity units are somewhat temperature analyser. 
dependent, but under the conditions of the NOTATION 
Dve DallaValle work [1] it was noted that al F a, — Fourier cocflicient 
variation in bath temperature resulted m= a 1, characteristic constant in the general solution 
negligible change in a gas analysis reading. b, — characteristic coeflicient 
BR characteristic constant in the general solution 
( concentration expressed as mole fraction ; 


Dirrusion Test Procepurti general solution of equation (1) 


Cy Cg particular solutions to equation (1) 
Before a diffusion run or test is started, a (, — concentration in porous medium att — 0 
svstematic programm of leak tests should be if p concentration in gas volume 1 at f 0 
made to msure satisfactory diffusion cell per ao concentration in gas volume 2 at f 0 
concentration in gas volume 1 at time / 

formance. Reproducible diffusion test data may ! 

C(t) concentration in gas volume 2 at time 
be msured if the svstem can be evacuated to Cir.t) concentration in porous medium at distance 2 
approximately 2 mm of mercury The schematn and time ¢ 
diagram shown by Fig. 3 shows manner in which ( final uniform concentration in system 
a vacuum pump K may be connected into the D - Fick's second law diffusivity (diffusion 


coetlicient) 


system). 
: dD effective or sought diffusivity for porous medium 
It is good practice to condu two diffusion (related to Fick’s second law diffusivity as shown 
runs for each porous test specimen of a given by D D‘®& 
le neth. one with the specimen saturated with one ry Duhamel's theorem function 
of the two gases used, and another with the F, — Duhamet's theorem function 
length and volur f gas ntainer in general 
specimen saturated with the second gas. This 
solution 
presaturation is necessary to a Mt ie concentra h length and volume of gas container in general 
tion distribution in the test specimen at the solution 
beginning of diffusion (solution of the problem: ts i = designates term of a series 
vreatly simplitied when one of the components is l length and effective volume of porous medium 
, " designates term of a series 
uniformly distributed, Le. when Ce 
1 co-ordinate along which diffusion ts occurring 
at f 0). To acheve this preliminary saturation 
t tune 
one of the cell chambers must be tsolated. This _ an expoential index 
is conveniently don by closing a thin shiding cate F a characteristic constant 
fitted to and recessed in one end of the plug x porosity 
holder. This sliding vate os opened at the start 
1? volume ratio 
of a diffusion run, and during the run composition 
vs. time is recorded for each cell chamber as ~ ' tinne 
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Several surface renewal models are developed to describe mass transfer between 


phases. DaANCKWERTS’ and Hiegsaie’s derivations are examined with re spect to some alternative 


eddy distributions 


residence-time 


dead time and multiple capacitance effects are considered. 


Two other models are based respectively on assumptions of (1) a transient, non-equilibrium 


interface, and (2) a thin interfacial layer of reduced effective diffusivity 


The first of these predicts 


a maximum in mass transfer rate with respect to system agitation. 


Résumé 


de masse entre phases. Les deérivations ce 


compte des temps de résidence et des états tourbillonaires : 


sont msideres 


effets «ke 


hypothéses suivantes (1) 


capacite 
Interface non 


faciale de diffusivitée effective réduit« 


La premiere 


fonction de lagitation du system 


Zusammenfassung — Verschicden 


den Stofftransport zwischen verschicdenen Phasen beschreiben zu kénnen. Dic 


DANCKWERTs et 


a léquilibre 
de ces hypothéses prevoit un maximum de 


Plusieurs processus de renouvellement de surface sont exposés pour decrire le transfert 


sont cxaminees en tenant 


les temps morts et les nombreux 


Deux autres processus sont fondés respectivement sur les 


transitoire: (2) Couche mince inter- 


vitesse de transfert de masse en 


sind entwickelt worden, um 


Ableitungen von 


DaNcKWeErtTs und Hicaie wurden beziiglich anderer Verweilzeit verteilung gepriift Dabei wurden 


Totzeit und mehrfache Speichereffekt« 


betrachtet 


Zwei andere Modelle wurden entwickelt, 


cinmal unter der Annahme einer sich Andernden, nicht im Gleichgewicht betindlichen Grenzflaech« 


und zum anderen unter der Annahin 


fiihigkeit. 


des Systems voraus. 


For some time it has been clear that the stagnant 
or laminar film model is an oversimplified des- 
the 


between phases. 


eription of mechanism of mass transfer 


In particular, it is inadequate 
in relating mass transfer coeflicients to molecular 
incorrectly first-crder 


diffusivity, predicting 


dependence. The experimental evidence favours 
a square-root dependence, whether in tubular 


Furthermore, 


[1] or stirred vessel [2] equipment. 
as emphasized by Hanrarry [3], this model is 
not even qualitatively in agreement with observa- 
tions of the behaviour of a fluid in the immediate 
neighbourhood of an interface. Hanrarry [3] 
and Danckwerts [4] have each discussed the 
of this the 


model based on a transient surface. intermittently 


weaknesses model and merits of a 
renewed by fresh eddies from the bulk of solution, 
Toor and Marcuri.o [5] have partially recon- 
ciled the two models by using the relative age 


of a surface as a criterion. 


ciner dinmnen Grenzschicht mit 


verminderter Diffusions 


Die erste dieser beiden sagt cin Maximum an Stoffiibergang beziiglich der Riithrung 


There is evidence to suggest that an interfacial 
resistance to mass transfer may exist, particularly 
where liquid surfaces are modified by the addition 
-active DANCKWERTS 
that 


included in the 


of surface agents [6, 7] 


has shown this consideration can also be 


surface-renewal model by 


Hicsre [8] 


using a 
boundary condition formulated by 
in conjunction with an assumed eddy residence- 
time distribution. However, both Hicpere’s and 
DANCKWERTS proposals for eddy residence-time 
distributions have shortcomings : the former does 
not allow for statistical variation that is known to 
exist; the latter requires that the most probable 
eddy have a residence time of zero. DANCKWERTS 
has already commented on some limitations of 
his distribution [9]. It is one of the purposes of 
this paper to offer distributions that seem more 
acceptable, and to show how they can be related 
to the two cited above. 


But regardless of the residence-time distribution 
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conductivity units are somewhat temperature analys« 
dependent but under thre conditions ol the NOTATION 
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variation im bath t rape rature resulted im a 1 characteristic constant in the general solution 
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coetiicient ) 
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length one with the specimen saturated with one I, Duhamel’s theorem function 
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Danckwerts’ and Hicste’s derivations are examined with respect to some alternativ: 


dead time and multiple capacitance effects are considered 


Two other models are based respectively on assumptions of (1) a transient, non-equilibrium 


interface, 
a maximum in mass transfer rate 
Résumé 


de masse entre phases. Les dérivations de 


compte cle s te che 


effets de capacité sont considérés 
hypothe ses suivantes (1) Interface non 
faciale de diffusivite effective réduite 


La premiere 
fonction de lagitation du svstén« 


Zusammenfassung 


den Stofftransport zwischen verschiedenen Phasen beschreiben zu kOnnen. Dik 
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betrachtet 
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and (2) a thin interfacial laver of reduced effective diffusivity 
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a VPeéquilibre 


de ces hypothéses prévoit un maximum de 


The first of these predicts 


with respect to system agitation 


Plusieurs processus de renouvellement de surface sont ¢ xposeées pour décrire le transfert 


les temps morts et les nombreux 


sont cxamiunces en tenant 


Deux autres processus sont fondés respectivement sur les 


transitoire 2) Couch 


mince mter- 


vitesse de transfert de masse en 


Verschiedene Oberflachenerneucrungsmodelle sind entwickelt: worden, um 


Ableitungen von 
Dabei wurden 


Zwei andere Modelle wurden entwickelt. 


cinmal unter der Annahme ciner sich Andernden, nicht im Gleichgewicht befindlichen Grenzfliche 


und zum anderen unter der Annahin 
fiihigkeit. Dic 


des Systems voraus. 


erste 


For some time it has been clear that the stagnant 
film model Is 


the 


or laminar an oversimplified des- 


eription of mechanism of mass transfer 


between phases. In particular, it is inadequate 
in relating mass transfer coeflicients to molecular 
diffusivity, predicting incorrectly a_ first-crder 
depence nee. The exp rimental evidence favours 
a square-root dependence, whether in tubular 
[1] or stirred vessel [=z] equipment. Furthermore, 
this 


not even qualitatively in agreement with observa- 


as emphasized by Hanrarry [3], model is 
immediate 
3] 
and Danckwerts [4] have each discussed the 
the 


model based on a transient surface. intermittently 


tions of the behaviour of a fluid in the 


neighbourhood of an interface. Hanrarry 


weaknesses of this model and merits of a 
renewed by fresh eddies from the bulk of solution, 
Toor and Marcuri.o [5] have partially recon- 
ciled the two models by using the relative age 


of a surface as a criterion. 


einer dunnen Grenzschicht mit 


dieser beiden sagt cin Maximum 


verminderter Diffusions 


an Stoffiibergang beziiglich der Rithrung 


Ther 


resistance to mass transfer may exist. particularly 


is evidence to suggest that an interfacial 
where liquid surfaces are modified by the addition 


active agents [6, 7] DANCKWERTS 
that 


included tn the 


of surface 


has shown this consideration can also be 


surface-renewal model by 


Hicsre [8] 


j 


using a 
boundary condition formulated by 
in conjunction with an assumed eddy residence- 
However, both Hicrir’s and 


time distribution. 


DaNckWerts proposals for eddy residence-time 
distributions have shortcomings: the former does 
not allow for statistical variation that is known to 
exist ; the latter requires that the most probable 
eddy have a residence time of zero. DaNCKWERTS 
has already commented on some limitations of 
his distribution 9}. It is one of the purposes of 
this paper to offer distributions that seem more 
acceptable, and to show how they can be related 
to the two cited above. 


But regardless of the residence-time distribution 


I. 


chosen, the Higbie-Danckwerts model accounts 
for any interfacial resistance that may exist by 
using an equivalent mass tr ler coelheoent, 
Danckwerts [10) has offered Interpretation 


of this coetliment, which is cde oped from thi 
kimetr theory ol iscs How: er. the use of this 
parameter for hquid liquid or yuid solid mter 
faces (which appear to require it more without 
theoretical justification Hen would seem 
worthwhile to postulate other ways of interpreting 
mterfacial resistance especially if the new mock ls 


predict novel eff ts or relate ton fundamental 


These 
ing Models Il and Ill in what f WS, 


parameters were thr rei tor develop- 


Move. 


Following La» CKWERTS 1 nsider an eddy 


ol thuid min turl ilent field W swept mito 
contact witl ul interface kor short time 
interval the eddy may be treated as of semi- 

infinite extent. Then 
D- 1) 

ot 

— J) k ‘ 0 0 (4 
oa 

Equation detines the interfacial resistance. 


(1 in terms of the equilibri il concentration. 
The 


instantaneous 


and the 


solution to this set of eq tions gives the 


surtace concentrator as 
instantaneous mass flux as 
N k (c* Cy) exp | ertc / (6) 
D 


that 


DANCKWERTS 


To allow for the spectrum of eddy ages 


must exist at any real interface 


sums the instantaneous fluxes with respect to 


the assumed eddy-age frequency function* : 


*It will be the tin 


instead of its reciprocal, used by DANCKWERTS 


convenient to use parameter, r, 


» (ft) exp ( t/r) 


(7) 


He obtaims the measured mass transfer rate, R. by 


N di) dt (8) 


FIN 
V(r D) 


Phe corresponding mass transfer coeflicrent, A, ts 
A (10) 


The solution is equation (30) of DANCKWERTS’ 
paper | 4 It is evident that the assumed eddy - 
age frequency function is one of the important 


components of this model, as indeed DancKWerTs 


has rep itedly emphasized, Hicere’s initial 
postulat was that all eddies have the same 
residence tine. tr: this is equivalent to a constant 


distribution : 


or, in terms more familiar in chemical engineering, 
called the 


equation, on 


plug flow 
the 
idea that all eddies are equally 


this may case, 


DANCKWERTS other hand, 
nds on the 
likely to be displac ed, re cvardl ss of age. This is, 
after all, the The 


plug flow and well-mixed character of these two 


familiar well-mixed vessel. 
eases. can bn proved more formally by resort to 
This 


derived the relationships that must exist between 


the work of ZWIETERING author 
the eddy residence-time distribution [ F over 
a time interval | and the eddy-age frequency 
function |4(t) at an instant in time | in a contin- 
uous flow system. His equation (8) is as follows 


in the svmbols used here: 


(1) F (t)] (12) 
The distribution function, F (@), is related to f(@), 
the frequency function of residence times, by the 
definition 
dF (@) 

dé 


(13) 


Considering the set of eddies in DANCKWERTS. 


= 
| 
q 
d 
| 
ge 
> 
— 
1. Introduction mer 
| 
3 
| 
Fe 
| 
| 
| 
: 


Surface 


model to be the elements in a thin (essentially 


two-dimensional) vessel at the interface, 
ZWIkTERING’S relation can be used to show that 
the 


corresponds toa residence-time frequency function 


age frequency function of equation (7) 


of identical form : 


exp | or) (14) 
Equation (14) may readily be identified with the 


function resulting from analysis of a single 


well-mixed vessel. This is a convenient cd scrip 
tion of Danckwerts’ assumption, for it invites 


several alternatives for comparison, 


2. Multiple capacitance eflect 


One of the contributions ol 


DANCKWERTS’ assumption on eddy age distribu 


tion is that it takes into account the probabilistic 
But, as 


it does not seem reasonable that the 


nature of the surface renewal process. 
noted above. 


likely 


required by equation (14). 


most eddy residence tin bn AS 


One approach to a 
more satisfactory representation might be to 
recall that in general, multi-vessel systems tend 
well- 


between and 


In the 


of infinitesimal vessels are equivalent to a plug 


to compromise plug flow 


mixed models. limit, an infinite number 


flow stem [12 


If the mass transfer operation ts considered to 


involve two capacitances in series, suitable 


residence-time frequency function ts 
f(@) 


exp ( 


In a more physical sense this system may be 


thought of as flow into a well-mixed primary 


region followed by passage into a_ well-mixed 


secondary region. But it should be emphasized 
that both primary and secondary regions are part 
of the thin boundary zone composed at any 
This 


transient 


instant of the collection of interface eddies. 


zone 1s in essence a_ two-dimensional 


reservoir from which mass is transferred by 


l 
the residence-time frequency function of this two- 


As can be seen from Fig 


molecular diffusion. 


capacitance model avoids the objection cited 


above: there is now zero likelihood of finding an 


renewal models in mass transfer 


and in fact the 
(the 


eddy with zero residence time. 


most probable residence time maximum 


on the curve) is: 


v 


Fic. 1. Distribution and functions for 


eddies in (a) 


frequency 
double 


well-mixed systems. 


single- and (b) capacitance, 


(16) 
To 


always greater than zero. It may also be noted 
that 


vonding eddy-age frequency function, 4 (ft). has 
y-ag | 


from the same Fig., however. the corres- 


not been changed as radically in going from the 
single vessel to the dual vessel model. 
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@ = residence time 
VOL, 
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 i—= | | 
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= 


Using equations (12) and (13), and returning 
equation (8) for the mass transfer rat 
exp | 0 
ry 
EXP | (/ (17) 
(f T, CXP 
3 
l 
A 
| Te" 
j (19) 
1 \ r, D) (1 k) DD) 


If both primary and secondary regions have the 


same mean residence time, r ». 
20 
exp 20 + (21) 
21 
(D7 2,2 (28) 


It is not dificult to extend this deve lope nt to an 


vessel system by starting with the residence 
time frequency function 
+" 
The results for various values of » may be con 
sidered as successive cle grees of be 
tween the Highie and Danckwerts models. For 
comparison the solutions for and are 
shown in Fig. 2. The n © case is the Higbie 
solution. 
It is abundantly clear from Fig. 2 that the 


multiple capacitance point of view does not have 


much promis 


The 
three lines in this Fig. never differ by more than 


experime ntal mass transfer measurements. 


about 13 per cent, even in the limit. Evidently, 


it does not much matter whether the interfacial 


» 
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with regard to imterpretation of 


zone acts as a single well-mixed region, or a plug 


flow region, provided that all the fluid in this 


region is in motion. 


Fig. 2. Mass transfer relations according to model I 


3. Dead time effect 


A residence-time frequency function with zero 
intercept can also be arrived at by an alternative 
approach: that of considering the otherwise well 
mixed boundary zone to contain stagnant pocke ts. 
this 


imperfect mixing such as would perhaps be found 


Physically, situation would result from 


in the presence of locally laminar flow. Experi 
mental evidence for such a case has been presente d 
113), 


by Lynn et al. who studied mass transfer 


over a string of spheres. However, this pheno 
menon can probably be expected to a greater or 
lesser extent in any fixed bed contaming regions 
in laminar tlow. 

To account for stagnant pockets a dead time A, 
be added to the 


residence-time 


may single-vessel model by 


adopting the frequency function 


0 1 
f(@) (25) 
~ exp | (0 A) 0 A 
Applying definition (13) gives 
F (@) (26) 


—exp[—(@ — A)/r], >A 


It should be noted that the + in equation (12) 
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the 


consequently, the dead time must be 


refers to the total mean residence time for 


system ; 
added to the equivalent mixed vessel parameter, 


Thus, equation (12) provides 


A) 
(t) 


A) r|, 


(+ 


Equations (25), (26) and (27) are shown graphically 


in Fig. 38. Continuing by the procedure outlined 
above : 
VOL, 
16 
196? 
@= residence time 
t= age 
Fic. 3. Distribution and frequency functions for 


eddies in a single capacitance system with dead time, 
but otherwise well-mixed. 


odels in mass transfer 


fz exp [ ()/r]dt (28) 
ok A k exp (A/r) 
J (pe) | 1) D) (1 
| T A 
k? 
exp A\ ertck = (20) 


In the limit as A -+ 0, equation (29) reduces to 
the simple equation (10). As k © (no inter- 
facial resistance), the following simplication ts 
obtained : 
dD 
| T (A/r) l 
2 A A 
exp (4 ry) erte (30) 
T 


The bracket in equation (30) may be thought 
dead A. 


This factor is tabulated in Table 1 as a function 


of as a correction factor for the time, 


of the ratio (4/r). For values of the argument 
vreater than 10, the value of the correction 
factor may be calculated from the asymptotic 
equation 

K 2 (31) 

TA 

It is interesting to note further that in this 
limiting case the mass transfer coetlicient ts a 
function of dead time, A, but is independent 
of the first-order mixing parameter, 7 This 
observation suggests that the Higbie model ts 


equivalent to an all dead time distribution, as 


indeed it must be. 
Equation (29) can also be used to develop the 


Higbie solution for the case which includes inter- 


facial resistance. In the limit as (4/r) > ©, 
equation (29) becomes 
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This solution is ac tually the » Case 


if the { is identified with the 


| (32) 


of Fig. 3. 
dead time residence 
timer. 

Unlike the for the 
multiple capacitance model, the dead time effect 
Tabl 


transter rate will be 


situation described above 


can very 


that the 


vreat 1 shows, for example, 


reduced by 


aw per cent, il the dead time becomes feur times 


as great as the well-mixed residence time para 
meter. 
Table 1 Correction factors for dead time (single 
capacitance system. no interfas resistance) 
Factor from equation (30) 
0 
0-42 ooo 
O-S5 
O78 
1-44 O71 
2-25 0-62 
oo O-50 
0-42 
0-36 
Mopet 
The presence of an apparent interfacial resis- 


tance can be rationalized in another way by 
postulating a non equilibrium interface condition. 
Several authors [4, 7] have pointed out that some 
this 


velocity 


finite resistance must be expected from 


source, aS a consequence of the finite 


of colliding molecules. Atte mpts at experimental 
verification of this expectation have produced 


The 


resistance 


early evidence 
[14] at a 


face has been overshadowed by a series of negative 


nuxed results, supporting 


interfacial gas-liquid inter- 
findings 15. 16). Nevertheless. there remains 


reason to expect such resistance at less mobile 
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boundaries and at boundaries affected by surface 
The 


support in QUINN and JEANNIN’s findings [17], and 


active agents. former has experimental 


the latter are discussed in detail by Harvey 


and Suvra [7 These ideas mav be formalized by 


writing the boundary condition : 


Cy) (l exp | \t)), 


(33) 
the rate 


Soly 


where the parameter A is a measure of 


of equilibration at the interface. 


tions (1), (2), (3) with boundary condition (38) 


gives (after Carstaw and Jarcer [18}]): 


\ 7) \ 
lexp 5) | 
exp | i 


erfe | (34) 
2 \ Dt \ | 
The instantaneous mass flux is 
N — ey) y/(DA) exp \f) 
ert \ t)] (35) 


Model I, 


distribution of equation (7) the result 
Ar 

k- | | 

l 


It is instructive to rearrange this result in a form 


Proceeding as for one obtains for the 


eddy 


\ (36) 


directly comparable with equation (10); 


K (1 \y Dr) (r D)] (37) 


In comparison, it is obvious that the interfacial 
‘an be expressed as an equivalent 


This 


resistance 


coetlicient even in this” case. pseudo- 
coetlicient would be the product : A \ Dr. 
Furthermore, it is clear from equation (37) 


that an appreciable effect of interfacial resistance 
will only occur if A is small enough to make the 


first denominator term (say) 20 per cent of the 


af 
| 
| 
ele 
3 
| 
| 
| 
| 
| 
| 
: 


Surface 


Fic. 4. Mass transfer relations according to model I 
VOL, second ; that is, if (1 A) 0-2-7. Thus, if +r is 
16 taken as perhaps I sec the time constant of the 


surface equilibration 


le ast sec. lt 


first-order proc CSS 


would have to be at seems 
probable then, that experimental measurements 
would require ¢ ither a phi sical arrangement with 
much smaller 7, or a system with correspondingly 
smaller A. This model may also be varied to account 
for the multiple capacitance or dead time effects 


for Model I. 


corresponding to the two-vessel residence-time 


discussed For ex imple, the result 
frequency distribution expressed by equation (20) 


can be written as 


(2) Ar (10 3 Ar)| 


(338) 
(2 Ar)* 
~ 
| jo 
As 


AT 


Fic. 5 


renewal models in mass transfer 


kor comparison with the results of Model I 
these solutions are shown in Fig. 4 for the cases 
of 1 and 2. The curves for this model are 


very sinular to those obtained for Model I (Fig 2). 
Neverthe le SS 


Model IT and most other mass transfer models can 


a very striking difference between 


bye emphasized replotting the equations 


such a way as to confine the parameter 7 to the 


race iL ndent abscissa variable. The mass transfer 
coctloient then exhibits a maximum, as shown in 
35. Kquation (36), tor example, predicts 

_ elm O-5 \ DX at Ar l (39) 


This bebay of the fact that 


our is a conseq iu ree 


this model, unlike the others, requires an initial 
flux of zero: 
lium lim }(c* Cy) | (Da) 

| Vy ertiy \t |} 0 (40) 
One experimental test for this model would, 


therefore, be a study of mass transfer coellicients 
with 
ited 


this effect might only be measurable in systems 


for evidence of oa 
(the 


maximum respect to 


agitation parameter 7+). As above, 


with small values of A; Le. where surface equili 
119) bas 
be detec- 


where the 


relatively slow. SECOR 
that 


table in a 


bration 1s 


suggested such behaviour might 


crystallization 


pre CSS, 


surtace equilibration could be retarded by the 


Mass transfer relations according to model U. 
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2O3 


5) 
: = 
— 


rie’ 


essity ofl 


position 


it mol cule 


finding 


i Suitable 


DD. DD. 


ervystal on the co-ordinates of Fig. 6. This mav be done 


by letting 


Mone. Il ( 46) 
Another explanation which has been offered 
for interfacial resistance attributes the effect toa ] 
narrow rewion adjacent to the tertace in which a Wy, 
reduced effective diffusivity is to be found [4 
This is presumed to be due to relatively short iY 
range molecular interactions with the second «| | 
As before consider a  sembintinite eddy. 
but having a thin surface laver of thickness. L. s 
in which an effective diffusivity is applicable 
Assume the surface in contact with the second 
phase to be im equilibrium with it, and assum } 
equal thux and concentration of solute at both LJ 
sides of the boundary between the eddy and its / a -- 
thin surface laver Then following Crankx’s 
equations | 20 
A 
CR LY 
: (2? l ! Fic. 6. Comparison of mass transfer models 1 (broken 
= 4 | (#1) lines) and III (solid lines) 
\ 
where » #2) Making this substitution in equation (10) and 
\ D) using the definition of x given in equation (42) 
Fhe mstantaneous thux is KI. 
wv \e It is clear from Fig. 6 that the two models becom 
_ (43 identical for small values of “r) for all 
values of x; this effect is to be expected as the 
Continuing as before. the eddy distribution surtace tilm thins out. or the mean residence time 
to large values. The two models do not 
vive the same result for the limit x 
k F exp 2 In fact, while Model I shows a limit 
\ \ to the mass transfer rate Model III predicts a 
which reduces, by the sum for a ecometric eerie. flicient increase without limit as the agitation 
Is Increased (parameter decreased). This 
| difference is a consequence of the Model II] 
A _ $5) equilibrium intertace assumption. Model I can 
zexp (— 2L/y only show interfacial equlbriam if L 0. 
Equation (45) is graphed in Fig. 6 in terms of 
two dimensionless yroups and tl} parameter, x. CONCLUSIONS 
It is possibk to compare this moc with equation Several surface renewal models have been 


10) of Model I by also showing the 


latt« req 


lation developed to describe mass transfer between 


= 
: 
me VO) 
1 
mere 
; 
= + 
| 
ad 
= 


Surface-renewal models in mass transfer 


Dead tin 


effects were considered. 


phases. and multiple capacitance or more 


pros 


DANCKWERTS’ assumption that all eddies are IS 


equally likely to be displaced, regardless of age, — tionally 
is Shown to be equivalent to a well-mixed surface 
zone; Hicnir’s assumption that all eddies have 
the same residence time is treated as a plug flow 


surtace zone. The various intermediate cases 1 


differ only slightly from one another, as regards 


predicted mass transfer rates, and the use of = 
capacitance models does not appear to D 
offer much advantage. On the other hand. a - 
dead-time model which accounts for the existence f (0) 
of local stagnant poke ts does predict Important F (@) 
differences in mass transfer. 
non-equilibrium interface condition can be 
deseribed as an exponential time function by K 
using a single “relaxation” parameter. The 
result predicts a maximum in transfer rate with L 
respect: to agitation. = 
Apparent interfacial resistance can also be 
interpreted by postulating a narrow (but finite) » 
interface laver of small effective diffusivity. The t 
result agrees with the relations arising from ! 
Danckwrrts’ model when either (1) the inter : 
facial layer is especially thin, or (2) the mean : 
residence time is especially large. ; 
rimental tests of the models described 
here are made diflicult by the inclusion of several T» 
parameters, each of which is not subject to  (!) 
straightforward measurement. However. it may , 
. erf (Z) 


be possible to evaluate them from mass transfer 


experiments by climinating some, or holding one — erfe(Z) 
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concentration 

bulk concentration 

equilibrium concentration 

diffusivity 

effective diffusivity in film at interface 
residence-time frequency function 
residence-time distribution function 

reciprocal of interfacial resistance, expressed as 
mass transfer coellicient 

measured mass transfer coeflicient 

maximum value of A 

thickness of interfacial tilm 

Laplace transform 

instantaneous flux 

the number of vessels in a cascade 

measured mass transfer rats 

time 

distance perpendicular to interface 

residence time 

equilibration-time parameter 
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mean residence time for the first vessel 
mean residence time for the second vessel 
age frequency function 
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Heat transfer coefficients for boiling mixtures 


Experimental data for binary mixtures of large relative volatility 


V. Srerenuine and L. J. TrenacreK*® 


Shell Development Company, Emeryville, California, U.S.A 
(Received 28 March 1961) 


Abstract In the process industries boiling is usually used to separate the components of a 
mixture Notwithstanding, published correlations of heat transfer rates in boiling are almost 


always based on studies on pure substances and involve the tacit assumption that a pure compound 


and a mixture with the same average properties boil alike. The data presented here show that 

VOL, this assumption is untrue and unsafe 
16 Heat transfer cocflicients were measured in a pool boiler for fourteen binary mixtures 
1049 Included were systems which form ideal solutions and systems with strong positive and negative 


deviations from Raoult’s law. The boiling range was larger than 170 F in all cases 


; In these systems with wide boiling range, boiling heat transfer coeflicients are smaller, by up 
to thirty-fold, than the appropriate average of the coeflicients for the two pure components. 
This is due to a diffusional resistance which appears when, as a consequence of boiling, the com- 


ponents are partially separated. 


Résumé Dans les procédés industricls on utilise en général la distillation pour séparer les 
constituants d'un mélange. Cependans les relations publices sur les vitesses de transfert de chaleur 
en distillation sont presque toujours fondées sur des etudes de corps purs avec Uhypothese tacite 
qu'un constituant pur, et un melange avec des proprictes identiques distillent de la méme facon. 


Les données présentées ici montrent que cette supposition est fausse et hasardeuse 


Les cocflicients de transtert de chaleur ont été mesures dans une chaudi¢re pour quatorze 
meéelanges. Dans ces systémes certains forment des solutions idéales, d'autres manifestent un 
fort écart positif ou négatif par rapport a la loi de Raoult. L intervalle entre les temperatures 


dWébullition est supérieur a 170 F dans tous les cas 


Dans ces svstémes a grands intervalles de distillation, les coeflicients de transfert de chaleur 
a lébullition scent plus petits — plus de 30 fois — que la moyenne des coeflicients pour les deux 
composants purs. Ceci est di a la résistance cd la diffusion qui apparait quand les constituants 


sont partiellement séparés par suite de Vébullition 


Zusammenfassung— In der Verfahrenstechnik wird das Verdampfen gewohnlich zum Trennen 
von Komponenten einer Mischung benutzt. Trotzdem sind die verdffentlichten Wiirmetiber 
gangsgeschwindigkeiten fiir die Verdampfung fast immer auf das Studium reiner Substanzen 
begriindet und schliessen die stillschweigende Annahme mit cin, dass reine Verbindungen und 
Mischungen unter sonst gleichen Bedingungen auch gleichartig sieden Die hier veréffentlichten 
Daten zeigen aber, dass diese Annahme unwahr und unsicher ist 

Wirmeitibergangszahlen wurden in cinem Verdampfer fir 14 binire Gemische untersucht. 
Darin waren Systeme eingeschlossen, dic ideale Losungen darstellen und solche, die stark positive 
und negative Abweichungen vom Raoult’schen Gesetz zeigen. Der Siedebercich war in allen 
Fillen grésser als 170 F. 

In den Svstemen mit grossem Siedebereich waren die Wirmeiibergangszahlen bis zu einem 
dreissbigstel kleiner als die durchschnittlichen Werte fiir die beiden reinen Komponenten. Dies 
ist durch den Diffusionswiderstand bedingt, der auftritt, wenn im Verlauf der Verdampfung dic 


Komponenten teilweise getrennt werden. 


* Present address: Shell Oil Company, Norco, Louisiana. 
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Piorroske AND Scort from Raoult’s law) were studied, the results 


A mason use of boiling is in the separation of widely applicable. No attempt is made here to 


components ol und muxture It Is r explain the results completely Th Purpose of 
My i 


surprising therefore that almost all studies of this paper & to pres nt the data with only a few 


heat transfer during boiling deal only with pure explanatory remarks 
components The standard texts on heat transter : 
present correlations that can be used for mixtures Procrpurs 
only bw tacitly assumine that mixture boils The cleetrically heated pool boiler shown in Fig. 1 was 
like pure component ame average used The sides, top and bottom are of jin, thick 
aluminium welded to form a chamber with inside dimen 
sions (ham. wick Tin. high Sin. deep. Windows 
In our early ittempts to \plamn boline of in. thick pyrex glass were clamped to the open ends 
theoretically, we ted that this issu ption of the frame using neoprene caskets. operation the 
would be verv bad when applied to mixtures of boiler holds about 1) 1. of lequied 
wide boiling rance The heating surface is formed by a Siin. length of 
No 7 stainless steel hypoderni tubing of 
experiments reported her how that this ts 180 and 015 wall thickness Lengths of 
indeed the case Consider, for ex ple. the follow Jin. copper tubing were brazed to the stainless steel 
ng tvpreal data for boiling of thvlene glveol section and the assembly inserted horizontally through 
water mixtures at one atmosphere pressure electrically insulating seals in the aluminium walls, The 
seals were made of bakelite grommets mounted so as to 
press a teflon gasket against both copper tubing and 
lrop required t fran 
Sixty evel ilternating clectric current was passed 
Tht be directly through the heater from the secondary of a 
specially constructed transformer which was wound to 
i deliver 3v at 200 A with a maximum of 110 Vv on the 
Pure water 25 primary \ Variac in the primary circuit regulated the 
21 v water, 70 glveol 1 power to the heater. The voltage drop across and current 
Pure ethviene giveol JS flow through the heater were measured by meters and the 
power computed as for a resistive load 
For temperature measurement, three thermocouples 
Obviously an engmeer who overlooks this were placed inside the stainless steel heater one ] in 
effect of composition op boilis mav blunder inboard from the right end, one at the centre, and one 
the san Vigour oft ncleate boiling Che Chermessupe wines 


covered single strands of 28-gauge tron or constantan wire 


for a mixture as for a pure component, he may 
The iron-constantan connexion was made by carefully 


be led to Sper ifv a boiler which ts too small Or. silver soldering a small section of the wire to produce a 


attempting to IMP e operation hee may junction which was as close as possible to a point contact 


The thermo couple at the left end of the heater was brought 


recommend a change in the wrong direction. 


in through the tubing from the right side and vice versa 


For example, ordinarily one would expect that 
This placement climinates most of the error due to con 


ne > orce 
increasing recycle rate to a | crreulation duction along the thermocouple wires. The bare thermo 


boiler would merease bor! up rates It has been couple junctions were coated with sodium silicate to 


found. however. that mereasing reulation m a electrically insulated them against contact with the insick 

vlyvcerol water evaporator was harmful in at least surface of the stainless steel heater \fter the thermo 
uples wer laced at tl wosit 

one case known to the authors Che observed couple ere place i wir measured positions insick 


the heater silicon carbide powder was packed inside the 


loss in heat transfer is attributable mainly to the 


heater tube around the thermoc ouplh s. Besides preventing 


SUpPpression of boiling due. in part to chanae in movement of the junctions during us« this powder also 
feed composition insures good thermal contact between the thermocouples 
In this paper, we pres nt data for pol boiling amd the heater tubing and reduces temperature thictua- 


tions. With these precautions in the placement of the 
at atmospheric pressure of binary mixtures with 
thermocouples and by the use of fine thermocouple wire, 
ovr con 
wick woling range Since all the nmon solution conduction errors in the thermocouple reading were muack 


types (negative zero) and positive deviations negligibk he thermocouple e.m.f.s were measured on 
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relative volatility 


Experimental data for binary mixtures of large 


O Polished Surface 
© Freshly Treated with SiC,, Good Nucleation 
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Heat transfer coeflicients for boiling mixtures 


affects heat flux. To 


random 


heating surface greatly 


obtain data unobscured by changes 
in surface condition requires considerable care. 
Since the object of this work was to study the 
effect of liquuid composition it is suflicrent to 
be able to make surface that gives reproducible 
results for a given system. Of course, it would be 
desirable also to make a surface that gives results 
reproducible from system to system. 

Several treatments of the heater surface were 
tried. Polishing the heater with fine crocus cloth 
gave a very smooth surface, but poor nucleation ; 
the boiling was bumpy. Surfaces polished with 
rough grit cloth were initially very variable and 
furthermore changed in several days time. 
Chemical roughening of the surface with a mixture 
acid and ferric chloride 


of hydrochloric gave 


an apparent uniformly rough etching, but the 
nucleation was poorest of all surfaces tried. Best 
results were obtained by grinding No. 200 silicon 
against the heater surface with a 


carbide grit 


piece of brass. A relative motion that crushed the 
particles against the surface appeared preferable 
to those that scraped the grit along the surface 
This 


adopted for all data reported here. 


treatment was 
After a few 


hours of use the boiling stabilized with relatively 


to produce scratches. 


good nucleation. 


Table 1. 


Experimental data for binary mixtures of large relative volatility 


Figs. 3 and 4 illustrate the effects of surface 
treatment and show why careful preparation of 
the surface and judicious interpretation of the 


water boiling on several surfaces ; 


results are essential, 3 data are given for 
in Fig. 4 are 
data for isopropanol boiling on a single surface 
on different occasions. 

Conclusions prese nted in this re port are based 
solely on intercomparison of results for a singk 


taken 


time of a few hours at most 


surface within a total elapsed operating 


DATA 
The fourteen binary systems studied are listed 
in Table 1. 
Prope rties of the pure compone nts are shown in 
Table 2. 


and vapour liquid equilibrium data derived from 


viscosities for the mixtures in Table 3. 


the measured boiling points in Table 4. Note 
that we have included systems which obey 
Raoult’s law, e.g. water glycol, systems with 


IPA—Ondina oil, 


deviations, e.g. 


large positive deviations, e.g. 


and systems with large negative 


carbon tetrachloride—Ondina oil. 


Original data taken were mixture composition, heater 


voltage and current and thermocouple e.m.f.’s for the 
liquid pool, the right end the centre and the left end of the 


derived heat transfer coeflicients arc 


heater tube. The 


Systems studied 


System no. More volatile 


component, 


Le ss volatile 
A component, B 1 


olume 


Benzene Ondina No. 17 Oil 

2 Methyl! chloroform Ondina No. 133 Oil 100, 90, 80, 60, 40, 20 

3 Carbon tetrachloride Ondina No. 133 Oil 100, 90, 80, 60, 40 

‘ Carbon tetrachloride Di-n-butylphthalate 100, 90, 80, 60, 40, 18, 10, 5 

5 Jsopropanol Ondina No. 17 Oil 100, 90, 80, GO, 40, 20, 10, 5, 2-5 

6 Isopropanol Di-n-but viphthalat« 100, 90, 80, 60, 40, 20, 10 

7 Jsopropanol Ethylene glycol 100, 90, 80, GO, 40, 20 

s Isopropanol Glycerine 100, 90, 80, 60, 40, 20, 10 

” Methanol Ethylene glycol 100, 90, 80, 60, 40, 20 

10 Methanol Glycerine 100, 90, 80, 60, 40, 20 

11 Water Ethylene glycol 100, 70, 50, 21, 11, 3, 0 

12 Water Glycerine 100, 79, 56, 34, 12, 5, 2 

13 Methanol Amyl alcohol 100, 60, 27, 8&5, 0 
Isopropanol X-38 resin 
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Table 5. De rived boiling data 


QA \T h h hy QA \T h h, h, 
System 1. Benzene-Ondina 17 Oil System 1 (Contd.) 
Run 110 100° benzene Run 107 60°. benzene 
72.400 200-0 33-0 2158 72 2066 119,900 203°3 590 v7 402 
56,000) 208-2 1771 71 102.000 247-7 162-0 630 539 
+400) 200-0 30-0 1478 70 1408 320-4 134-8 586 
82.400 202-4 26-6 1210 6s 1151 61,000 208-5 112-6 168 
23,200 190-8 23-8 WOT +7 284-0 477 7s 
15,100 17-1 21-1 716 652 34.800 270-5 75 335 
82.200 205-0 20-0 1112 6g 1042 24,800 259-5 730 335 72 263 
SoM) 17-1 61 15.000 246-1 250 6s 190) VOI 
72,400 210-4 O44 2105 73 2033 O54 251-6 wu 107 ti4 133 16 
34,600 272-6 76 $22 104 
70.000 321-8 580 
Run 101 100° benzene 
119,500 385-1 100-4 508 
72.400 208-8 33-5 72 2002 re 
56,000 207-1 31-7 1705 71 172% 
44.381 204-8 204 1510 70 
32.500 202-1 26-7 1215 OS 1147 
23.200 23-7 66 910 Run 108 40° benzene 
15,100 1968 215 704 139,000 | 451-6 255-0 152 
Isl 119.000 396-1 199-6 305 87 508 
32,200 205 70 06,700 3647 168-2 575 82 193 
72,800 2158 72 2061 77,000 339-0 142-5 545 7s 
60.700 314-3 117-7 515 74 41 
Run 105 90°..v benzene 45.000 204-6 70 
24.200 261-4 O45 373 63 310 
74,500 | 2469 109 oes 15.600 246-8 30-3 $11 252 
$6,558 tide oe 816 3.000 Os 331 
| 78,000 351-1 154-5 05 80 424 
15,100 212-0 73 
206-5 28-5 200 ov 230 
22.700 224-5 Wied 625 
74,100 1058 970 
Run 109 20°. v benzene 
144,000 271-8 530 86 tee 
Run 106 80%v benzene 121,000 4608 231-2 522 82 +41 
94,400 812-2 132-0 710 616 98,600 426-9 197-3 78 $22 
75,500 285-2 103-0 727 su 78,000 304-8 165-2 7 WS 
58.500 263-9 S46 ool st 60S 61,900 138-6 the 70 377 
$5,500 2541 74-7 ooo 527 47,400 347°8 118-2 354 
33,600 247-0 67-6 07 79 418 34,600 326-4 357 204 
23.600 240-1 77 S12 24.400 310-1 80-5 303 245 
15.500 233-0 53-6 75 218 15.800 200-3 20) 205 
8420 213-0 33-6 250 hh 184 9550 269-7 1 238 ”O 180 
33,400 250-9 6 386 33,000 331-7 102-1 332 268 
75,500 201-1 O76 585 79.300 75 368 
94.400 810-6 131-3 719 625 146,000 508-5 278-0 522 87 456 
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Heat transfer coeflicients for boiling mixtures 


Table 


Derived boiling data 


contd, 


Experimental data for binary mixtures of large relative volatility 


Run 83 90° v1 


70 80°,v methylichloroform 


h 


Methylchloroform Ondina 133 Oil 


69 100°. methvichloroform 


1932 
774 


Run 82 100°,.v Methylichloroform 


2000 
1481 
1183 
Sil 
595 
380 
177 
125 
337 
1101 
1067 


817 
730 
620 


i- 


333 
213 
Hit 


70 


558 
406 
431 
348 
203 


281 


QA 


System 2 


9520 
35.700 
80.400 


Run 71 60°, 
123,000 
101,700 
81.800 
63,800 


000 
36,700 
83.200 


124,500 


Run 72 40°, 
139,000 
124.600 
102,100 
82,100 
64,100 

17 400 
35.800 
24.600 
15,600 

S680 
35.800 
82.100 


123,700 


Run 73 20°, 
140,000 
128.800 
104,700 

83.000 
65.600 
50,100 
36,200 
25,400 
16,700 
9540 
36,700 
85,000 
128,000 


Contd.) 

226-6 
132-2 
305-0 136-1 


methyvichloroform 


113-2 237-5 
386-0 210-3 
1790 
326-4 150-7 
B07°1 131-2 
282-09 107-2 
285-3 100-6 
268-0 02-3 
248-6 729 
227-4 51-7 
354-3 179-5 
281-7 207-0 
426-3 253-3 


Vv methyichloroform 


289-7 
145-6 250-3 
410-7 224-4 
380-6 194-3 
173-2 
338-7 152-4 
318-7 132-4 
206-9 110-6 
273-4 87:1 
238-8 52-5 
319-3 132-9 
195-2 


4 262°1 


553-9 330-5 
523-8 310-4 
175-5 262-1 
15-8 220-4 
180-5 
380-9 167°5 
358-5 145°1 
335-6 122-2 
312-3 
285-5 72 
361-6 148-2 
445-7 232-3 
523-8 310-5 


methvichloroform 


167 
270 


519 
457 
125 
B69 
354 
$27 
273 
217 
187 
204 
wn 


$85 
180 
155 
$23 
370 
311 
270 
222 
179 
165 
209 
421 


72 


412 
414 
380 
346 
209 
250 
207 
169 
132 
247 
369 
415 


h h 


102 


DOS 


410 
SOS 
330 
2060 
252 
202 
151 
128 
115 
BOG 


393 


ere 
Oia 


295 
239 
202 
158 
120 
114 
201 
345 
384 


316 
323 
315 
302 
272 
229 
183 
145 
111 

80 
180 
289 
323 


Chem, Engng. Sci. Vol 


Nos 


Sand 4. December, 


QA _A AT h, hy, \T h h, 
65 
59,700 196-4 33-7 57 1717 = S65 
46,300 194-9 3241 56 1384 
33,900 193-3 30-6 1108 55 1053 
24.400 192-1 20-3 831 5S 776 110 
15,800 180-1 26-3 54 95 
0400 1851 22-3 51 370 on 
at? ‘ ‘ oe 
2610 | 1796 155 1s 107 
9160 | 186-0 23-3 303 3 342 95 800 
33,000 193-3 30-6 1108 55 1053 25 900 
65,000 1974 B47 IS75 57 1817 15.900 on 
58.800 197-8 314 1796 102 
45.200 196-9 30-5 54 1427 
33,400 104-6 28-2 53 1130 
23,400 195-2 28-8 53 758 
ee 15,400 192-4 25-9 52 543 87 | 
180-3 22-9 339 83 
4310 190-7 24-3 51 126 78 
2610 187-4 20-9 75 75 
9160 193-6 27-2 53 284 72 
33,400 196-7 30-3 1047 68 
63,700 198-8 32-4 55 1912 
59 
: 51 
71,200 250-8 72 745 
46,500 233-1 63-4 
33,900 223-5 53-8 63 
23.800 220-1 50-4 im 62 410 
15,400 216-1 61 272 
S410 209-2 39-5 58 155 = 
34,100 242-8 731 69 308 
T1800 262-0 92-2 73 706 
70 
80,400 313-7 1440 88 ‘71 63 
61,900 2945 1247 83 413 58 
47,000 280-8) 80 351 52 
35,000 2702 100-5 78 271 67 
ee A 24.700 254-0 84:3 73 220 80 
15,600 241-1 71-4 = 70 149 92 
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Lhe rviv d boiling data 


PicnackK 


contd, 


QA \7 h h h, T \T h, hy 
System 3. Carbon tetrachloride -Ondina Ou 133 System 3 (Contd.) 
Run 85 100° vy carbon tetrachlorick Run 88 40°. carbon tetrachloride 
635.700 32:7 137.000 537 400) 1O1 200 
30,100 202-5 IS15 3 1762 114,300 186-7 293-1 390 206 
45.500 201-0 31:3 1452 92.800 0-5 2469 376 87 
33,600 200-1 1106 x2 1054 7TH. 500 415-6 $57 St 274 
25.800 S41 TO 61,9000 378-7 185-1 354 7s 256 
15.600 26-2 yw 47.400 353-0 150-5 207 74 223 
S000 193-1 23-4 382 is 333 34.600 333-9 140-3 70 176 
33,400 200-0 52 1050 24,400 310-0 125-4 “7 127 
64,500 203-3 1924 53 15.000 302-8 100-2 148 7 
000 58 53 
34.400 337-7 1441 238 71 167 
Run 85 90°... carbon tetrachloride 70.700 416-7 a4 
| 13,800 535-3 341-7 103 101 302 
65.000 Ose aa 
60.000 252-4 738 672 
46.300 238-0 67-9 682 68 619 System 4. Carbon tetrachloride— Dibutylphthalate 
83.000 227-2 603 60 543 
24.200 21-4 Run 2 2°,v carbon tetrachloride 
15.000 220-4 0-3 S16 258 9800 456-2 0-2 162 62 100 
2000 213-6 212 156 13.900 507-0 111-0 125 73 52 
33,600 236-1 65-0 517 62 $55 19,300 530-7 134-7 144 78 66 
71.800 275-9 104-8 70 615 25,900 532-3 136-2 190 78 112 
32,900 538-3 142-2 232 153 
),.700 342-6 146-6 277 79 108 
Run 86 80°.v carbon tetrachloride 
78.000 352-2 180-2 456 77 350 Run 3 3-4°.v carbon tetrachloride 
60,600 186-2 445 72 373 9500 58-7 162 61 101 
46,800 286-5 114-4 ug 13.900 $52°1 772 181 66 115 
34,100 266-6 B61 205 19.500 178-2 103-2 180 71 118 
23,000 253°5 81-4 204 251 25,0000 408 7 123-7 200 75 134 
15,600 241-7 69-7 224 él 163 32.000 520-4 145-4 226 78 148 
2000 2261 40 167 57 110 41,000 530-5 155°5 204 so 184 
33,900 271-9 330 66 273 50,600 140-5 339 200 
78.000 3486 176-6 47 77 371 $1,100 1-1 123-2 334 75 259 
32,500 404-8 119-8 271 74 197 
25,100 492-3 117-4 214 74 140 
Run 87 60° v carbon tetrachlorice 
119.900 $41°7 262-5 457 375 Run 4 6°4°.v carbon tetrachloride 
18,200 219-6 447 78 3870 05,000 508-5 198°8 
78.700 3741 194-9 M4 75 329 81.800 177-7 460 83 377 
61,300 S454 169-2 362 72 290 69,800 183-9 742 1 83 318 
47,100 330-3 151-1 312 70 242 58.800 157-8 372 292 
34,300 308-5 120-4 265 6 198 49,500 455-2 145-4 S41 79 262 
24.700 299-4 120-3 206 i” 89,800 439-9 130-2 306 76 230 
15,400 278:°3 99-1 156 63 93 31,800 425-2 1135-5 276 74 202 
8900 248-4 69-2 129 57 72 24,500 100-8 100-1 245 70 175 
33,900 816-2 137-0 247 6s 179 18,700 W224 92-6 202 69 133 
78,300 379-2 200-1 391 76 316 13,400 381-0 71-2 187 4 123 
120,000 442-4 263-2 457 82 875 8900 360-1 50-4 177 59 118 
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Heat transfer coeflicients for boiling mixtures 


rimental data tor 


binary mixtures of large relative volatility 


; Table 5. Derived boiling data contd, 
QA T, AT h hy, QA AT h h, h, 
System 4 (Contd.) System 4 (Contd.) 
Run 5 13°2°,v carbon tetrachlorice 15,800 317°1 71-4 221 65 156 
04,200 176-8 217-8 343 8000 205-8 178 119 
80.400 44-7 185-8 35.700 367-0 121-1 203 75 217 
67,900 $22°1 163-2 82 354 82,100 27-8 182-1 51 366 
47 600 146-3 325 Run 40 40-2°.v carbon tetrachloride 
38,600 130-9 205 77 218 25,000 236-4 519 $20) 
30,700 371-4 112-6 273 74 109 101,000 206-4 SY 87 
\ OL. 24.100 353-3 O44 256 70 81.500 375-7 178-2 457 83 374 
18,200 336-4 234 168 63,400 357-2 159-7 B07 80 317 
13,000 821-7 62-9 207 62 145 $8,500 142-0 339 78 261 
© 2 8900 303-3 200 57 143 35,300 3234 1258 280 75 205 
21,500 302-7 105°1 204 7 133 
r Run 37 5-0°.v carbon tetrachloride 15,800 276-4 78-8 200 66 134 
143,000 5653 1968 726 85 641 8700 50°5 171 38 118 
128,000 553-4 692 S4 $5,000 | 3245 127-0 276 75 201 
106.300 582-5 164-1 648 567 81,100 378-0 IS1-4 447 83 364 
86,300 518-0 149-5 577 7 108 
66.900 505-0 136-5 190 +7 413 Run 41 59-7°,v carbon tetrachloride 
52,300 4920 123-6 1233 74 349 | | 45 
27,000 462-8 93-8 ONT 69 218 82 169 
17.200 451-6 83-1 207 67 140 60,100 147-4 544 78 166 
700 433-3 140 63 86 62,600 305-7 122-0 513 74 
47.700 282-1 70 415 
34,900 263-6 79-9 136 66 370 
Run 38 &-7°.v carbon tetrachlorice 24.600 242-5 58-9 418 61 357 
140,000 532:8 234°5 50S 15.800 235-4) 51-4 307 59 248 
125,000 207-0 sv 515 9200 256-6 
105,000 85-2 186-9 476 34,900 204-9 429 67 362 
84,200 167-1 S4 420 80.700 365-2 181-6 44 362 
65,900 447-2 148-0 
51,000 135-0 375 79 Run 42 79-8°.v carbon tetrachloride 
37,200 420-8 122-5 303 76 227 117.000 349-3 IT4-6 668 80 588 
25,900 3-0 105-6 246 73 173 94.400 307-8 133-1 709 75 634 
16,600 384-8 86-5 192 69 125 75.200 280-9 106-2 708 71 637 
8900 363-6 65-3 136 72 58,800 260-8 86-1 683 67 616 
36,000 126-3 203 77 216 45.200 O45-5 70-8 639 64 
85,000 | 4744 61 $83 85 308 32,900 236-3 61-6 534 62 72 
19,900 227-7 53-0 375 5Y 316 
Run 39 17-9°.v carbon tetrachlorice 15,000 220-1 45-4 330 57 273 
143,000 506-1 260-3 05 455 0400 211-5 36°38 255 54 201 
123,000 468-4 222-6 554 oO +A 32,000 242-4 67-7 63 $25 
102,000 106-7 521 87 454 75,000 207-5 122-8 618 73 545 
82,500 410-7 1740 74 s4 300 
2 64,400 398-8 153-0 420 sO 340 Run 60 90°.v carbon tetrachloride 
40,300 135-4 7 286 96,700 103-1 937 70 S67 
36,000 363-6 117-9 305 74 251 77,600 254-9 82-9 O36 66 S70 
4 25.700 346-1 100-3 257 71 186 60,900 240-6 68-6 S88 63 825 
E Chem, Engng. Sci. Vol. 16, Nos. 3 and 4. December, 1961 
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Table 5. Derived boiling data contd, 
QA I \T h h h, QA A \T h h. hy 
System 4 (Contd.) System 5 (Contd.) 
46,800 0-2 745 14.800 5-0 14-7 “oo O46 
34.500 223-2 | 612 e200 12-3 747 
24.100 10-6 202-0 1-7 1407 1430 
15.800 214-3 2-5 373 T2800 205-4 20 2007 70 2837 
77.300 «(2124 1758 2 1702 Run 96 isopropyl alcohol 
91.500 243-5 1437 1358 
228-7 20 78 1451 
57 00) 216-8 Mies 1573 72 1501 
$5,200 210-8 14068 
35.400 208-0 25-0 127 Oo 1221 
2.400 22:5 077 
28.100 825 772 
200-6 237 1171 
233-2 53-2 1387 st) 1307 
1940 25-6 270 
01.300 24255 62:5 1400 s4 
Kun 07 80 iso] ropyl aleohol 
Run 43 100° Carbon Tetrachlorice 114.400 125-2 14 S14 
61.800 202-2 Ist! 1758 5,200) 740 93-3 wou 
200-8 329 1280 74.800 2558 1045 
5.700 233-6 SAL 75 S07 
Run 44 100° Carbon Tetrachlorick 33.000 2203 Heo 72 
63.700 203-6 35-6 i701 4 1737 25,800) 220-2 548 
6.200 «6201-49 33-9 1335 315 286 tho 221 
23.000 108-5 20-5 774 52 Tee T4800 25S Ts 1 O58 873 
16.400 196-6 575 51 524 114,000 SOS 15 815 
192-4 24:3 B17 
63.700 204-0 1774 1720 Run 08 60°, isopropyl alcohol 
116,000 2190-7 528 118 $15 
347-4 7 75 
System 3 Isopropyl ticohoal Ondina Or T4800 208-3 115-3 Obs Sol 
58.200 257-7 74:7 778 75 703 
45.200 233-6 S2S 
33.400 210-3 él 
Run 95 100°,v Lsopropyl alcohol 23,600 2125 29:5 800 57 748 
T2800 205-7 25-4 TO 208-0 250 650 53 
6.000 203-0 23-5 ao 202-4 51 
202-0) 21-7 2045 1978 33.000 221-2 
82.500 200-4 20-40 1621 its 1555 75.200 203-5 110-5 680 st 504 
23.200 197-8 17-4 1328 63 1265 116,000 wou 217-9 532 420 
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Heat transfer coeflicients for boiling mixtures 


Experimental data for binary mixtures of large relative volatility 


Table 5. Derived boiling data contd, 
QA A \T h h, hy QA _ AT h h, hy, 
System 5 (Contd.) System 5 (Contd.) 
Run 99 40°.v isopropyl alcohol 000 218-8 $52 78 374 
118.000 398-3 214-6 555 457 70.000 397-2 185-8 $25 73 
06,000 Is2-2 61.500 365-0 153-6 309 69 330 
77.200 333-2 140-6 516 1 47,100 120-6 64 299 
60.000 200-7 516 7s 34,300 315-5 330 270 
206-5 S26 553 70 24,200 205-2 83-7 288 232 
33.400 285-7 52-40 O42 582 15,600 275-6 642 243 52 191 
23,000 223-1 57 541 255-1 3-6 207 6 161 
VOL 15.500 214-5 BOS wr 52 150 33,000 112-0 200 62 238 
16 200-6 250 354 79.700 210-0 379 77 302 
1049 32.000 235-4 51-7 637 Ho 577 140,000 510-2 208-8 170 
76.500 330-1 147-0 521 136 
119,000 220-5 +41 Run 104 2-5°,v isopropyl! alcohol 
142,000 540-8 276-0 511 91 420 
Run 100 20°, isopropyl alcohol 123,000 5105 246-6 500 87 #13 
141.000 130-5 242-9 Sal 03 188 101,000 477-3 213-5 72 82 
118.000 391-9 204-8 193 80,400 445-1 ttt 7s 366 
96,700 36141 173-4 557 176 63,100 4126 | 1488 ‘24 72 
77,300 «8370 149-3 517 76 +41 6,200 | 505 27 
60.300 BITS 1206 Mis 72 302 55,009 | oot 
16,500 200-4 111-8 ou B45 24,000 50S 249 
33.800 275-9 88-2 383 63 320 15,900 270 o4 216 
23.800 62-7 873 57 316 9500 303-4 247 17 200 
15.500 384 50 334 34.800 104-1 270 
Mel 276 47 S1.400 B06 315 
33.400 80-0 875 63 812 140,000 547-3 283-4 £05 v2 
77,300 1524 77 
141,000 242-7 581 
System 6. Isopropyl Alcohol-di-n-butylphthalate 
Run 102 10°. v isopropyl alcohol 
144,000 73-0 270-4 15 $25 Run 130 100°. isopropyl alcohol 
119,000 4245 230-0 317 74.900 203-8 248 3021 70 2951 
07.400 382-4 516 77 57.900 202-0 23.0 2514 69 445 
TS.000 351-3 157-7 4 72 14.900 200-7 21-7 2045 68 1977 
60,000 827-1 133-4 $55 68 82.500 199-1 20-1 G15 66 1549 
15,800 300-1 1135 23.000 197-3 18-3 1259 65 1194 
87,300 391-0 352 61 201 14,000 195-3 16-3 917 63 S54 
23,800 2715 79 305 248 192-8 13-8 657 60 597 
15,000 252°2 58-7 255 52 203 
8200 235°5 195 7 148 Run 131 90°, v isopropyl alcohol 
34,300 6293-0 100-3 61 281 91,300 | 238-6 56-9 1604 86 1518 
78,300 161-2 $55 72 $13 73,500 226-6 14-9 1634 80 1554 
144,000 170-5 276-9 519 s 430 57.900 217-8 36-2 1599 75 1524 
4,700 213-1 31-4 1422 72 1350 
Run 1038 isopropyl alcohol 82,000 207-8 26-1 1259 68 1191 
293-7 él 0 25,200 204-5 22-8 11038 66 1037 
140,000 510-0 470 av 381 15,000 200-7 787 62 725 
121,000 16-0 254-5 76 393 S800 200-3 18-6 72 62 410 
Chem. Engng. Sci. Vol. 1€, Nos. 3 and 4, December, 1961. 
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contd, 


Derived 


hoiling data 


QA r. \T h h hy, QA T \T h h, h, 


System 6 (Contd.) System 6 (Contd.) 


Kun 136 10 


alcohol 


Run 132 80°.v isopropyl! alcohol 
115.000 201-2 1055 10S 135.000 253-8 05 
4.000 26S 1083 12.000 whe 235-3 520 v2 $28 
50.100 243-0 oo” SO.700 72-6 tis 385 
33.400 230-8 79 8.500 371-4 132-3 76 201 
23.800 221.5 61s 74 35.500 B51-3 1312-2 317 72 245 
15.200 214-4 31-4 70 24.800 336-6 254 oo 185 
200 571 10 101 
Run 133 60°, isopropyl aleohol 35.500 55-6 116-4 303 73 250 
130.000 73-5 187-5 118 ove S1.100 180-5 st 
116.000 341-2 155-2 748 110 638 135.000) 2545 
95.100 313-8 7TH 
60.000 o4 System 7 Isoptopyl alcohol glycol 
275°5 417 27 
262-5 iin st 
23,800 2600 740 Run 119 100°, v Lsoptopyl alcohol 
15,500 2455 200) 80) 74.000 203-0 23-9 3131 70 3061 
236-2 76 106 59,400 203-5 23-5 2530 2461 
65.700 201-6 21-6 2117 6s 2040 
Run 134 40°.v isopropy! alcohol 33.600 200-4 20-4 1648 1581 
186.000 116-7 223-8 610 110 500 24.200 198-7 18-7 1202 65 1227 
119.000 195-0 GOS 15.400 16-6 935 63 S70 
97.800 5-5 567 10 STOO 194-5 143 
78.700 347-3 154-3 500 OG 413 33.000 201-2 21-2 1584 os 1516 
61.300 331-9 130-0 41 03 348 75.200 204-2 24-2 3105 70 BOSS 
1.000 316-0 1251 sv 4 
44.100 110-7 308 200 
24.000 82 167 Run 120 90°.v isopropyl alcohol 
S400 240-2 158 70 SS 75.000 236-1 10-5 1554 1440 
60.000 2264 30-7 1511 1431 
Run 135 20°,v isopropyl alcohol 220-8 1365 76 1280 
138.000 252-9 547 O4 543 34.100 1108 73 1125 
121.000 434-1 296-0 534 ow +44 24.400 2120 25-4 70 Sav 
100.000 410-4 202-3 405 15.000 200-7 23-1 676 6s 60S 
0.000 302-2 $35 350 9000 222 wr 67 
62.800 6-1 168-0 373 a0 20] 33.000 216-0 20-4 1146 73 1073 
15.400 150-6 22% 75,900 515 1475 87 1388 
35.200 148-7 237 9 158 400 247-4 1547 1456 
24.100 190 76 114 
15.000 16-6 108-5 144 72 72 Run 121 80°, v isopropyl alcohol 
e000 285-7 117 113.000 288-7 06-8 1165 107 1058 
80,400 198-0 87 319 92.000 272-8 1149 101 1048 
138.000 429-6 221-4 625 535 74,500 260-5 68-6 1086 05 
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Heat transfer coeflicients for boiling mixtures 
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Derived boiling data 


contd, 


Experimental data for binary mixtures of large relative volatility 


QA 


58.500 


$5,200 
33.000 
25.800 
15.300 

S000 
82000 
112.000 


System 7 (Contd.) 


251-2 
245:°3 
237-8 
234-9 
227-2 
223-0 
242-8 


Run 122 


147,000 


136.000 
115.000 
4.400 


75.500 
50,400 
45.700 
35.000 
24,000 
15,100 
S700 
33,000 
76,200 
147,000 


Run 123 
147,000 
137.000 
115.000 
04.400 
75.600 
59,400 
45,800 
33,000 
23.800 

15,500 
33,000 
75.000 
143,000 


Run 124 
137,000 
119,000 
07 800 
79.000 
62,400 

47.400 


20° 


339-0 
309-5 


277-6 
265-1 
261-6 
255-8 
251-8 
249-7 
237-2 
250-6 


B51-6 
332-8 
315-4 
208-6 
274-9 
272-9 
209-2 
2541 
200-1 


AT 


l 


h 


847 
554 


1141 


Su: 


74 


34 
78 


ropyl 


142 
133 
114 


374-7 
363-6 
353-6 
343-3 
339-0 


143 
131 


120-5 
110. 


100 
06 


1078 
1081 
1077 
1056 
1010 
054 
778 
ool 
323 
251 
507 


1079 


alceohe 


0 


1031 
1031 
1004 
973 
942 
S54 
731 


alcohol 


h 


132 


hy 


60 
VAT 
S57 
683 
570 
235 
171 
50S 


S72 
51 


SUS 
| 
857 
833 
740 
630 
330 
209 
171 
367 
673 


S41 


$22 
773 


370 


34.600 
24.500 
15.800 
34,600 
137.000 


System 7 (Contd.) 


$222 
201-1 
348-2 
ITO 1 


AT 


390 
510 
245 
320 
581 


h, 


System 


Run 112 
74,900 
59,100 
$5,500 
33,600 
23,600 
15.000 

33.600 
74,500 
1400 
2700 


Run 113 
00,900 
73.500 
57.600 
4,700 
32,900 
23,200 
15,000 

9000 
32,900 
73.500 
90,900 


Run 114 

113,000 
92,800 
74,000 
58,200 
$5,500 
33,400 
25,400 
15,500 

S800 


propyl aleoh 


wl erol 


100°,v isopropul alcohol 


oo” 


201-1 
201-4 
200-7 
196-3 
195-2 
201-4 
167-7 


183-1 


236-8 
227-0 


| 


21 
21 
21 
19 
Is 


19 


104 


oo 


3 


1008 
792 
543 

1367 

1639 

1631 


“ov ropyl alcohol 


1075 
1133 
1119 
1015 
902 
731 
630 
171 


$28 


SI 
73 
74 
71 


67 


3430 
2648 


2096 


566 


1670 
3357 
0 


1661 
1657 
16138 
1566 
1343 
10338 


$82 


1299 


1558 


1545 


971 
1038 
1030 

931 

S21 


653 


956 


261 
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59-3 91 88-7 116 oT4 
88 759 71 112 198 
5-9 64-0 105 138 
2-9 83 ‘71 18-0 97 89 
35-3 78 356 105-1 122 207 
311 75 211 136-0 133 +48 
alcohol 
a 126-2 125 
62:3 97 7 
58-8 0 2165 69 
50-9 “1 3 1744 6s 1676 
100 2 1204 67 1227 
16-7 sou 65 S34 
an 15-5 630 64 
21-7 3427 70 
35-8 74 74 
ia isopropyl aleohol 
133 52:1 1745 
a 42-3 1736 79 4 
| 1238 341 1687 74 
Be = 116 211-9 27-3 1636 70 
ere 80-2 109 208-0 23-4 1410 67 
|} 205-8 21-1 65 
62-6 101 203-5 63 729 
OS Hoo ON 201-3 16-6 61 = 
545 £36 07 24-1 68 
50-8 304 05 148 81 — 
35-7 257 240-4 55-7 86 — 
71-7 $72 105 
314-7 06-2 789 116 50°; 
364-5 146-1 O75 134 992-2 
269-2 95 
254-2 =| 89 
135 244-6 = 84 
| 6 905 237-7 50-4 
812 128 233-0 45-7 
715 | 124 224-4 37-1 
623 | 121 220-1 32-8 
a. 119 214-1 26-8 = 
311 


Ve 


STernuine and L. J 


5. Derived boiling dato contd, 
QA 1 \T h h hy, QA A \T h h hy 
System 8 (Contd.) System & (Contd.) 
33.200 234-2 707 Run 118 10° isopropyl alcohol 
0000 207-7 175 31s 
Run 115 60°.v isopropyl alcohol 82.500 6-0 196-0 170 251 
136.000 352-4 S52 120 65 00 213 180-5 262 162 200 
114.000 15-8 S40) 112 728 1.800 140-0 152 159 
04.400 2-7 110-4 S55 752 36.500 37°79 205 141 124 
75.000 282-0 738 25.000 362-6 121°8 210 132 7s 
58400 267-2 750 TOS 16.400 334-3 176 118 
5.800 257-1 ono T05 an a7 
33.000 251-1 36.000 144-2 144 106 
25.600 6-5 S00 10-7 414 171 243 
24-2 21s 74 
a3. 700 50-7 67-5 men st 415 
T6300 657 105 552 
136.000 S47 10 System 0 Methanol glycol 
Run 116 40°,v isopropyl alcohol 
150,000 145 671 Run 75 100°,v methanol 
187,000 87341 173-6 10 651 100,000 168-6 20-8 5219 
116.000 856-2 136-6 606 80,400 160-5 21-7 4128 1035 
05.100 183-5 712 500 72,100 160-1 21.5 8201 
76.300 3100 685 112 573 56,000 160-4 216 2621 95 2526 
59.700 2-5 O10 4,100 168-2 20-4 2159 4 2065 
$6,300 276-6 77:1 32,200 169-0 21-2 1424 
83.900 24-8 63-3 130 25.000) 1020 
23,800 254-5 £333 349 15,1000 175-4 101 +46 
15,100 50-3 10-8 217 9200 1718 24-0 283 
S400 | 3 148 109,000 1769 103 3656 
77,000 317-7 651 115 536 71,700 175-4 276 101 2495 
145.000 886-8 INT-3 774 146 62S 56.000 174°7 2105 2002 
4.100 173-4 25-6 1722 1623 
Run 117 20°,v isopropy! alcohol 32,200 72-4 24-6 1311 1213 
120.000 428-7 215-0 557 163 302 14.800 17O-0 22-2 666 570 
98,600 4120 1902 157 338 8300 168-5 
62.500 875-1 162-4 140 245 9000 177-3 20-5 306 103 203 
18.200 35846 145-9 330 132 198 31,700 954 107 847 
35,100 335-6 122-8 285 121 164 71,700 187-2 30-4 1818 1707 
25.000 816-3 103-5 24) 112 129 107,000 177-9 33-4 sie 106 3003 
16,100 203-3 80-5 200 100 100 
266-2 53-5 169 Run 79 100°. v methanol 
34.800 242 131-4 205 125 140 108,000 28-0 102 S749 
80,600 415-0 203-2 307 159 38 89.000 175-0 28-1 3168 102 3066 
147,000 348-58 226-0 651 170 71,700 1740 27:1 2644 101 2543 
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Table 5. 


fleat transfer coeflicients for boiling mixtures 


Experimental data for 


Derived boiling data 


binary mixtures of large relative volatility 


contd, 


QA 


System 9 (Contd.) 


56,500 
3.800 
82.200 
22 800 
14.800 
4200 
31,500 
71.000 
106.000 


Run 80 90° 
131.000 
111.000 
91,300 
73.500 
57.900 

$2,200 

3.200 
23,200 
15,100 
S400 
33,200 
74,200 

132,000 


Run 76 80°, 
152,000 
130,000 
109,000 

89.800 
71,700 
56,600 
$4,100 
82,200 
23.000 
15,000 
S400 
82,200 
72,100 
13,100 
148,000 


\T 


26-0 
25-3 
24:3 
23-2 


Vv methanol 


215-5 
204-4 
196-0 
180-3 
184-4 
181-7 
77-1 
180-7 
196-1 


217-0 


65-0 


methanol 


250-0 
243°: 
225-4 
214°: 
200-0 


202-2 
108-8 
197-3 
202-7 
210-7 
245-6 


— 


102-5 


2162 
1733 
1326 
OSS 
35 
128 


3822 


2057 
2009 
2017 
1949 
1672 
250 
O4s 
508 
331 
S71 
1666 
1991 


1446 
1460 
1531 
1494 
120 
1106 
24 
726 
536 
378 
240 
668 
1281 
1436 
1441 


115 
104 
v7 
V7 
os 
100 
104 
116 


145 
136 
126 
120 
117 
111 
111 
108 
105 
100 
112 
117 
138 
143 


h b 


2062 
1634 
1228 
SS6 
587 
339 
347 


1303 
2472 


3720 


1942 
1990 
1913 
1575 
1133 
O16 
550 
410 
241 
771 
1562 


1875 


1301 
1324 
1405 
1374 
12 
1OS5 
S15 
617 
128 
273 
149 
556 
1164 
1208 
1298 


QA 


System 9 ( 


Run 77 60°, 

150,000 
153,000 
112.000 
91.500 
73.800 
57.900 
$4,000 
33,400 
25,400 
15.000 
33,400 
74,200 
152.000 


Run 78 40°, 
153.000 
136.000 
114,000 
04.400 
75.500 
59,400 
45.700 
833.000 
23.800 
15,100 

S400) 
33,400 
76,900 

155,000 


Run 81 20°, 


152,000 
140,000 
120,000 
98.600 
78.500 
62.800 
$8500 
35,500 
25,100 
16,200 
S900 
35,500 
80,100 
152,000 


Contd.) 


methanol 


134-8 
122-7 
272:2 106-8 
257-6 92-2 
253-0 S76 
246-7 
2355-8 
234-2 
221-7 
205-0 30-6 
247-3 
265-7 100-3 
14-01 


v methanol 


336-9 156-7 
327-0 146-8 
316-5 136-3 
136-5 
02-0 122-7 
297-2 117-0 
106-2 
2740 
263-8 83-7 
250-8 7TO-6 
230-7 
280-0 100-7 
300-2 120-0 


332-4 


152-2 


v methanol 


B65-1 155-6 
360-2 150-8 
347-8 138-3 
339-1 120-6 
330-9 121-4 
326-0 116-5 
116-3 
315-4 106-0 
306-6 97-1 
200-3 
264-1 54-6 
821-1 111-6 
335-8 126-3 
364-9 155-4 


1114 
1086 
1048 
S455 
OOS 


O76 
O26 
746 
615 
50S 
31 
35S 
284 
214 
166 
331 


1017 


76 
920 
S64 
761 
645 
539 
417 
335 
259 
201 
163 
316 
634 


977 


h, hy 
159 955 
153 933 
145 903 
138 852 
136 707 
133 565 
132 42 
125 363 
125 214 
117 149 
106 100 
133 275 
142 598 
161 932 
162 814 
158 768 
153 686 
149 597 
147 168 
145 363 
140 291 
134 224 
129 155 
122 92 
110 56 
137 104 
150 $46 
160 857 
171 805 
169 760 
163 701 
159 602 
155 490 
153 386 
153 264 
148 187 
143 116 
134 67 
118 45 
150 166 
158 176 
171 806 
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173-8 100 
W721 OS 
170-0 
160-5 21-1 95 
168°1 20-3 
ee 167-8 20-0 03 
180-6 32-8 106 22 552 
163-2 15-4 87 
175-4 27-6 2573 101 266 
175-7 27-9 102 206 
Os 
5 
1O84 
52-7 
15-3 
37-7 
34-6 
34-3 
32-8 
38-1 
66-2 
105-4 
70-9 
60-1 
55-5 
47-3 
7-7 
143 
42-8 
30-6 
33-7 
56-3 
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Table 5. Derived boiling data contd, 


QA \T h h h, QA T. \T h h, hy 


System 10 Vethanol elycerine System 10 (Contd.) 
Run 61 100° methanol Khun 64 40° glycerine 
112.000 174-8 27.3 101 137.000 306-2 148°1 022 152 770 
92,500 W758 27-8 $322 16.000 300-0 1420 140 Sou 
74.000 1744 260 101 117,000 280-3 131-2 145 748 
58,800 2245 10 2145 97,200 123-4 TAS 141 647 
$5,500 W726 25-2 1807 1708 77.500 270-5 136 554 
33,600 171s 24-4 60600 105-4 575 133 
23.000 23-4 “7 7.000 we 851 
15.400 168-8 21-3 723 Os 34.800 250-5 S76 27 240 VOI 
150 Is-4 91 24.500 241-8 83-7 200) 122 168 1¢ 
73-1 255 135 15,700 225-3 254 113 121 
33.400 27-0 110s 000 200-0 51s 174 104 70 L9¢ 
74.000 31-7 2361 105 2256 34.500 255-0 128 236 
32-2 S481 105 Ba76 78.000 280-0 121-8 45 1”) OS 
138.000 BOS 144-4 wid S14 
Run 62 10° glveerin Run 65 60° olvecerine 
155.000 117 148.000 355-3 185-6 71 O28 
133.000 197-2 Wi? 110 2731 142.000 340-2 17-5 160 G22 
112.000 BORD 103 119.000 335-2 165-5 722 162 560 
92.100 180-7 VOLS 8.000 321-3 151-5 650 155 
74.500 176-7 26-3 a5 2740 70.300 B07 -2 137-5 577 140 128 
58.000 174-6 241 2437 62,200 200-2 120-4 516 140 376 
15.500 W731 22:7 2006 115 +7 200 277:°3 107-6 133 812 
23.600 171-2 20-8 1618 1520 35,500 262-7 92-9 379 126 253 
24.000 10-0 10-4 SS 1146 24.400 250-0 303 119 184 
15.100 167-7 17-2 S78 SO 15.000 230-7 245 107 138 
166-8 16-4 536 ‘52 213-3 182 at 
33,600 173-6 23-1 1455 1361 224-9 55-2 77 104 73 
74.800 20-1 2568 2470 4.800 265-0 wel 362 12s 234 
133.000 200-5 118 2542 SO.700 315-5 145-8 554 1538 
142.000 357-2 757 72 585 
Run 63 20° glycerin Run 66 80° glycerine 
148.000 250-0 718 1574 147,000 418-7 227-4 648 229 410 
135.000 220-4 1753 133 1620 123,000 398-9 207 504 214 380 
114,000 215-6 62-0 124 1681 101,000 370-4 538 200 338 
93,600 200-4 1740 118 1622 82.100 363-2 720 478 289 
75.500 200-8 1568 114 1454 4,000 345-1 151-8 174 248 
58.400 16-0 1308 110 1258 1.000 135-3 163 2038 
16.000 193-7 410) 1121 10S ls 36.000 300-4 304 151 153 
33.000 1 35-5 104 25.500 200-7 255 138 117 
24.000 186-8 Mee 15.800 270-0 78:7 200 12% 77 
000 180-8 28-2 820 223 35.800 BOR-S 117-5 304 150 154 
33.900 106-8 Hee 707 111 656 82,500 375-7 184-5 197 250 
75.500 206-1 53-5 1413 11s 1205 147,000 125-3 254-1 626 234 
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Heat transfer coeflicients for boiling mixtures—Experimental data for binary mixtures of large relative volatility 


Table 5. Derived boiling data contd, 


Q/A T AT h hy, Q/A AT h h, h, 


ie System 11 Water ethylene glycol System 11. (Contd.) 
Run 128 95°., water Run 55 2-64°.w water 

148,000 236-1 25-6 5784 218 5567 142,000 110-0 77-4 1846 160 1686 

131,000 236-2 25-7 5090 218 123,000 71-3 1735 155 1580 

111.000 236-1 25-6 4317 218 100 103,000 2900-6 67-0 1534 153 1382 

500 236-3 25-8 3539 218 3321 82.500 61-8 1354 148 LISS 

738.800 236-2 25-7 218 65,9000 111% 146 973 

58,200 237-3 26-0 2163 220) 1943 50.900 55-4 143 776 

$5,200 236-2 25-7 1759 218 1542 37,100 50-3 738 599 

VOL 33,200 235-1 24:7 1343 216 1128 26,500 135 450 

6. 23,600 2385-1 246 O58 215 743 16.700 370-8 38-1 139 128 311 

, 15,100 232-4 2240 688 200 wo 9410 363-9 31-3 301 121 180 

19049? 

O< 0030 228-4 17-9 505 199 306 36,900 385-4 52-8 609 141 558 
33,200 236-2 25-7 1200 218 1072 83.000 B05-0 63:3 1325 149 1176 
74,200 240-0 20-4 2510 225 2204 143,000 158 1732 

131,000 238-5 27-9 713 222 $401 
147,000 237-5 27-0 5428 221 5208 Run 56 10-1°..w water 
139,000 367-0 93-3 1492 186 1305 
119,000 361-7 SSO 1349 182 1166 
07 S800 355-0 81-3 1204 177 1026 
Run 129 90°..v water 
70.000 751 1053 173 880 
149,000 245-8 33-3 $401 253 $238 
62,200 341-4 67-7 919 167 752 
132,000 245-1 32-6 252 8792 
17.000 337-0 757 163 5904 
111,000 242-4 32-0 3474 250 8224 
35,300 331-8 581 158 $48 
91.300 242-3 31-8 2867 250 2618 
24,000 325°4 51-7 152 330 
74.500 242:3 2341 250 2002 
16,200 146 216 
58,200 245-1 32-6 1785 251 1533 
9030 BOS 34-9 259 135 124 
$5,800 241-9 31-4 1454 249 1205 panies 
35.000 332-3 58-6 508 150 
33,400 241-1 30-6 1090 247 845 
352-1 78-4 75 S37 
24,200 240°3 20-0 soo 245 563 
139.000 366-8 93-1 1495 1308 
15,100 237-1 296-7 567 238 330 
030 229:; 216 
16-6 16 Run 57 19-3°..w water 
eo « « | 
33,200 2425 31-9 1040 =) 791 141,000 340-7 90-0 1567 191 1376 
6,500 ‘3:1 1728 1456 120,000 3331 82-4 1450 185 1265 
182,000 3720 99,000 826-4 75°7 1308 179 1129 
2 5 255 9 
150,000 40) 414 80.700 821-5 TO-8 1141 175 966 
63,400 315-4 4-7 170 S11 
40.300 811-9 61-3 805 166 638 
Run 54 0-28°.w water 36,000 305-9 55-2 651 161 191 
125,000 424-8 wu 2404 141 2852 25.300 302-0 52:2 $85 158 327 
103,000 421-0 17-0) 2197 139 2057 16,600 207-9 417-3 351 153 198 
84,200 410-8 Meo 1877 137 1739 9520 288-0 38-2 249 143 106 
66,500 417-6 42-7 1559 135 1423 35,000 300-9 59-2 608 164 $455 
51,200 416-7 41-8 1225 134 1091 81,100 325-5 748 1084 178 905 
37,600 414-8 30-8 O45 132 812 141,000 337-6 86-9 1622 1454 
26,500 411-0 36-9 718 130 588 
17,400 407-2 32-2 539 125 414 Run 58 47-65°,.w water 
9650 403-1 28-2 342 121 222 138,000 279-3 56-6 2444 235 2209 
37,100 116-5 41-6 Stu 134 759 117.000 275°3 52-6 2225 229 1995 
84,200 421-1 46-2 1824 139 1686 07,100 273-3 DOT 1916 227 1689 
Chem. Engng. Sci. Vol. 16, Nos. 3 and 4. December, 1961. 
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Table 5. Derived boiling data contd, 


QA T AT h h, hy QA T AT h h, hy, 


System 11. (Contd.) System 12. (Contd.) 
78,700 271-1 1625 223 300 26,500 447-8 56-6 Win 136 333 
61.000 267-1 217 1178 16,300 322 11 191 
47.000 267-5 +48 170 218 33-8 27 117 155 
35.500 263-3 SOS 211 657 36.000 153-5 62-4 592 140 152 
24.000 262-8 22 210 12 82.500 951 16 
15.000 258-4 35-7 202 254 144.000 113-2 274 171 11038 
S900 250-0 25-1 317 ISS 120 
34.800 206-1 3-4 S02 215 587 Run 20 4-05°., w water 
78.700 270-2 7-5 1656 222 1454 142,000 121-1 1172 166 1007 
138,000 279-3 56-6 2455 235 2200 119.000 37-6 106-6 1117 158 058 
600 95-0 1038 152 SAG 
Run 59 73-3°..w water 79,000 17-1 O17 147 77 
136.000 252-0 37-6 3632 63.100 100-6 142 ool 
116,000 250-3 35-0 B226 278 2048 18.700 1 72:1 138 538 
95.500 250-2 35-8 20671 277 2304 35.700 65-4 546 134 
77.000 246-4 24350 "162 25,100 0 200 
60,600 2440 30-5 1900 204 1726 16,600 385-6 546 126 177 
47.100 244-2 20-7 1584 262 1322 370-3 im) 122 6s 
34.000 245-0 81-5 267 35.300 304-8 3-8 553 120 
24,000 243-6 20-2 822 200 70.700 16-6 O30 146 
15.400 241-9 27-5 561 256 305 142,000 Hou 114-9 1236 163 1073 
236-7 22-3 241 160 
34,300 245-8 31-4 1003 266 827 Run 21 9-00° w water 
77.000 247-4 33-0 2352 271 2081 140,000 w2-3 118-7 1176 170 1006 
136,000 252-4 37-9 3508 8315 118.000 380-1 105-6 1116 163 953 
97.100 377-3 1035 156 S70 
78.000 368-7 85-1 765 
System 12 Water glycerol 61,500 361-7 784 146 638 
7.400 355-7 72:1 657 142 515 
34.800 350-0 516 me 378 
Run 18 0-33°.w water 24.600 346-2 62:7 302 135 
143,000 1680 180 1400 15.000 330-6 279 131 148 
125,000 150 180 S480 325-0 2-4 200 120 
105,000 75-8 174 120) 34.000 340-7 523 138 
84.000 573-3 60-3 168 TS.000 366-5 140 
67,100 568-6 O46 14) 166 S74 139,000 114-5 1216 168 1048 
38.300 559-3 55-3 158 534 Run 22 18-6°..w water 
27.500 555-8 51-8 527 155 372 152.000 383-7 134-7 
17.000 5481 14s 238 136,000 351-5 102-4 1332 1149 
10,300 538-6 34-6 207 130 158 116,000 343-2 41 1220 177 1052 
95,100 335-0 1107 171 O36 
Run 19 1-73°..w water 77,300 325-8 166 
144.000 1126 1281 170 61,400 322-5 73-4 S37 162 
123,000 2-0 101-7 1208 164 1044 47 500 318-0 oo” O77 158 518 
102,000 v2-0 1008 159 34.600 65-4 528 155 373 
65,300 781 150 685 24,100 S117 62-6 386 158 233 
51,100 71-3 716 146 571 15,500 306-1 571 272 149 
37,200 52-0 mr wis 292-9 203 137 7 
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Heat transfer coeflicients for boiling mixtures 


Table 


Derived boiling data 


contd, 


Experimental data for binary mixtures of large relative volatility 


QA AT h h, hy, QA AT h h, h, 
System 12. (Contd.) System 12. (Contd.) 
33.800 315-1 512 156 357 Run 29 4-28° water 
76.000 327 :°3 78-2 979 165 S14 147,000 156-7 27-4 1150 169 
136,000 350-3 101-2 1343 181 1162 139.000 $52°S8 123-8 1120 167 952 
123.000 144-6 1170 1053 163 
103,000 32-2 105-6 975 157 819 
Run 23 40-8°..w water ef 
83.000 421-0 96-0 S74 151 723 
156,000 208-7 740 2107 211 
65,600 4110-3 84-6 775 145 631 
133,000 203-8 69-2 1920 206 17138 
75-6 670 139 531 
112,000 289-7 65-0 728 202 1526 
37.200 O40 581 31 $50 
VOL, 92,800 286-40 61-4 1513 198 1315 
26,000 379-2 2 i) 126 336 
16 74.9000 285-5 60-9 230 198 1082 
16,100 37079 322 120 201 
196? 59,400 283-6 59-0 1008 106 S12 
S530 359-2 212 112 100 
$5,700 57-0) 802 193 609 
36,9000 386-4 O40 570 31 139 
33,600 270-8 55-1 610 191 118 
82.800 110-8 93-0 150 732 
24,000 275°3 50-6 74 186 287 
15.400 270-5 15-8 $37 181 156 
8540) 258-0 33-3 256 164 02 Run 30 w water 
33.400 270-1 54-4 6138 191 12! 155,000 wo7-o 129-3 1195 176 1019 
75.200 285-9 61-2 1228 198 1030 143,000 403-0 1244 1152 173 979 
133,000 2940 69-4 1921 ohh 1714 131,000 | 300-6 20 1082 166 916 
101,000 380-9 102-3 161 822 
82.400 921 153 767 
Run 24 67-4°..w water 63,400 357-2 TA S07 146 661 
154,000 270-7 56-6 2720 270 2451 40,300 347-0 TO2 702 140 562 
132.000 268-0 54-8 2407 207 2139 35.800 338-7 1-4 582 134 Hts 
111,000 267-5 53-4 2073 265 1808 25,000 320-4 52-6 74 27 347 
00.700 265-9 51-8 1752 1489 15.700 322-0 15-6 122 222 
74,200 265-8 51-7 1435 1178 S410 36-6 230 113 117 
58,800 265-0 1156 261 81.100 367-5 912 153 759 
$5,500 263-4 923 258 
335,400 262-6 osu 257 Run 31 25-3°..w water 
25.600 260-3 Wier 510 253 256 149.000 80-1 101-6 1463 200 1263 
14,800 252-8 38-2 38% 239 148 141,000 338-0 100-5 1404 199 1204 
8040 233-5 19-4 $15 197 218 119.000 320-4 106 193 1102 
98,200 820-7 83-1 1181 186 995 
312 750 87 
51 306 90 7 728 
151,000 1208 177 1082 61,000 | 
300-5 20 770 610 
134,000 51721194 1125 177 O48 6,509 | 
27.000 506-7 113-3 1099 O27 835,300 163 164 
105,000 493-8 102-6 1028 165 863 19-1 ont 156 35 
85.400 481-8 053 157 706 16,100 150 18 
Sf 270-0 $2°5 27 37 37 
67,200 470-3 79-2 151 270 32-5 13 137 
51,800 158-6 “7 768 143 624 
37,600 662 136 526 Run 33 28-9°w water 
26,400 442-2 51-0 517 132 385 147,000 319-7 86-3 1700 195 1505 
16,600 436-4 15-2 367 127 2H) 138,000 317-3 83-0 1647 193 1454 
S000 $22.5 31-4 114 170 117,000 300-8 76-4 1531 187 1344 
37,000 47-7 56-6 670 136 534 96,300 302-9 1385 Is! 1204 
85.300 178-3 156 823 78.000 206-9 63°5 1228 176 1052 
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contd, 


QA \T h h, hy QA AT 
System 12. (Contd.) System 13. (Contd.) 
60.000) 2014 170 S71 Run 145 91-47°.v n-amyl alcohol 
34.500 714 553 75.200 275-2 123s st 1154 
25.800) 155 58.800 268-3 53-0 wll 
15.000 138 15.500 17-8 O52 7s aT4 
S170 240-38 +14 116 33.200 S14 75 
ww 175 25.400 250-4 72 578 
15,300 247-4 33-0 wis 70 303 
Run 34 49-8°.w water 242-9 ess 
| owe pond — 2.900 261-4 701 7s 623 
— | 74.800 2794 65-0 1151 
and ives 03.200 281-1 66-7 1308 1312 
95,100 275-3 55-5 1722 214 1508 
= Run 146 72-9°..v n-amyl alcoho 
34.000 204-7 47 72 400 230-1 63-4 1142 1061 
— on 57.200 | 283-3 57-6 O15 
— | 82,200 220-7 716 74 642 
76.000 273-5 1450 212 1228 600 196 
Run 35 74-7°..w water 14,800 200-2 33°5 41 
157.000 263-6 1-8 31590 283 8500 201-6 25-9 256 
126.000 261-7 2825 2545 32,000 221-6 74 622 
115.000 250-2 520 275 2954 73,100 241-7 1107 1025 
05.100 256-6 2-8 !TO 1951 10.000 52-5 1451 1845 
T6000 2-2 2:4 1814 200 1544 
60.600 254-0 41-1 1474 267 1207 Run 147 40-1°.v n-amy! alcohol 
1.800 254-3 1155 108,000 re 1510 1411 
34.200 252-8 O16 80.000 610 1458 1363 
24.200 40-2 255 27 71,700 200-5 52-8 1350 v2 1267 
24.40 255 ye 56,300 203-2 wid 115 av 1124 
15.800 242-5 540 308 4.100 198-5 41-8 1056 970 
S540 1-2 | 32,200 38-1 S45 s4 761 
34.300 253°1 39-3 S74 610 22,600 191-0 35-2 642 550 
76.000 255-8 1830 1561 14,600 34-2 $28 82 346 
136,000 260-5 Wied 2015 277 263s S200 28°5 286 7s 208 
31.700 14 30-7 715 
71,700 551 13038 1210 
System 15 Methanol n-anmyl alcohol 108.000 207-4 0-6 1526 on 1427 
Run 148 100°.v alcohol System 14. Lsopropyl alcohol-N 38 resin 
T5000 205-6 32-6 2330 73 2257 
59.700 304-4 31-4 1905 72 1831 
46.600 302-0 30-0 1554 71 1483 Run 156 36°,w propanol 
335.000 302-1 20-1 1162 71 102,000 7165 276-0 127 242 
24.200 wos 27-3 815 81.700 373-6 1700 156 366 
15.000 207 245 41 574 62,500 334-4 130-8 77 370 
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Experimental data for binary mixtures of large relative volatility 


Table 5. Derived boiling data contd, 
QA AT h h, hy, AT h h, h, 
System 14. (Contd.) System (Contd.) 
17 G00 116-8 wy ov Run 91 90°. n-heptane 
34.500 283-7 aul 385 325 72.800 754 
24.200 258-1 63-5 380 320 61,200 TOS SS 
S800 220-0 34-5 255 215 34.800 253-8 S18 70 748 
35.000 287-3 2-7 378 317 24.800 245-1 36-9 672 68 604 
82.400 366-7 172-1 SS 391 16,100 243-2 65 
9300 241-6 30-3 106 64 242 
54,500 257-3 Wiel 745 72 673 
Run 157 66°,w propanol 72.800 300-0 821 735 
90,700 lia 748 
79,000 281-6 820 2 738 Run 92 80°.v n-heptane 
61,300 265-0 779 76 703 77.600 338-9 126-1 615 
16,300 247-4 62:1 745 69 676 60,000 302-4 669 82 
33.000 237-0) 51-7 655 65 500 16.600 635 
24,000 229-4 $82 34.300 3-6 60-8 65 74 
15,100 225-0 30-7 60 821 24.000 263-9 51-1 169 71 308 
8700 217-5 32-2 269 213 15.800 260-4 17-5 331 69 262 
34,300 230-0 54-6 28 247-0 34-2 261 64 197 
80,100 254-8 00-5 805 721 33,000 274-5 617 74 475 
99,700 304-0 110-6 743 77.300 338-4 125-6 615 oo 525 
Run 93 60°.v n-heptan 
Run 158 82°,.w propanol 102.000 116-6 195-6 522 oe 130 
102,000 | 376-0 20 81.800 380-3 150-3 513 87 $26 
77,3000 2465 65:1 1187 790 1108 64,000 3473 1268 307 81 1265 
50,700 228-4 1267 10.000 821-7 100-7 76 411 
$5,500 37-8 1204 7 1137 36.000 801-1 80-1 150 72 378 
33,400 214-6 33-3 1004 25.400 492-8 69 O84 
2126 31-3 68 16.400 290-7 69-7 236 69 167 
15,300 275 405 9200 1 160 65 05 
8300 206-8 24-9 278 35.600 105-0 84-8 119 73 346 
33,600 218-5 87-2 6 S37 31.800 162-7 502 87 115 
T8700 246-7 65-4 1203 79 1124 102.000 418-1 197-1 518 92 126 
Run 04 40° n-heptan 
System 15 n-heptane Ondina oil 143.000 107-6 255-1 560 oo 470 
122,000 ot 87 457 
100,000 195-4 512 83 120 
Run 90 100°.v n-heptane 80,400 110-4 167-0 79 80 399 
65.000 235-1 27-3 Gs 62,500 145-8 76 358 
59,700) 233-0 26-1 2285 67 2218 $8,200 362-7 120-2 73 328 
46,300 232-4 24-5 66 35,300 835-7 379 6S B11 
34,500 230-0 22:2 1548 oF 1484 25,000 320 ti4 265 
24,200 228-0 210 1148 4 1084 16,300 110 68-6 237 62 175 
15.100 2295-4 ven 860 él 9000 200-8 18-3 187 57 130 
STOO 222-3 145 58 541 37,200 335-5 93-1 309 6S 331 
33,000 232-2 24-4 1380 66 1325 80,400 410-4 167-0 70 80 390 
65,000 234-0 27:1 2403 6s 2335 142,000 195-0 252°5 474 
Chem. Enang. Sci. Vol Nos. 3 and 4. December, 1961 
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Fic. 5. Boiling data for benzene-Ondina oil, 17 mixtures. 
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Fic. 6. Boiling data for methylchloroform-Ondina oil, 183 mixtures. 
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Experimental data for binary mixtures of large relative volatility 


O 80%, Data 
ccl, 
2 90% CCl, 
2 
VOL, 
16 O O 
© 
4 
2 
10 1c 
0 5( 100 15¢ 2 25 
AT, °F 
Fic. 7. Boiling data for CCl, — Ondina oil, 133 mixtures 
a | 
| 
a O 80%, Data 
100% CCl, 
a 
| 
<= 
a | | 
40% 
JQ 
A 
18” 
| 
0 50 100 150 200 250 
AT, °F 
Fic. 8. Boiling data for CCl, — di-n-butylphthalate mixtures. 
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ric. 9 Boiling data for isopropanol-Ondina oil, 17 mixtures 
© 80%, Data | 
| 
q IPA 
90% IPA 
| 
. ©) 60% 
O 40% —— 
O = % 
= 10 
20% 
50 100 15¢ 200 « 
AT, °F 
Fic. 10. Boiling data for isopropanol—di-n-butylphthalate mixtures. 
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given in Table 5 as functions of temperature difference, 


At. The values reported are time averages. Fuctuations 


in At caused by heating with alternating current are 


negligible as is shown in the Appendix. Also described in 
the Appendix are ways for correcting for the temperature 
drop through the tube wall, for heat losses by longitudinal 
conduction out the ends of the stainless steel heater tube, 
and for natural convection. The first two corrections are 
straightforward, but a few words about the last are apt 
here. 

Natural convection without change of phase would give 
heat transfer coeflicients around 60-150 B.Th.U hr ft* Ff 
These rather 
high values result from the use of a small diameter tube 


for the conditions of these experiments 


Obviously, in those runs where the over-all coefficient, 


h. is only slightly greater than these values, the computed 


boiling coeflicients are worthless 


However, for most of 
the data, 4 was considerably higher than this and hene« 


the effects of natural convection were small compared 


to those of boiling 


Now, it has been noted [1] that, within experimental 


accuracy, heat fluxes due to boiling and various types of 


convection appear to be additive To divoree the data 


from natural convection effects as much as possible the 


heat transfer coeflicients due to natural convection were 


computed for each run and were subtracted from the 


measured over-all coeflicient 


Experimental data for binary mixtures of large relative volatility 


data presented here 
Heat fluxes du 


a reversed procedure must be used. 


to boiling and due to convection are to 


be computed separately and then added. 
Smoothed graphs of the data are shown in Figs. 5-18. 


In most cases, points are given for a singk composition, 


near SO°. v of component A to show typical scatter. 


Disc SSTON 


DATA 


A full explanation of the effect of composition 
on the 


boiling of liquids is impossible at this 
time. In a later paper we plan to present a 
correlation based on simplified model which 
enables one to predict boiling coetlicients with 
reasonable accuracy. In this paper, we discuss 
only certain qualitative features of the boiling 
curves, 
First, note that in all the systems tested. 


boiling coetlicrents decre ase marke ly as mate rial 


of low volatility 


(component B) is added to the 
pure light component, A. 
Data for a 


glycol, are 


typical system, water ethylene 


Orne 


to add glycol, h, continues to decrease 


shown in Fig. 15. continues 


until 


To retain the full accuracy of predictions based on the there is about 10°, v water in the mixture. At 
4 
O 80%, Data 
| 
90% IPA 
7 10? / O (> O 60% 
i O — 409 
O 20% 
O 
/ 
O / 
/ 
10? | 1 
C 2 40 60 80 100 120 14 16( 
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O 
: 


, Data 


100 
AT, °F 


isopropanol glycerine 


0 50 


Fic. 12. Boiling data for 


this composition there is a turnaround, addition 
of more glycol raises h, until finally the boiling 
curve for pure glycol approaches closely to that 
for pure water. 

For most of our systems we did not reach the 
turnaround composition. To do so would require 
operating the boiler at an unsafe high tempera- 


ture. Nevertheless, we think all of our systems 


150 200 


mixtures. 


the turnaround if tested at suffi- 


ciently high concentrations. 


will exhibit 

How are these results to be explained? One 
might invoke, first, the change in properties, 
notably viscosity ; second, the change in bubble 
growth rates caused by the varying resistance to 
the 
diffusing into the growing bubble ; 


mass transfer of volatile components — in 


and third, 
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10° — = 
a 
= 
a O 8 Data 
Methanol 
/ 
90% Methanol 
on 
7 io? O 
> O 2 
) 
10° _ | 
( 2 4c 6 8 100 120 140 160 
AST F 
Fic. 18. Boiling data for methanol-ethylene glycol mixtures. 
10* 
1 O 80%, Data 
Methanol 
90% Methanol 
/ 
O VU 
0 O 
a! O 60 
= 
i O 
& 40% 
2 O = 20% 
O — | 
O 
~ 
{ P| 40 6( 80 10¢ 120 140 160 180 200 
AT, °F 


Fic. 14. Boiling data for methanol-glycerine mixtures. 
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Fie. 15 Boiling data for water ethylene giveol mixtures. 
79%, Data 
Water 
56% Water 
34% 
12% 
or - 
~ > 5” 


Fic. 16. Boiling data for water glycerine mixtures. 
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hp», Btu hr-ft?-°F 


hp, Btu/hr-ft*-°F 


10 


100% Methanol 
/Amyl 
Alcohol 
60”. = 8.5% 
27%. 
/ 
/ / 
j 
/ 
Ai 
j 
/ | 
AST, °F 
Fig. 17 Boiling data for methanol_amyl alcohol mixtures. 
IPA 
82% w IPA 
| / 66%w IPA > 
/ 36%w IPA 
0 20 40 60 80 100 120 140 16( RC 200 
AT, °F 
Fic. 18 Boiling data for isopropanol-X-38 resin mixtures. 
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Heat transfer coefficients for boiling mixtures——-Experimental data for binary mixtures of large relative volatility 


changes in the rate of nucleation, ie. the ease 
of forming new bubbles on the surface. Probably 
all three contribute. It is difficult to see. however. 
how the first two can account for changes in h, 
(at constant At) of more than about two-fold. 
We think, therefore, that the rate of nucleation 
is by far the most important, 

In nucleate boiling bubbles form and grow 
only at definite non-moving sites. Furthermore, 
as CLAnK et al. [2] have shown, there is a pithole 
in the surface at almost every site. Near an 
active site, the more volatile components in a 
boiling-liquid mixture are preferentially stripped 
out to feed the growing bubbles. In time. then. 
there will accumulate near the pitholes material 
of low volatility. Unless vigorous mixing is 
maintained with the bulk liquid the pithole may 
be clogged with liquid of low volatility. In order 
to maintain a nucleus of vapour in the hole, the 
temperature there may have to be raised. 

From this explanation, one might guess that the 
boiling curves for pure components and for 
mixtures would have similar shape but that the 
scale of At for the mixture would be expanded 
relative to that for a pure component. As a matter 
of fact, the curves of Figs. 5-18 may be brought 
together quite well, at least for heat fluxes below 
about 30,000 B.Th.U., hr ft®, by multiplying At by 
a factor, F., characteristic of composition alone. 

Table 6 shows values of At at h, 300 
B.Th.U. hr ft? °F for all systems and composi- 
tions. Also shown are I’. the ratio of the Af for 
each case to that for the corresponding pure light 
component. Figs. 19-23 show how F, depends 
on composition. Similar plots could be made for 
h,s other than 300. Inspection of the data will 
show, however, that using any h, below about 
600 would not alter the values of F, much. 

One can estimate the consequences of the 
depletion effect for any widely boiling binary 
system as follows. Pick from the systems shown 
in Table 1 that which is most like the system 
of interest as regards chemical nature and relative 
volatility. Read the value of F, for that system 
at the appropriate composition from the appro- 
priate diagram (Figs. 5-18). Now simply interpret 
the scale of temperature differences of the boiling 
curve of the pure light component as At F, 


Table 7. 


Maximum heat transfer coefficients as 


function of temperature difference 


System 


B17 


DBP 


DBP 


IPA-G 


M EG 


MG 


IP A-resin 


ooo 
630 
530 
500 


670 
370 


S80 
650 
510 


2200 
1300 
820 


1600 
1000 
640 
500 


1500 
1100 
900 


1700 
1000 
740 


2000 
1400 
960 


2600 
1800 
1100 

S40 


1200 


70 
160 


170 


70 
110 


150 


1 "een 


67,000 
61,000 
85,000 
85,000 


60,000 
64,000 


54,000 
56,000 


70,000 
72,000 
113,000 


77,000 
91,000 
78,000 
99,000 


75,000 
90,000 
96,000 
105,000 


75,000 
88,000 
88,000 
109,000 


85,000 
80,000 
67,000 


100,000 
98,000 
115,000 


130,000 
144,000 
143,000 
134,000 


54,000 


A second characteristic feature 


boiling curves shown 
noting. There is a maximum in /, as a function of 
At. This maximum occurs at a relatively low 
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hr ft®, and 


must not be confused with the drop-off caused by 


heat flux, 50,000-150,000 B.Th.U 
the transition to film boiling which occurs at a 
heat flux about ten fold higher. The maxima are 
most pronounced at low concentrations, 10-20°,v, 
of the heavy component and occur at heat fluxes 
which are nearly constant in given systems. As 
seen from Table 7. 
50,000 B.Th.U_ hr ft® for the thick system (IPA 
resin) to about 140,000 for the mobile system 


this gq A varies from about 


(methanol glycerol). 

We cannot now explain this effect. 

In several of the tests a peculiar type of nuclea 
tion which we call patch boiling was noted. On 
the heater were rather large irregular patches 
Between 


these patches were large areas completely clear 


of very closely-spaced small bubbles. 


of bubbles. It appears that nucleation at a 


potential site is sometimes favoured by proximity 


to an active site. Patch boiling was especially 


noted in the systems mi thanol glycol, methanol 
rol, IPA- Ondina 17. and Ondina 17. 


APPENDIX 


Calculation of boiling heat transfer coefficients from 


eaperimental data 


At each heat flux during a boiling run the following values 
were recorded I, the voltage drop across the heater ; 
I, the current through the heater; E,, the thermocoupl 
e.m.f. at the centre of the heater Kk, and Ex the thermo 
couple e.m.f. at the left and right ends of the heater : 
Fig: the e.m.f. of a thermocouple submerged in the pool 
of liquid being boiled. A Datatron computer was used to 
reduce these data, fed on punched cards, to heat fluxes, 
temperature differences and heat transfer cocflicients 

The centre temperature in F was calculated from a 
thermocouple e.m.f. by means of the relation. 

T, 36-1 


33-63 E, 0-0558 (A.1) 


This formula reproduces the standard thermocouple 
charts to within 04 F over the range 140 F500 F. 
Errors in AT due to using this formula are less than 
1 per cent. 

The thermal conductivity, at of the stainless 


steel heater wall was calculated from 


ke 


000417 T, (A.2) 


The reduction in heat flux caused by longitudinal con- 
duction along the heater was evaluated for a point at the 


centre of the heater from 


L/A = 877 ky (2E, ky, — Ep) (A.3) 


Experimental data for binary mixtures of large relative volatility 


This is derived for an assumed parabolic temperature 
profile along the heater. Since the correction is small, 
it is not necessary to use a more accurate profile. The 
coeflicient 3-77 incorporates the cross-sectional area of 
the metal in the heater, the distance between the rmocouple 
locations, the surface area of the heater and the coeffi- 
cient of proportionality between e.m.f. and temperature 
Next, power dissipation per unit surface area of the heater 
was calculated by 
P 


1 0-00404 


(A.4) 


where P A is in B.Th.U brft®., The heat transferred 
from the surface of the heater to the boiling liquid follows 
from 


A (P/A) (LA) (A.5) 


This heat flux was assumed to be that associated with the 
surface temperature at the centre of the heater. The 
difference 


temperature between the inner and outer 


surfaces of the heater was calculated from 
(A.6) 


This was derived for uniform heat generation in the 
metal which implies that temperature is parabolic in 
radius. The wall thickness, m, is 0-0012 ft. The tempera- 


ture at the surface of the heater was then calculated from 
T T, — AT, (A.7) 


and this surface temperature is that associated with the 
heat flux 

The temperature of the liquid, in those runs without 
sub-cooling, was calculated from the average value of 
Fig for the boiling data of that run The temperature 


difference for boiling heat transfer is then 


M= T,— Tig (A.8) 


The liquid heat transfer coefficient was calculated from 


(A.0) 


This heat transfer coeflicient was then corrected for the 
effect of free convection around the heater. Because of 
the small diameter of the heater, this correction was 
important at low heat fluxes. The natural convection 
heat transfer cocflicient was assumed to vary according 
to the relationship 


(A.10) 
920 


h, 1. 4 exp | 


which is based on the usual equation for natural convection. 
The coeflicient A, depends on heater diameter, liquid, 
thermal conductivity, viscosity and coeflicient of expan- 
sion while ¢ reflects the influence of temperature on the 
same properties. Both A, and « were evaluated for each 


c 
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Table 8. Estimates of amplitude of fluctuations of heater surface temperature caused 


by use of a.c. heating 


Basis : O-O1374 ft®, 87 Ib ft®, C,,, 0-1 B.Th.U Ib°F, f 120 ¢ sec 
Case I Case Il 
0-18 in. O15 im. trade 0-004 in. wire 
vi/A 72 ft v/A ft 
h Fluct. amp. Fluct. amp. 
B.Th.U hr ft® °F A Av. At \ Ir Vl 
100 1510 0-0007 109 0-009 
300 5OS 0-002 0-03 
1000) 151 0-007 10-9 0-09 
3000 50-5 0-020 3-6 27 
mixture tested by fitting equation (A.10) to heat transfer 22f pa Com | 
coefiicients measured at the lower heat fluxes where there \ ha (14) 
was natural convection but no nucleate boiling 
For boiling runs the boiling heat transfer coefficient Thus, for very small \ is larue Ihe inhi} ol 
was then calculated by the fluctuations approach a limit independent of A, but 
hy h h the average V. which is proportion il to becomes 
large. Hence, the ratio of fluctuation amplitude to average 
On completion of the calculation, the computer printed Vi approaches zero. On the other hand, for large /& or 
the following q A, the gross heat flu T., the surface small VN the amplitude of the fluctuations ay proaches the 
temperature /. the driving foree for heat transfer h. mean value of Ar Table & shows estimated an plitudes 
the gross liquid heat transfer coeflicient ; A, the convection for our 0-18 in. O.D. heater. For comparison, also shown 


heat transfer coeflicient hy. the boiling heat transfer are amplitudes for an 0-004 in. wire which is the smallest 


coctlicient one used by Rinaldo (see McApams) [3 
From these calculations. we conclude that it is safe to 
TEMPERATURE FLUCTUATIONS CAUSED BY THE USE OF neglect fluctuations in heater surface temperature for the 
ALTERNATING CURRENT data presented here, but that in studies which use fine 
In a resistive clement heated by 60.a.c.. energy is Wites this may be risky In particular, care must be 


taken in comparing data taken on wires with those for 


released as a sine wave at 120 ¢ see with amplitude equal 


to its average valu arge heaters 


q sin (2nft) (A.12) NoTATIONS 
Thus, twice in each eyele the power release is zero and ay constant in vapour pressure formula, Table 3 
twice it is double its average value, | , Phe temperature 1 heat transfer area ft* 
of the heater surface also fluctuates at the same frequency. A, constant in natural convection formula, 
lHlowever, because of thermal capacity, the phase is equation (.A-10) . 
shifted and the amplitude lessened Ay van Laar constant, Table 5 
lo estimate the effect of using a.c. on surface tempera- 1, van Laar constant, Table 5 
ture we consider a heater of volume y», total surface area b, constant in specific heat formula, sce Table 3 
1, with heat released uniformly throughout the volun Cy liquid specitic heat 

at the rate given by equation (A.12). The temperature C) constant in specific heat formula, see Table 3 

inside the heater is assumed uniform at any instant of time. ( pm metal specific heat, B.Th.U Ib °1 
(This requires that 24,/hm > 1 In these experiments E. Thermocouple, ¢.m.f., at centre \ 
2k, (hm = 5, for h — 3000). The heater surface tempera- E,, = thermocouple, e.m.f., at left end \ \é 
ture is then given by Evi@ Thermocouple, e.m.f., for liquid pool ‘ [ 

E, = thermocouple, e.m.f., at right end 

Ml Py P sin (2nft = X)| (13) F, ratio of Af required for a given hy for a 

hA | vu X*) } boiling mixture to that required for the pure 


where more volatile component 


4 
a - 
3 
4 
: 
7 


Heat transfer coeflicients for boiling mixtures 


Experimental data for binary mixtures of large relative volatility 


f frequeney (q heat flux corresponding to 
h measured heat transfer coeflicient for outside B.Th.U hr ft? 
of tubx B.Th.U /hr T temperature 
hy boiling heat transfer coeflicient. B.Th.U br ly», boiling point Ik 
ft? 1 temperature at centre thermocoupk 
h, natural convection coeflicient, B.Th.U thermodynamic critical temp R 
temperature of heater surface 
Rnex maximum fy with respect to changes in Af, Nig temperature of liquid pool I 
B.Th.U her ft® time hier 
/ current through heater \ J voltage drop across heater Vv 
j constant in latent heat formula, Table 3 t volume fraction more volative component 
| 
kK, constant in thermal conductivity formula, , volume of metal in heater ft 
pm 
hk thermal conductivity of heater material, 1 mole fraction of more volatile component 
1 
B.Th.U hrft F mole fraction of less volatile component 
hk liquid thermal conductivity, B.Th.U br F ft constant in density formula, Table 3 
1 l 
k, constant in thermal conductivity formula, , amplitude of rate of energy release in heater 
Table 3 B.Th.t he 
L/A heat losses out end of heater per unit surface , activity coetlicient of more volatile component 
of heater B.Th.U hr ft* » activity coeflicient of less volatile component 
L, latent heat of vaporization B.Th.U tb \T temperature drop through heater wall I 
L, constant in latent heat formula, Table 3 Mt wall temperature minus boiling point I 
ft é constant in natural convection formula, 
‘ ith css 
equation A.10 
P/A power dissipated in heater per unit surface of 
‘ constant in viscosity equation, Table 4 
heater B.Th.U he ft® 
rabl liquid kinematic viscosit, he 
P i apo rressure fort a, Ts 3 
CORMARS Vapour pressure Formula constant in viscosity formula, Table 4 
Py vapour pressure atm py liquid density 
4 rate of energy release in heater B.Th.U her Py constant in density equation, Table 3 
q/ A — heat flux B.Th.U he ft® +, ~ metal density Ib /ft3 
—_— maximum nucleate boiling heat flux with o surface tension, dyn em 
respect to changes in Af, B.Th.l her ft* To constant in surface tension formula, Table 38 
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Abstract 


jet with constant physical properties are treated in some detail 


when the flow is self-preserving 


in shape, 


These solutions are 
(n = 0), and constant heat flux (n ) 


evaluated for a variety of Prandt! numbers. 


The heat transfer characteristics of a laminar, incompressible, 


} Temperature 


two-dimensional wall 


Exact solutions have been found 


and the wall temperature is variable and of the form 


shown to reduce to the special cases of constant temperature wall 


profiles and heat flux rates have been 


The laminar wall jet has also been examined by means of the momentum integral technique 


and the results are compared to the exact solutions for several assumed profiles. Further, a heat 


transfer expression is obtained for variable starting length of the heated section if the temperature 


of the wall is constant. 


Résumeé 
jet laminaire, incompressibl 
stantes. Des solutions exactes « 


et que 
sappliquer aux cas spéeciaunx ce 
constant }). Les profils ck 


plusieurs nombres de Prandt! 


Le * wall laminaire 


résultats sont compares avec 


expression du transfert de chaleur est obtenuc 


si la température de la paroi est constante. 


Zusammenfassung 


Les auteurs traitent en détail les caraciéristiques du transfert de chaleur dun “ 


la température de la paroi est variable et de la forme I A, a 


temperature constante de la paroi 


les solutions exactes pour plusieurs profils supposés 


pour ur 


wall 


& deux dimensions et dont les propriétés physiques sont con 


nt été trouvees quand écoulement conserve sa forme de 


Ces solutions peuvent 


n 


0) et a flux thermique 


température et les vitesses de flux thermique ont été évalués pour 


a été étuidie également par la technique de Vintégrale instantanée et les 


ensuite, une 


longueur variable de section chauffé« 


Das Wirmeitibergangsverhalten ciner inkompressiblen, zweidimensionalen, 


laminaren WandstrOmung mit konstanten physikalischen Eigenschaften wird ziemlich ausfiihrlich 


Exakte 
Wandtemperatur, cic 


behandelt 


Asunget 


fiir variabk sich als 2 


diese Losungen auf die Spezialfille konstanter Wandtemperatur (1 


3 
windigkeiten fiir verschieden« 


stromes (n )} zuriickfiihren lassen 


Die laminare WandstrOmung wurde 


wurden gefunden fiir StrOmungen, die ihre 


Es wurden Temperaturprotil 
Prandtl-Zahlen ermittelt. 


Form beibehalten und 
r" darstellen Hisst Ks wird gezeigt, dass sich 
0) und konstanten Wiirme 


und Wirmestromgesch 


ausserdem mit einer Methode untersucht, die von der 


Intergration der Bewegungsgieichung ausgeht, die Ergebnisse werden fiir mehrere angenommens 


Profile mit den exakten Losungen verglichen. 


Ferner wird ein Ausdruck fiir den Wirmetibergang 


bei konstanter Wandtemperatur und variabler Anfangslinge des beheizten Abschnitts erhalten. 


1. INTRODUCTION 
Wuewn a jet of fluid strikes a wall which is sub- 
merged in the same fluid, the boundary layer flow 
which develops is called the wall jet. This name 
was apparently ascribed by GLavenrr [1], although 
the type of flow was introduced into the literature 
by Férthmann [2]. The boundary layer has the 


characteristic of zero velocity at both the wall 


3358 


and the outer edge, and hence contains a maximum 
velocity. 

The fluid mechanical nature of the incompres- 
sible wall jet with constant physical properties 


has been theoretically GLAUERT 


examined by 
(1, 3] for the radial and the two-dimensional cases, 
including both laminar and turbulant flow. He 


utilized the concept of self-preservation of the 


en 
4 
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shape of the velocity profiles with downstream 
position in order to convert the laminar boundary 
layer equations into an ordinary, non-linear 
differential equation. The sealing factors neces- 
sary to obtain self-preservation were uniquely 
determined by showing that a quantity called 
F. the 


not a function of the 


‘exterior flux of momentum flux,.”” was 
downstream direction. 
There has been no « xperimental support that the 
laminar wall jet has a_ self-preserving form 
although resemblance of this flow to a combination 
of a laminar boundary layer on a flat plate with 
7eTo pressure evradi nt and a mixing laver or free 
jet strongly supports this assumption. 

GLAVERT [1] also theoretically examined the 
turbulent wall jet. This flow has been investigated 


experimentally by several authors including 


[4], Baaker [5], and 


In general, it has been 


FORTHMANN [2], 
Scuwarz and Cosarr 
noted that GLAUERT’s solutions are good only as 
a first approximation. However, the experimental 
investigations have contirmed the self-preserving 
nature of the velocity protiles of the turbulent 
wall jet at least over most of the boundary layer. 

The compressible laminar wall jet has been 
examined by Ritey [7], GLavert [3,] and Bloom 
and STRIGER [8]. Ritey considered the com- 
pressible boundary layer equations (momentum, 
energy and continuity) for the radial wall jet, and 
applied the von Mises transformation. The energy 
equation and the momentum equation are then 
decoupled by the assumption of a linear variation 
of viscosity with temperature. Ritey further 
observed that the flux of exterior momentum flux 
is an invariant for compressible flow, as well as 
for incompressible flow. and hence unique values 
of scaling factors may be obtained with the 
assumption of similarity or self-preservation of 
the velocity profiles. An ordinary non-linear 
differential equation was obtained which is the 
same as that found by GLavert for the incom- 
pressible case. The energy equation was solved 
by numerical methods including Viscous dissipa- 


tion, for similarity conditions when : 


(1) The wall is either adiabatic or at constant 
temperature (7',.) and the heating is by viscous 


dissipation (P 0-73). 


(2) The wall is at a constant temperature, 


and no viscous dissipation. 

(3) The jet is initially heated and either the 
wall is adiabatic or at constant temperature 
(T). Since the energy equation is linear, the 
above solutions may be appropriate ly superposed 


for various combinations of the conditions. 


Bioom and Sreicer [8] have also treated the 
compressible laminar wall jet but applied a 
transformation of variables to the equations of 
energy and momentum that was utilized by 


Levy [9] and {10}. As might be expected, 
with the assumption of similarity of profiles and 
that the product of viscosity and density was 
constant, the governing equations were reduced 
to two separate ordinary differential equations, 
which are the same as those obtained by RILey. 
The authors then showed that the flux of exterior 
momentum flux was invariant with downstream 
position. Further, they solved the energy equa- 


tion without viscous dissipation for : 


(1) Constant temperature wall; P = 1; by 
a numerical scheme. 

(2) Variable temperature with a variation of 
r" by an asymptotic solution similar to that of 
Scuun [11] and Liguruins 
P variable. 


(3) Variable temperature wall of the form 2": 


[12] for n large and 


the heat flux was obtained numerically for 
various nn, P 0-72 and 1-0, as well as the 


enthalpy profiles for P 0-72, n and }. 


GLAUERT [3] has reviewed the work of Rmtey 
as well as discussed some of the effects of entrain- 


ment on the laminar wall jet. 


2. THreory Development or tHe E@QuaTions 

For an incompressible, steady, two-dimensional 
flow where the physical properties of the fluid 
remain constant and the viscous dissipation, 
pressure gradient and body forces are negligible, 
the equations of motion, continuity and energy 
for a Newtonian fluid may be written with the 


boundary layer approximations as 


da dy dy? 
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oY 
where v is the kinematic viscosity (« p), and a, 


Is the 


The laminar plane wall jet problem has been 


thermal diffusivity (k 


solved in exact form by Giavi 1, 3) who has 


expre ssed his solution in the following form: 


140 Fy(a (4) 
/ vl (5) 
5/ 1/2 
j (6) 
(7 
| 32, {J l 
Tu 125 F 
(S) 
l 1 Fy 
$ 
The principal assumption was that the flow was 
self-preserving. 
For the two-dimensional wall jet, / may be 
considered as the location of the virtual origin. 
The svmbol is the stream function which satis 


fies the continuity equation and hence 
Ar 
u: (10) 
ou da 
Also U is some arbitrary constant velocity. 
The symbol F represents a qua tity found by 


to he 


respe t to the downstream distances 


GLAUER1 invariant of the flow with 


an 
This quantity 
plays a similar role in the wall jet problem as the 
flux of momentum in the free jet problem. The 


form of Fk for the plane, iIncompre ssible case 1s 


given as 
udy dy 0 (11) 
da 
or 
u- udy dy constant (12) 


and Bruce 


The assumption of self-preservation of the shape 
of the velocity profile allows us to find sealing 
factors which are functions only of x, the down- 
stream position, for the velocity and the distance 
from the 


wall y. From the equations of motion 


one relation may be obtained which relates the 


scales. <A that 


determines the two scales is obtained from the 


two second relation uniquely 


invariance of F. 


\ dimensionless temperaturi may be defined as 
T (13) 


If the temperature distribution in the boundary 


laver is self preserving in shap then 

T (14) 
where 

(15) 
and 

5 14 
5 (x) (16) 


For the velocity and the temperature profiles 
to be fully self-preserving, the length seales both 
the 


downstream position and hence can differ only 


must have same functional variation with 


by a constant. This constant is at our disposal, 
the let it be 
equal to unity. 


since equations are linear, hence 
If the temperature of the wall is non-uniform. 

then 
T 


@ (ax) (17) 


Now, with « quations (6), (7), (9) and (17), equation 


(3) becomes 


r” (») P f (nm) 


t P (a 
(xv) 


dx 


(m) r(m) (18) 
where P is the Prandtl number. 

If the temperature profiles are self-preserving, 
the the differential 
cannot be functions of x. therefore 


coeflicients in equation 


(2 l) d@(x) 
constant (19) 
@ (x) da 
and hence 
(x) constant (7 ly" (20) 
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Equation (18) may now be written 


r” P (n) f P nf’ (y) = O (21) 


which is a second order, ordinary, linear differen- 


tial equation, subject to the boundary conditions 
(0) 1; 7(@) 0 (22) 


This equation is applicable to any fluid under 
the stated assumptions except possibly for very 
low Prandtl numbers. The wall jet has the 
characteristic of zero velocity outside the viscous 
boundary laver, if entrainment is excluded. 
Therefore, at low Prandtl numbers where the 
thermal boundary layer exceeds the viscous 
boundary lave r heat transfer outside the viscous 


boundary laver is due to conduction only. It is 


possible that the boundary layer assumption of 


gradients in the transverse direction being large 
compared to the downstream direction is not 
applicable. This effect would depend on the 
steepness of the wall temperature variation, and 
quantitatively is diflicult to evaluate. 

The function f (> 
ordinary, third-order non-linear differential equa- 


is obtained by solving the 


tion 


(7) fin) (mn) 2(f' (FP 0 (23) 


This equation was obtained by GLavuert [1] for 
the laminar wall jet with the assumption that the 
velocity profiles were self-preserving in shape. 


The exact solution was given in the form 


and 
g p-) 
In \ 
g (n) 
\ (3) tan” (25) 
2 


The heat flux through the wall is given by 


| 
(26) 
oY 
or 
27 


(ax) d +(0) 


d 7) 


Now, if the heat flux through the wall is a con- 


stant, equations (16), (20) and (27) give 


(x) C (a (28) 


where C is a constant, and is obtained from 


(z) = T, 
k 


[)3/4 (29) 
The expression dr (0) dy is obtained from 
the solution of the differential equation (22) with 
n } and the boundary conditions, equations 
(22). 

A non-uniform wall-temperature which is 
consistent with the self-preservation principle is 
of the form of equation (20). The heat transfer 
characteristics are obtained by solving equation 
(21) with the appropriate value of n. For this 


case the heat flux becomes 


5F | d +r (0) 
l) 


j (30) 
| ay 


and @(x) is the prescribed wall temperature 
distribution. 

When the temperature of the wall is a constant 
and not a function of x, then @ (x) is a constant 
and therefore n 0. The differential equation 
will become 


Pf (n) 0 (31) 


The heat flux through the wall is given by equation 
(30) with the appropriate constant for @ (2) and 
d+(0)/d7 


the solution of equation (31). 


the derivative | determined by 


3. SOLUTION OF THE DIFFERENTIAL 


EQUATION FOR CONSTANT Watt TEMPERATURI 


The differential equation describing the tem- 
perature distribution through the boundary layer 
when the temperature of the wall is a constant is 
given by equation (31). This equation may be 


readily integrated to give : 
‘ 


t (») r (0) exp Pf (n) dy | dy (32) 


i 


and 
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exp Pf (mn) dy | dy; (3333) 


0 


The temperature distribution and the heat flux 
at the 


integrating equations (82) 


wall may be obtained by numerically 


and (33). 
form of solution 


th 


\ more convenient 


Ritey [7] 


obtained by in following manner. 


From equation (25c) 
dg (») (7 dy (334) 
Then from equations (32) and (33) obtain 
1 
wile 3 | [1 — dg ()/3 
[1 dg (n) (33) 
—— 
0.6r 
} 
| \ 
| \ 
0.4 \ 
\ 
\ 
P=10 
r 
Fic. 1 
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Transforming variables, let 


Equation (35) becomes 

; 

0 
where 
| dt — B(P.4) (38) 


and B(P. 4) is the Beta function, and the first 


integral in equation (37) is the incomplete Beta 


function which must be solved by numerical 
methods or tables. The Beta function may be 
written in terms of the Gamma functions as 
B(P, 4) . (39) 
r(P 
P=0 
| 
| 
—n=0 
4/4 


u 


3 4 


SF 
7) 


w 


Temperature distributions. 


| 
| 
| 
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: 
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Table 1. Values of dr(O)d ”) for constant wall te mipe rature (n 0) and constant he at flua (nw ) : 
P 0-01 0-08 0-10 0-30 O-7! 1-0 20 50 10.0 15-0 50 100 1000 
©-00975 O-O27T8SS O-1728 2880 0O-4444 00-6120 O-TSS6 00-9078 1-728 
7) } 0-03709 0-09739 00-1983 0-493 0-699 O-S96 1-151 1-445 1-640 2-47 3-12 6-68 
iO Or 
VOL, _[atio)} 
id7 
196? 
ere) 
O ene ele) one i000 000 
PRANDTL No 
d +(0) 
Fic. 2. Plot of ; vs. Prandtl number. 
T 
In a similar manner, it may be shown that A Simicariry or THE Dirreren- 
d +(0) r(P +4) EQuaTiON FOR VARIABLE Wat Temprr- 
: : (40) ATURE AND Constant Hear Fut 
dy B(P. 4) 


The temperature distribution as a function of 
» is plotted in Fig. (1) with the Prandtl number 
Values of Prandt! 


as a parameter, number of 


0-1, 1 and 10 are shown. 
The heat tlux through the wall is given by 
: equation (80) or 
Gu (t) k(T, 
d + (0) 
BY (a iy dy 
and dr(O)d n | Is computed by the Gamma 
functions of equation (40), Values of 


| —d+(0) dy] are given in Table 1 and shown 


in Fig. 2 for a variety of Prandtl numbers. 


The differential equation for the temperature 
distribution through the boundary layer, equation 
(21). 


form using the variables introduced by GLaurr‘ 


may be transformed into a more suitable 


to solve the thud mechanical problem of the 


laminar wall jet. These variables are given by 


equation (24). In terms of the variable g the 


energy equation (21) becomes 


(1 g) (P—lj) Pugs —0 (42) 
g 3 3 


where differentiation is in terms of g. Now. with 


the transformation 


(43) 
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H, 


and after some manipulation, equation (42) 
becomes 
t) P) [(5 3 P\t\+ 
(44) 


This last 


standard ol tin 


and differentiation is with respect to ¢. 


equation is un the hyper 


geometric differential equation with solutions (13) 


rit (t Brot (45) 
where f and B are constants and 
rT, (46) 
and 
T,(f) Fi 1. / BS ( (47) 
Flach: f) represents the hyper cometric Series 
where a. 6 and ¢ are constants which, in general, 


are non-integers and 


ab Pn (48) 
Solving for a 
2N | 3 


the diserim 


The value of a will be comple xX whet 


inant is less than zero. 


The boundary conditions equations (22), now 
become 
(0) ril l (50) 
Therefore, the constant A is zero and 
l 
B 
ri a) h) (51) 
5 
(2 a) 
The solution now becomes 
ri ay ri 
I (2 c) \¢ h 
F (a 1:2 e:t) (52) 
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Also, from equations (48), equation (52) may be 


written as 


F (a P 1:7) (58) 
It is of interest to consider the special case of 


" 0, then 


which is recognized to be the ratio 


B,(P.4) B(P.4) [18 


This is the same result given before in equation 
(37) for a constant temperature wall. 
Now. in ord rto comput the he at flux through 


the wall by equation (30) it is necessary to know 


ld r(0) dm»). It mav be shown that 
d rT d rit) 
(1 | (55) 

d dt 
The term d-r(t) dt will now be determined. 
Before differentiation, 7 (1), which is given in 


equation (52), may be written as 


{ } 
r(2 ort h a 
Fa a, 1 h 2 f) (56) 
Now 
d ra ay bh) 
dt r(P 
1 — FO — al P+ 1st) 
— PY ® dF —a.l—b; P+130) 
it (57) 
Then 


P(23,P;P 1; 7%) (54) 
Vol 
1¢ 
a 
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5F 14 


d ra ay b) 
P(P +1)T (4) 
Pe’ (i Fa —ai—b; P+1: 
a, b: P 1:7) 
3 
Pat dF (1 — —b; P + 132) 
(1 t) (58) 


dt 


When » 0, 1. 


and equation (58) becomes 


h) 4) 
a) T'(P b) 


(59) 


| rai a) 
dy 


where a and #b are obtained by equations (48) 
and (49), 


For a wall which is maintained at constant 


temperature, 1 0, b 0 and a (2 3) Z 
hence 

| Te | B(P. 4) 


This result agrees with the previous calculation 
given as equation (40). 
If the temperature distribution along the wall 


may be represented by a polynomial series in x or 
T An (a + 1)" (61) 


then the temperature 7° of any point in the 


boundary layer may be determined by 
Ag (a + 1)" (n) (62) 


where t,(») is the solution of the differential 
equation (21). The boundary conditions are still 


r (0) l, 0. Also the heat transfer 


d (0) 


(63) 


Values of dt, (0) dy are given in Table 2 
for 0, i. 1, 2, 3, 
of O-O1, 


tf and for Prandtl numbers 
0-73, 7 and 100. 
It is readily seen from equation (28) that for a 


constant heat flux the temperature along the 


wall must vary as (2 ly)? 4 or 
where 
5F i (0) 
lose | (65) 
k 32 1 d 7 


Values of 


Table 1, and plotted vs. Prandt! number in Fig. 2. 


d 73/4 (0) dy are also given in 


The temperature throughout the boundary layer 


is given by 


T (a '* +, (t) (66) 


The factor has been evaluated from 


equation (56) with n 


7. and a and b determined 
from equations (48) and (49). It is shown in 
Fig. | for Prandtl numbers of 0-1, 1 and 10. 


5. SOLUTION BY THE Momentum Inrecrat 


TECHNIQUI 
The equation of motion (1) may be integrated 
with respect to y from zero to infinity and it is 
found that 
d 
dy 


da p 
0 


(67) 


If the form of the elocity profile is self-preserving, 


the following functions may be defined 


u 
k(n): 7 y (68 
from the wall may be found by U' (2) a 
Talbe 2. Values of [ d ty, (0) | 

P } n 1 n=83 n 

0-73 0-288 0-593 0-6382 0-7994 0-9134 1-002 

0-01 0-00975 0-08709 0-4561 O-OTT1S8 0-10526 0-1323 

7 0-6826 1-268 1-392 1-722 1-959 2-209 

1-728 3-12 3-388 4-184 4-757 5-218 
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where U (xv) and 4(7) are the sealing factors for U(r) (2) 4 (75) 
the velocity and length respective ly and are where 
functions of w only. Kquation 67) becomes 
| k (») kh? (») dy dy (76) 
T ay 
P= U8 (2 r)] (69) 
da 
where Now, with equations (74) and (76), obtain 
inid (70) 5 (77) 
and 
The shear stress at the wall may also be fata 
determined as (4%) 
vim 
d ¥le—o he shear stress at the wall then becomes 
Introducing equations (68) into equation (71) x FS 14 (79) 16 
obtain wt 45 1A (a 
B ia where x. 8 and + are given by equations (70), (73) 
where and (76) and a functional form for k(»). Several 
dk (1 forms for the velocity profil were chosen and are 
dy (73) listed in Table 3. The exact form of the shear 


stress was given by GLavert and the results of 


Equating equation (69) to equation (72) it Is the integral analysis are compared to that result. 


found that The integral technique may be suitably applied 
Bir) d to the heat transfer problem in the following 
U (x) da U? (2) (a) | (74) way. First, the energy equation (3) is integrated 

with respect to y from zero to infinity, and 

With an assumed form for the velocity profile ' 

k(n), values of 2 and 8 may be determined, : u(T — T,)dy 

However, equation (74) involves two unknowns 

(v7) and 5 (2) It is then necessary to obtain Yu (80) 


oY y= ( P 


some other inde pe ndent relation before U (a2) and 


5 (x) can be determined explicitely. As mentioned ,, 
rhen, with the detinition of +, equation (13) and 


previously, this has been done by GLaverT who : 
the assumption ol self-preserving temperature 


found that the flux of exterior momentum flux 


yrotiles write 
was constant or equation (12). 


Introducing the self-prese rving relations, obtain T (2) (Sla, b 


Table 3. Comparis wm of integral method to exact solution for shear stress 


Range of Tw 
fin) 1 p v (a n> error 
1/4 exp (— 9*/8) 0-222 0-250 0-101 O-214 3-2 
sin » 7 0 l 1/2 10 00-2676 0-1680 24 
7 (1 n*) 8 105 1 0-00981 0-227 2-7 
Exact O<1 0-221 
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Now. the scaling factor for the length 4 (a) is a 
function only of x, the downstream co-ordinate. 
This concept of self-preservation of the shape of 
the temperature profile may actually be too 
restrictive for the integral solutions. It has been 
observed that the integral method ts often not 
sensitive to the form of the assumed distribution. 
If the leading edge of the heated section does 
not correspond to the origin of the wall jet then 
exact self-pre servation 1s not possible. However, 
since the integral method satisfies the equations 
over the whol layer and not nec ssarily at the 
interior, it Is possible to apply this technique 
where the profiles are not self-preserving. This 
method has been successful in other flows such as 
the flat plate with pressure gradient. 

Introducing the relations (Sla, b) into” the 


second term of equation (80) obtain 


an 

{ 7 ) (S22) 
p ( O7 

where 


(S833) 


dr "7 } 
d ur 


"7 0 


Similarly these relations are introduced into the 
left-hand term of equation (S80) and it is found 
that 


P< p G2 
[U (x) | g(n) dor (S4) 


) is constant. Also, define 


where ( 


A Op (7) /0 (2) (85) 
hence 
(86) 
Further, let 
k(n) d (87) 
0 


Equation (82) may be equated to equation (84), 
and 
d 


r 


Or 


Some heat transfer characteristics of the two-dimensional laminar incompressible wall jet 


Introducing equations (77), (78) and (85) into 


(S88). obtain 


(J | | P 12 


| (SY) 
x and 8 are obtained from the assumed velocity 
distribution, and «, and «, are obtained from the 
assumed velocity and temperature distributions. 

Now the local heat flux per unit area at any 
point on the plate is given by equation (82), 


with appropriate substitutions, as 


a. (a k(T T_) 


1)3 (YO) 


where A ts a function of the Prandtl number and 
r, and must be evaluated from equation (89), 
The local heat transfer coetlicient 
h(a) T, T (91) 


bn COTICS 


hia) k| 
1° A 


and the loeal Nusselt number, defined as 


])}1/4 
| (a+l)-! (92) 


N (93) 


be COMES 


l) 14 
| (U4) 


The average Nusselt number. where the starting 


distance is zero, becomes 


Na 5 | A y 


since the average heat transfer coetticient is given 


by 


L h (a) da (96) 


and ZL is the distance from the point a 0, which 
corresponds to the nozzle outlet or jet axis, for 
example, to the end of the section. 


If the velocity distribution is chosen to be 


k (») (1 n*) 0 l (97) 
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and the temperature distribution as When there is zero starting length, ie. ¢ l, 
, this equation may be compared to the exact 

solution, equation (41), rewritten as 
then when A 1. or for Prandtl! numbers greater ade on 
Gu k (T, 
than one, equation (89) becomes 
dr (0) 
Ala O-6287 104) 
v(a 4 dy 
d A 5 
(a yaa | A” Values of the approximate expression of 
da | 10 140 : 
' equation (104) as well as the exact form are com 
I oo on pared for various Prandtl numbers in Table 4. 
ome 
P 5 rhe increasing error at smaller Prandt! number is 
Now due to the assumption of A* 14 3 used to solve 
equation (99). 
x 8 105; 3/2; 4 (100) 


: Also shown in Table 4 are values obtained from 


and if 3 Af 140 < A® 10, this equation (99) will equation (99) for & 0. For this case, A is a 


become constant. and equation (99) becomes 
8 lé 
3 dz P4 0 40 (a ) 
With the boundary condition that A 0 when ; 
d €; x. | 
(start of heat section). this inhomogeneous. (a 4 (1035) 
da P\4 
ordinary linear differential may be evaluated as... 
reduces to 
13 /3 si13 
7 4 - 
140 210 P 


Therefore the local heat flux through the wall. 
rhe heat flux becomes 
for Prandtl numbers greater than one, is given by 


4] 
O7 
(103) 


1 » 7 where 1 A is a function of the Prandtl number 


Guo (a k(T T ,.) 02338 


u 


Table 4. Comparison of exact to approximate methods for solution of heat flua 


P 1 2 5 10 15 Oo 100 1000) 
Exact 
06287 d + (0) | 02095 2794 0-3848 04958 O-5707 8607 1-086 2-3369 
dy 
Approximate 
Equation (104) 0-2338 2936 0-3998 0-5037 O-S766 1-0852 2-338 


0-2338 
Approximate 
Equation (124) 0-2085 0-277 0- 3862 0.4949 0-567 O-8554 1-085 2-337 


O-2444 
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and is found by solving the cubic equation (106), 
It is seen that better agreement is obtained for 
Prandtl numbers close to one. 

The recommended equations for local heat flux 
and local heat transfer coeflicient with a variabk 
Prandt] 


starting length and 


than one are given as 


14 


/\3/8)-1/3 
j | (108) 
and 
—[(€ + (a+ (109) 


where the constant C has been evaluated from the 
exact solution as the best fit of the form CP! to 
the function O-6287 dz(n)/d and 
O-2216., 

It may be mentioned that these equations can 
be used to determine the heat transfer or wall 
temperature for any arbitrary distribution of 
wall temperature or heat flux respectively, by the 
classical super-position techniques suggested by 
Rupesin [14, 15), 
Licuruis [12], 
Eckert [18], 


et al, (20). These techniques have been applied 


CuarpMan and Rupesin [16), 
Kiem and Trisus [17] and 
Hartnerr et al. [19] and Eckert 


to the laminar wall jet by Scuwarz and Caswei 
[21]. 


6. Estimation or F 


If the two-dimensional wall jet is formed by 
the scheme shown in Fig. 3 there are several 


ways of estimating the value of the flux of 


\ 
+ 
° x 
Fic. 3. The tangential two-dimensional wall jet. 


numbers greater 


exterior momentum flux and /, the “ virtual 
origin.” 

At the nozzle outlet, 
estimated (F,) from equation (12) and noting 
that u Ua 


velocity of the outlet. Then 


the value of F may be 


constant where U’, is the uniform 


l n 
(110) 
where d is the nozzle width. This may be re- 
written as 

F (111) 
where &, is the volume flow at the nozzk per unit 

width of nozzle ( U, 
If the wall \¢ 4 originating at some point 


r l, and ata 0 had a tlow rate of Q, and 


an estimated F an estimated value of / may 


he computed in the following way: 


| u dy 


. 


[40 F(a (112) 


Then at a 0, 


and (112) it is seen that 


@, and from equations (111) 


0-05 Ry (113) 


where 


R, (114) 


The value of / may also be estimated by 
assuming that the final form of the developed wall 


jet acts as if it started at a l and at a 0 


its maximum velocity is located at y d 2. 
From equation (7) and d2.a 0 
1/4 
~ . (115) 
2 |32 
Therefore. 
ld = 0-0673 (116) 


For the two methods, when R, 100, equation 
(113) gives 5-0 and equation (116) gives 0-312. 
When R, 10,1 d 0-5 by equation (113), and 
0-1448 by outlet 


Reynolds numbers, the two methods give results 


equation (116). For small 


However, at 
- 100) the 


of the same order of magnitude. 
the higher Reynolds numbers (R, 
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discrepancy becomes considerable. Of the two h 
methods the authors suggest equation (116) to . 
be more reasonable. It is also to be remarked P 
that the laminar wall jet is confined to small ue (2) 
Reynolds numbers. 
CONCLUSIONS T 
Exact solutions have been obtained for the : 
heat flux and temperature distributions through fT. 
a two-dimensional, laminar, incompressible wall 
jet with constant phy sical properties and negligible t 
viscous dissipation by assuming self-preservation 
of the velocity and temperature profiles. These 
results are applicable for wall temperatures which 
vary as 2» A, 2x". and include both the constant 
temperature wall and the constant heat flux y 
cases. For full similarity, it is necessary that the 
thermal and momentum boundary lavers start xy 
identically. 
If the wall temperature or heat flux is variable : 
and not of the above form, then approximate A 
methods have been developed to determine the 
heat transfer characteristics for P 1. Integral 


methods were used and compared to the exact 


forms: an error of 10— 20 pel cent is obseved 


1 
in the heat flux. Se 
Acknowledgements—-Financial support for one of the 7 
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(x) 
NOTATION 
a, constants defined by equations (48) 


B (p,q) incomplete Beta function 
B, (p,q) = complete Beta function 
Cy heat capacity 
(») dimensionless self-preserving stream 
function defined by Equation (4) r 


F = flux of momentum flux, see equation (12) 


function defined as g* f 
h(a) local heat transfer coeflicient 
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The operating behaviour of multistage systems—I 


The steady state 
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Abstract Small but const 


produce steady state con position changes it 


steady states ts investigated theoretically by means of matrix algebra and the theory of continued 
fractions. Closed form equations for small changes are derived and then analvsed to obtain four 
qualitative conclusions apy ble to most practical systems \ proposal is advanced for re 


ducing the need to vary refluy 


Résume 


polvetage entra t pour 


La relation entre ces états stationnaires adjacents ext examines 


niversity 


it variations in the composition of the feed to a multistage 


every 


ratio to control product composition 


Des modifications faibles mais constantes dans la composition che 


chaque ctag 


of California, Berkeley, U.S.A 


Vay 1960) 


svstem 


stage rhe relation between these 


went 


Palimentation d'un 


e des variations stationnaires de composition 


theoriquement au moven 


de la théeorie des matrices et de celle des fractions continues. Deérivation d’équations ipplicables 
a de petites variations, dont inalyse conduit a quatre conclusions qualitatives applicables aux 
svstemes les plus frequents. On propose une meéthoctk permettant de dimimucr la variation du 
reflux pour controler la tion «lu produit 

Zusammenfassung Wie: ther konstante Abweichungen ino der 
emes mehrstuligen Svster rzcugen eine stationiire Anderung der Zusammensetzung in poder 
Die Beziehur lesen benachbarten stationiren Bedingungen werden mit Tilt 
der Matrizenrechnung und Theorte der Kettenbriiche theoretisch untersucht. Geschlossen 
Gleichungen fiir kleine And en wurden abgeleitet und analvsiert, um vier qualitative Folger 
ungen zu zichen, die fiir di isten praktischen Svsteme anwendbar sind kes wird cin Vorschlag 
gemacht, der die Notwend t verringert, das Ricktlussverhiltnis zu dndern, um die Produk 


tzusammensetzung zu kontrolleren 


INTRODUCTION 


AuTuoucn there is a large body of literaturs 


about the design of multistage svstems such as 
distillation columns {1} there has been litth 
theoretical investigation of thei eration. This 
is not surprising. Operating systems are usually 


SO compli ated that it has seemed easier to rely 


on the experience of human operators familiar 


with a particular system than to attempt an 


Yet a 


fundamental theory of the behaviour of operating 


analysis applicable to many systems. 
to the chemical 
lead to better 


process control, oiving higher produ t quality and 


systems could be ol creat value 


engineering profession. It could 
lower consumption of material, labour and energy. 
It could 


capacity ol 


suggest methods for in reasing the 


existing equipment without 
It could show 


improper performance. It 


mayor 


alterations. how to find causes of 


could decrease the 


*Present address 


B52 


Department of Chemical Engineering, 


unproductive time required to adjust to upsets, 


And most important, it could help the engineer 


faster cle about tiv 


make better multistage 


systems under his supervision, without relying too 


heavily on expensive computations or the ex 


perience ol his operating x rsonnel, 


Acrivos and Amunpson [2] have shown the 


value of using matrices to deseribe interacting 


systems. The particular form of matrix applicabk 


to multistage systems has such a_ noticeabk 
structure that have a 
it the Jacobi This 
exploited by Acrivos and AMUNDsoN to establish 


stability 


mathematicians name for 


matrix structure Was 


the imbherent of multistage systems to 


small pertubations. In this article we investigat 
the Jacobi 


with reasonable simplifying assumptions a great 


structure 


more deeply, finding that 


deal of insight can be gained into the operating 


behaviour of multistage systems. 
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The operating behaviour of multistage systems 


This article deals with the steady State composi 
tion changes at each stage resulting from a small 
but constant variation in feed composition. In 
spite of the simplicity of this case, the results 
are not without practical application. The en- 
gineer in operations is often called upon to pre dict 


the effects of while the 


a long-term feed change. 
designer may need to evaluate the sé nsitivity of 
his ste ady state design to the quality of the feed. 
This article 


Tit arby 


formulae for such 


wives 


finding 


steady states without performing new 
plate-by-plate calculations. 

Aside from these direct quantitative applica 
tions, the study also shows how a steady state 
disturbance is propagated away from the source 


This 


control 


and then returned to the coure again. 


phenomenon is unde irable Irom a 


standpoint, and we call it natural feedback to 


distinguish it from the feedback 


enerated by 


control devices. After the steady stats 


character 
istics of natural feedback are understood a method 
lor reducing their del tenous effects by holding 


tha retlux composition constant immediately 


suggests itself. 

In developing this theory we use results from 
“ veral othe r brane hes ot scrence with wh h the 
reader may wish to become acquainted on his 


own. The matrix aleebra employed is quite 


elementary and may be found in any text on the 


subject (cf. Frazer et al. [4]). Interesting top 


ological relations in a multistage svstem ar 


illustrated by its signal flow graph, a concept 


borrowed from the electrical 


engineers by 
[5|. The theory of continued fractions. 
which gives us a basic theorem. is surveved in 
WaALL’s treatise [6]. 

Research on the implications of natural feed 
\ study 


of the response to an impulse has just been com 


back in multistage systems is continuing. 


pleted and is now being pre pared for publication. 


Mop: I 


Consider any countercurrent multistage system 


THe 


with or without reflux. For definiteness. we use 


the notation conventional for distillation columns. 
although the theory can be without 


applied 
significant modification to multistage counter 


current extraction or absorption systems as well. 


Part I. The steady state 


However, when we speak of a * stage,”’ we mean 


an actual physical stage, not a theoretical stage. 


Since we are concerned with the operation rather 


than with the design of such a svstem. we assum 
that », the number of stages, is known. The stages 
are numbered consecutively from 1 to n. be ginning 


at the “* top ” of the « lumn, or for more ceneral 


systems, at the end of system where the reflux 


is introduced. For systems having no reflux the 


direction of numbering is unimportant. 


Let } be the molal flow rate of the * Vapour 


going Tron stage 7 to stage 7 1. and let L. be 
the molal liqguicd rate flowing irom stage to 
Stage 1 1. The reflux rate will be denoted by 
L,. since it flows into stage 1. Select any compo 
nent of interest and let represent its mol 


fraction in the liquid leaving stage Similarly, 


let y, be its mol fraction in th vapour ” leaving 
stave In an operating system at steady state 
all of the L., | r and y, are fixed. We shall 
choose a particular steady state as the reference 
state and say that in the reference state L, LL, 
Ve, r®, and y, y.°, where V,°, 


0 


r,° and y,.® are constants. We shall study svstems 
in which x, and y, are permitted to vary about the 
reference state but wher L. ind | ; are assumed 


constat for all states. 


lor brevity we shall omit 
Detine and 


the co position deviations from the 


the Supers ripts on L. and 


reference 


steady state. as follows 


In each stage 7, 7, and y. are related by son 
function depending on the phas« equilibrium, the 
rate of mass transfer, the mixing pattern and th 
presence of leaks or plugged passages. We assume 
that in the actual column this re lation is approx 
linear over the 


imately 


range of variation of 


and 


In terms of the composition deviations 
we have that 


Us, (3) 


where 8; is a constant characteristic of stage i. 


i 


There may be side streams leaving the svstem 


at any stage. We denote the molal flow rates of 


liquid and 


and V;, 


‘vapour ” leaving stage i by L 


| 
respectively. These rates are assumed to 
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he constant and the sidestream mipositions are 
assumed to be the same as x. an respectively, 
Similarly there may be fresh material fed to the 
column at anv stage The mo flow rates of 

and Vapour feed. symbolized by 
L umd | respectively, are assumed constant 
Phe feed compositions are ina with ther 
deviations u Th from their reference steady 
States and defined as equations (1 


and 2). 
\ material balance on the component of interest 


stave 


around vives 


By 


obtain 


rearranging this and using equation (3) we 


» Lu | >) 
We account for the retlux by lett: 
(] Tr) Wy Ay Us 
bh, u Us 
Ue Ns Halts 


3. NATURAL FEEDBACK 


The set of equations (13) describes in alvebraic 
thre the 


concentration 


simultaneous relations between 


the 


In the next section we shall apply 


terms 


disturbances w. and 


resulti 
fluctuations u.. 
algebraic methods to these equation 


what they 


is In orde r to 
Befor We do this it 


is mstructive to « \amine the il llow graph of 


find out mean. 


a multistage svstem. This is a graphical re presen 
tation of the equations (13) which g 
the 
Fig. | shows the signal flow grap! 

It is a slight the 
CAMPBELI 


ves topological 


insight imto interactions of the variables. 


ipplicable here. 


modification of given by 


one 
who discusses Signa graphs in 


some detail. Each circle or node 


represents an 
equation, while each directed branch stands for a 


a term obtained by multiplying the variable at 


J. 


For abbreviation. let 


Wi 


shall speak of u as the normalized input 
deviation at stage i. Using the fact that 
‘9 a (10 
and 
(11 
and making the further abbreviation 
V 
(lz 
L, +L, Vy) 
We can write ” equations in the nm unknown 
deviations 
Wo 
“3 
(133) 
b, u,, w, 


the tail of 
the 
the 


the arrow by the constant shown on 


arrow. The variable in the node is equal to 
sum of all terms whose arrows point to the 
node, Each branch repre sents the way in which 
a disturbance is transmitted from one stage to 
another. 

To be detinite let us trace the effects of a positive 
disturbance w, in the concentration of a compo- 
the feed to the third 


causes both the vapour and the liquid leaving 


nent mn stage. 


The Ups¢ 


stage 2 to have higher concentrations of the com- 


ponent, This causes the concentration on ad jace ni 


‘ 
stages 2 


and 4 to rise. Thus the liquid leaving 
stage 2 feeds the increase back to stage 3, as does 


the vapour from stage 4. The disturbance ts in 


fact transmitted in both directions away from 


B54 


' 
f 
a 
(4) 
| 
= 
9¢ 
4 
= 
‘ 


The operating behaviour of multistage systems —Part I. 


the feed to all 


responding 


which in turn feed 
back 
phenomenon we shall call natural feedback. 


feedback 


position in automatic control theory, for negative 


Stave cor- 


mcreases again. 


The concept ol central 


oOccuples “a 
feedback is often used to correct an Input upset 
7). On the other hand natural feedback is positive 
and acutally aggravates an disturbance. 


There are two basic mechanisms producing 


natural feedback. The kind of feedback already 
described arises from the countercurrent nature 
of the flow between stages. We shall refer to 
this type, which occurs in all countercurrent 
/ l a 0 
b, l 
0 h. 
\ 
0 
0 
uy 
u (15 
u,, 
ad 
, 
Fig. 1 Signal flow diagram for multistage system, 


This is_ the 


The steady state 


systems, as countercurrent feedback. In Fig. 1. 
the solid branches show the 
feedback. The 


occurs only in systems with reflux. 


line of Fig. 1 


paths of counter 
kind ol feedback 
As the dashed 


reaching the 


current other 


show 


an upset lirst 


stage disturbs the the reflux. 
back to the 


This ol feedbac k will by 
fee lhack. 


composition ol 


which in turn feeds an upset first 


stage. called reflua 


t. Marrix 
The set of 


REPRESENTATION 


linear equations (13) may be ex 


pressed more matrix form. Let 


detined : 


compactly 


the following matrices be 


0 
0 
0 0 
14 
0 b, l 
Ww 16 
u 


The matrix representation of equations (13) is 


Au Ww 17 
Since the matrix A is non-singular, or in other 
words, since the equations 13 are linearly 


there 
called the inverse of A, 


independent, 2 


is always a matrix A-}, 


such that 
u A-lw (18 


if A-* 


the deviations u,; explicitly in terms of the input 


is known it is a simple matter to express 


deviations w,, for if 
the 


(18) is equivalent to 


represents the element in 
then equation 


column of 


row and / 


for 7 (19) 
The significance of the elements a;; ol A-! can be 
seen clearly by differentiating this equation with 


respect to a typical input deviation w; : 
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J. 
Hence the inverse matrix A! gives us insight ; {1 r for j l 1) 
into the complicated relationship between inputs ab d_, for) 
and outputs, for each element of A~! may be and 
viewed as the change in composition of the 
ma for) n 
liquid leaving stage 7 re from a unit (22) 
normalized deviation in the feed to stag The 
constant a,, will be called the ga of input w. In the next section we shall discuss these functions 
at stage 7. If the gain exceeds unity we sav that » which are known as approximants 6) in detail. 
the disturbance is amplified therwise we say lor now we wish only to use them in our compact 
it ws attenuated. The ire ki as self ampli represe ntations of the inverse matrix A 1 
fications. There will be two forms of \ ! presented, each 
Before we can write the inverse A © COMpar tly viving a different insight into the behaviour of 
we must introduce two functions by recursive multistage systems. They will be known as the 
definitions. Let right and the left inverse A, 
The right inverse A, is 
d, 9 1) did » (a Ce d, , (d,, 1) 
My “3 "3 On 
bh, bh. Dg Un 233) 
d, ey 1) €, (ad é ds l d,. d, (d,, 1) 
h b,. Tb, l 
fs e,, (d, 1) Cs (dg Cs l d,, 
— 
The formulae for its typical elements a, (r) are 
Il a, d,, ifi (24a) 
= 
(d l < if? (24h) 
} | 
4 Il b/e, (24e) 
Min Lk 
, It can be verified by direct matrix multiplication 
that A.-! is a right inverse of A, that is. 
| 
AA! I, (25) 
b------- where Lis the n by unit matrix [2, 4]. However, 
] it is not easy to verify by direct multiplication 
that A. and A are permutable, Le. that the 
order of matrix multiplication can be reversed 
so that 
I (26) 
Fic. 2. A system for reducing reflux feedback. This is why we call a l the right inverse. llow 


a 
: 
ce 
= 
VO 
is 19 
3 
4 : 
| 
are 


1969? 


ever, it is well known [4] that since A is nonsingular, any right inverse satisfying 
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25) must also 


satisfy (26) and so we do not need to prove (26) by direct multiplication. 


The left inverse matrix A, 1 is 


ls 
by 
d, (d, fs 1) d, 
b, bs bs 
did, (dy 1) d, (dy, Cs 1) 
b, b,, 
dy ,(d,, d,, Cn 1) d. 


The formulae for its typical elements a.. (1) are 


Il a. if (28a) 

(d, +-e,—1)a,,(l) = « i if (28b) 
| JT b/d (28¢e) 


It is easily verified by direct multiplication that 


is a left inverse of A. Le. 


A IA I (29) 


By the reasoning we used with A,-! 


it happens 
that A, 1 is also a right inverse. In fact, the 
uniqueness of the inverse of any non-singular 


matrix establishes that 


The left inverse A,' is the more convenient 
form for direct computation of the u, for a given 
set of w,. Substitution of the a, (/) into Equation 


(19) gives 


1 
Sw, (31) 


In this section we have exhibited two forms of 
the inverse matrix A~! and given a formula 
relating the liquid composition deviation at any 


stage to the set of input composition deviations. 


d, 1) €> é, (d, 1) 
Us ls ay, 
@,(d, l (de 1) 
l Uy, 27 
dy €3 (ds €3 1) 
by... b, 
n-1(4, — 1) 


These formulae can be used to predict the effects 
of a small but constant composition change in the 


feed to an existing multistage system. They may 


also be employed to investigate the sensitivity of 


a design to the quality of the feed specified. If 


the disturbances are of a random character, but 
occur so slowly that the system has time to adjust 
to them as they take plac e, the standard deviation 
a, of each response uu, can be related to the 
standard deviation of the upsets w, and the 
correlation coellicients py, for each pair of upsets 


w, and w, by well known statistical relations 


[S| to obtain 


In order to gain a better understanding of multi- 
stage systems we shall seek now to extract simple 
qualitative principles from the complicated equa- 
tions derived so far. 


5. ‘Tue Constants a, b, and r 
In this section the constants a,, b,, and r will 
be studied. For the sake of initial simplicity we 
consider first a constant liquid molal overflow 
system [1] with the value of 8; the same for all 
stages. Realizing that these assumptions are 
gross oversimplifications we shall eventually 
discard them in favour of less restrictive ones. 

But for the time being let us assume that 
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and 
=L,, +L (34) 
Any stage ¢ having neither feed streams nor 
side streams will be such that 
L L 0 (35) 
In this situation Equations (33 34) and (35). 
together with detinitions (7) and (8) give 
a b l (36) 
Furthermore. if no stage 7+ has feed stream or 
a side stream for then 
a; a (37) 
and 
Next consider a stage f which has a feed stream 
but no side stream, meanimg that 
L 0, 


kor purposes ol comparison we assure that 


2, J l. and f ” have neither feed 
streams nor side streams. Then 
ay 
Voss | 
(V, V,*) | 
a, ay 
L,, +L; + BV,, ~L,, + 
In summary, 
Also 
L, 
b, 
L, + BV, 
) 
L, 
L, 1 1 
L, 
+ 1y* + — 
Ly 
L, 


J, Wipe 


L, 
h, 
L, 1 1 
In summary, 
It is easy to show that 
h 2 l (41) 
Llowe ver, 
a h, a, l (42) 
and 
b, Ups» h, ( 433) 
Suppose now that s is a stage having a side 
stream but no feed stream, while stages s 2, 
s l and s 2 have neither. The analvsis of 


this situation takes the same form and it is easy 


to see that all of the inequalitre s reverse. That is, 


ad h bh. { 15) 

a,-; l (46) 

a h ] (47) 
and 

a bh. ] LS) 

It remains to investigate the constant r. 


Equation (12), which defines r. shows that 
0 } l. 


We shall need to decrease the upper bound on rT, 


To do this, we examine the reciprocal of r. 
(40) 


Notice that the ratio J 
the reflux ratio [1] 


f L, is the reciprocal of 
Equation (49) implies that if 


By 1, (50a) 
then 


(50b) 


even at total reflux. On the other hand. even if 
B, exceeds unity it will not be much larger than 
unity in most practical situations, and the term 
V,~ L, will usually be large enough to make the 
right-hand side of (49) at least equal to 2. Hence 


the conclusion (50b) will be true most of the time. 
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even when the sufficient condition (50a) does not 


hold. 


6. Tue Recurarrry Hyporueses 


Certain relations true for the constant molal 
overtlow system with constant 8 that we have 
just studied would seem to be true for mors 
general S\ stems. Rather than restrict our analysis 
to the over simplified model of the previous section 
we adopt the following basic postulates, which 


we shall call regularity hypotheses. 


a b for all 


Systems for which the r yularity hypotheses hold 
will be called regular systems. 

The regularity hypotheses may be viewed as 
simplifying assumptions upon which rigorous 
proots of certain interesting properties of multi 
stage systems can be based. We feel that th 
conclusions drawn from these hypotheses will be 
valid in practice even when the hypothe ses them 
selves do not strictly hold. Since this is mer ly 
a conjecture it may be possible to find a system 
behaving at variance with our conclusions. We 
only claim that such a system cannot be regular. 

In justification of the regularity hypotheses 
we point out that in a constant molal overflow 
svstem hypothesis A is violated only in the 
neighbourhood of side streams as equations (36), 
(42), (43), (47) and (48) have shown. Even in 
svstems with changing overflow the sum a, b. 
should not deviate from unity by a very large 
amount. Hypothesis B is merely equation (50b). 
which we have already justified in Section 5. 

The following four conclusions concerning 
regular systems will be deduced from the regular- 


ity hypotheses in the subsequent sections. 


(1) Every gain a;; is positive. 


(2) The self-amplifications a, always exceed 
unity. 

(3) The self-amplifications can reach, but not 
exceed, 2 (n 1). 

(4) If a stage is added to a system otherwise 


unchanged all gains will increase. 


7. Tur Approximants d; and 

Now that the ranges of a;, b. and r have been 
circumscribed by the two regularity hypotheses 
we can turn to the study of d. and e.. In order 
to see the form of these functions more clearly 
let us « xpand ¢, in terms of the relevant constants 


a,, b. and r. using detinition (21 


a,b 


An expression of this form is known as a con 
tinued fraction f, when vn is infinite: if n is finite 
€; Is called the approximant or convergent ot 
the full continued fraction f.. This is the termin- 
ology used in W ALLS comprehensive work on 
continued fractions [6]. Although CamppBe.y [5] 
refers to the approximants as “continued frac- 
tions ” we prefer to retain the distinction between 
the tinit approximants and the infinite continued 
fraction. 

The f; are actually special kinds of continued 
known as *J-fractions.” The “J” 
reflects the fact that 


matrices such as A, from which the J-fractions 


fraction 
apparently tridiagonal 
are obtained, are called Jacobi matrices [8]. In 
order to prove that our functions ¢ converge we 
make use of a theorem of Paypon and Wat 
6. 9) which is a stronger form of a century-old 
theorem due to Worpirzky (see Wat [6]). In 
our context the Paypon-Wa Lt. theorem is: 
Let a, and b. be functions of any variables over 


a domain PD) in which 


a,b, e(l for all i, (51) 


where 0 r 5 Then the values z of the 


continued fraction f and its approximants are 


in the domain 


Wat also shows [6] that 
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f, (53) 
if and only i 
a h : for all (54) 
Hy pothesis \. wl hy ruara itees that 0 
together with the Paypon—W Theorem, 
equations (53 inl and niteness of 
imply that 
The least tipper bound for é; obtained by 


The approximants d, present a problem because 


thy last divisor ws rather i! l. lo 
th expand ditlieult ircumvented 
bv reeularit pothesis B. wil towether with 
the evativits oly titi il 

Hence the quantity 1 r hes in the same range 
as any continued = fraction ipproximant 


satisfving the Paynoxn- Watt Theorem. We may 
therefore express ] y as ontinued fraction 
or ipproximant When this is d becomes a 
continued fraction or approxin satisfving the 
Pay Theorem so tl 
lor 
By combining equations (24+b 56) and 
OS we obt it 
l 
Since the constants a., 6 i. ana have all been 
proven tive we see that 
for all (th) 
This inequality contams corm lus on 1) mare ly. 
that all gaims in regular system are positive 
Conclusion (2), that the self-amplification always 
exceeds unity, 1s expressed mn uation (50). 


which estab 


Let us now prove conclusion (3 
lishes the following least upper bound for the 
auto-amplification 
Zin j (til) 
To do this we must prove that 


360 


J. Witoe 
n 
2 J 1) 
using mathematical induction on (n i). To 
begin, notice that equation (62) is trivially true 
when by definition (21). Before carrving 
out the induction we remark that since a+ 
cannot exceed i. it follows that 
be 
le le 
Then taking equation (62) as the mduction 
hypothesis 
2 2) j 1) 
2 j + 2) 
vi 2 
1) 
for all j. This completes the induction and es 
tablishes the truth of equation (62 Kquation 
(61) follows when the inequalities (57) and (62 


are substituted into equation (24b), establishing 
corn lusion 4). 


The 


clearly 


harmful effect of natural feedback is shown 
by 3). Uf 


no natural feedback the self amplificats m at 


conclusions (2) and ther 


were 
the 
disturbance would be exactly unity, and the upset 
other stage. 


would not be communicated to any 


However, in a real system a feed composition 
disturbance upsets the composition at ever, 
stave Through natural feedback these secondary 
effects are returned to the feed stage bringing 
about an amplification which can become quit 


large. 
ADDITION STAG! 
the 


re vular 


Ol \ 


Consider now consequences ol adding it 


to a Cine 


to 


stave system. 
this the 


feedback everywhere in the system and produce 


would exp ct 


natural countercurrent 


higher response coefficients at every stage. We 
shall show this to be true for any regular system 
[conclusion (4)}. 

First we shall examine the effect of an addi 


tional stage at the unretluxed end of the system. 
Since the constants a,, b,, rand hence the constants 
d,, are unchanged by this additional stage it ts 
to the the self 


showing th 


changes 


that 


investigate 


By 


nough 


amplifications 


| | 
wae 
| 
| 
| 
\ ( ) l 
; 
| 
ie 
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always increase we prove that all of the re sponse 


coetlicients must increase. by equations (24a) and 


(28). Kquation (24b), eIving d as a function of 
both d. and €;, IS not convenient lor proving this, 
and it is necessary to « xpress entirely in terms 


of constants d,. To do this we construct an inverse 


matrix A, whose off diagonal eo¢ liments do not 
contain any of the e;. These off-diagonal elements 
(a) are 


by thre 
24a), (24b), 


fiven in 


terms of the diagonal clements 


following combination ol equator 


and 


OBb 


By taking the inner 
of the matrix A 
setting it 


product [4] of the j7™ 


columu of \ 
equal to unity. anc ren’ri 


the 


with thy 


obtains following recurrence relation : 


with 


a 


Krom this it can be 


shown by induction that 


ab/dhy 
d. 
We see that ; can indeed by expre sed without 
using any ¢ 
Suppose that a new stave, numbered » ] 


end oft 


Is attached to the 
Then a 


augumented 


unretluxed the system. 


the self umplification at stage j for the 


system, 1s given by 


Since the second term of this equation ts a product 


ol positive 


factors it follows that 
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for all 1 J n. 


64) 


Hence eve ry self amplification is Increased when 


a Stage is added at the unrefluxed end. Further 


more, by equation 63a) and 63h). ill of the 
response coetl rents must ilso Lic! 
By similar methods it possibl to prove that 


addition of a stage at t refluxed end also brings 
ibout an increase in all of the coefficients of the 
inverse matrix A~!. The proof requires expressing 
tha mly in terms of constants a,. b. and « 
ind tl comparing the augmented system with 
the original system as before Phe only complica 
tion ari from the fact that all indices advance 
one unit hen a stage is added at the retluxed 
end. WI this is taken into account, the proof 

has betor ind omitted here 
mpletes the proof of conclusion (4 
\ unm illustrates th harmful effect of 
tural feedbac k 

9% Feeprack 

In Section 3. we distiz guished between counte? 
current feedback, present in all multistage systems 
ial eflu lee lhack. hound only in retluxed SVS 
terns Since k ig shows refl IX feedback to be 


lwayvs to have a 
Wi 


ist 


positive it might be expect i 


deleterious effect ol thi Svstem 


sponse, 


vish now to examine reflux feedback to se¢ 
this effect ts 


Consider 


how bac 
two systems with identical interstage 
both have th 


flows so that they 


Same constants 
However, one system is refluxed while 
that the 


former system but 


a, and b,, 


the other is not. This m retlux 


ins 


constant r is positive im the 


zero um the latter. Let the response coetheients 
in the unretluxed system be denoted by ~ to 
distinguish them from the a of the refluxed 


svstem. By definition (21) and equations (28a) 
and (28b) we obtain the following comparison 
ol tirst stage response in the two svstems: 
for all 1 } n. 65) 
r) 


By hypothesis C and Inequality (55), this ratio, 


never less than unity. can become arbitrarily 
large at high reflux ratios, although it will remain 
finite tor a tinite Ss) stem. Hence the response at 


Chem. Engng. Sci. Vol. 16, Nos. 3 and 4. December 


a 
il 
(d) 4 
k j 
d 
n+1—j 
au l 2 ll a,b, d 
Lit 
d, 
ay | IT ap, 


DouGLASSs 


the first stage can be magnified enormously by 
re flux fer dback no matter w here the original 


disturbance occurs. Similarly, by equation (24c), 


for all 1 n 


This shows that when the origina ipset is at the 


first stage reflux feedback can cause very large 
responses throughout the svstem 
The effects of retlux feedback on the other 


response Cor flhients are more omplicated and 


we will not investigate them further However. 


it is clear from our analysis that many situa 
tions it would be desirable to reduce rethix feed 
back. In the next section we Sui vest how this 


might be accomplished even ma retluxed system. 


RepUCcTION OF REFLI FEEDBACK 


Retlhux feedback could 


if it were possi tole to hold thy re 


climinated entirely 


composition 


constant in spite of changes im the overhead 
composition. In a conventional system this 1s 
clearly impossible since the rellux is taken 


directly from the overhead str 

Suppose, however, that the reflux ts a mixture 
of overhead blended with a small amount of some 
other material. In principle at least it would be 
composition of this reflux 
feedback 
entirely. Fig. 2 is a schematic diagram of a system 


feedbax k The 


adjusts the rate at which feed material is mixed 


possible to hold the 
blend constant and eliminate thux 
controll r 


for reducing retlux 


with overhead in the we ll-agitated mix tank im 
order to hold the 
This blend is used as reflux. Notice that such a 


blend composition constant. 


svstem can control the fraction of only one of the 
components at a time, sine only two streams are 
being blended. This limited degree of control 
however, if there is only one 


ix feedback. 


may enough, 
component highly sensitive to re 

The conventional way of controlling overhead 
composition is to adjust the reflux ratio, which 
in turn changes all of the flow rates in the system. 
Although we have not analysed the secondary 
effects of these changes it would seem desirable 
to keep such changes as small as possible. The 
main advantage of our proposal for reducing 


reflux feedback is that alterations in the reflux 


J. Wipe 


ratio, and hence secondary flow upsets, could be 
markedly reduced. 

On the other hand. there would be a disadvan 
tage to this plan, even if it worked. The retlux 
would always have a lower quality on the averag 
than in an ordinary system, since a small amount 
of low grade material would have to be added 
continuously to the reflux to allow its composition 
to be additional 


controlled This could re qquire 


stages, especially when the se paration is diflieult 


ReDUCTION OF COUNTERCURREN'T 
PEE DBACK 

Tr the pre ceding section we suggested a method 

for reducing retlux feedback. The idea of holding 

composition constant could be apphed to any 

Hence it ts 


counter-current feedback in this way. The signal 


stream. possible also to reduce 
llow graph for a system with such a composition 
controlling device would resemble Fig. 1, except 
that the branch corresponding to the controlled 
composition would be removed, 

It would of course be more practical to apply 
this approach to liquid than vapour streams. In 
a distillation column the most effective composi 
tion to control is that of the liquid stream nearest 
the top, that ts, the reflux composition. In leach 
ing, washing and liquid-liquid extraction systems 
signal 


licqguid the 
better to 


where all of the streams are 
flow diagram shows that it would be 
control the composition as near as possible to 
the source of the disturbance. Ideally, the most 
effective 


if the feed composition were 


location would be the feed itself, sine 
constant, ther 


would be no disturbances at all. 


12. CONCLUDING SUMMARY 
\ theoretical analysis of the operating charac 
teristics of multistage systems has been under 


taken. \s 


systems to small changes in steady state feed 


a beginning the respons of such 


composition was studied by means of matrix 
algebra and the theory of continued fractions. 
The concepts of natural feedback and gain wer 
introduced, and quantitative expressions for this 
latter quantity were derived in terms of para 


meters measurable in the operating system. 


These gains are useful for predicting the effects of 
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changes in feed on the performance of the svstem. 
The rathe 


analysed further for regular systems. defined to 


complicated gain expressions were 


be those satisfying two simplifving assumptions 
Although the 


regularity hypotheses were justified on the be- 


known as regularity hypotheses. 
haviour of constant liquid molal overtlow systems 
the hypotheses can be applied to almost all 
practical multistage systems. Four conclusions 
about gain in regular systems were drawn. 


ly 
1) Everv gain is positive. 


(2) A feed upset is always amplified at the feed 


stage. This is called auto amplification. 


~ 


The auto amplitic ation at a stage can attain. 


but not exceed. twice the number of Stages 
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from the disturbance to the nearest un 


refluxed end, counting the feed Stage. 


\ll CAINS NCTCASE when a stave Is added to 


a system otherwise unchanged. 


All of these conslusions illustrated the harmful 
character of natural feedback. A system for re 
ducing natural feedback by holding the 
Since the 


retlux 
composition constant was suggested. 
proposal involves blending feed with the over 
head to control the reflux composition, the im 
proved system control may often be offset by a 
need for more stages. The plan needs further study. 

Research based on this mathematical model is 
continuing. A study of the response to an impulse 
input has just been completed and is now being 


prepared for publication. 
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Fluidized solids reactors with continuous solids feed—lI 


Residence time of particles in fluidized beds 


Sakar Yaor and Kunxn 


Department of Chemical Engineering, University of Tokyo, Tokyo, Japan 
( ipril 1960: in revised form t January 1061) 
Abstract The distribut residence times of solid particles is examined in fluidized beds 
at stead state wit! ot feed and dis arve of solids, both for consisting of a single 
particl for i of a le spectr of particle sizes 
The mean age (resick in bed) of particles of a given size in the overflow and carryover 
streams is found in all cases to be given by 


(F,/W) 

where F. is the mass fl ste of overflow stream. W is the weight of solids in the bed is the 
ratio of the size distribut ' tion of overflow particles to that within the bed and « ts the 
elutriat clocity ons f particles nos i i is bemg considered 

The constant isa wut if the dewree of vertical s evation of particles within the bed 
In most pra tical situatio « bed ma be considered to be rot sevregated, in which case 
‘ an be taken to tx 

For significan solicris the elutriation velocit onstant controls in determinin 
the averave length of sta irticl in tl fluidized bed In all wes the meat we of particles 
of a given size is the san i t overtiow and carrvover streams 
Résume La distribution s temps de séjour de particul solides est examine dans des lits 
fluidisés en ¢tat station un ilunentation continue et un soutira des solicles, tous 
deux pour des lits comportant un cule dimension de particule dune part et pour des lits se com 
posant «aur large cventa ensions de particules dautre part 

lage moven (temp séjour dans le lit) des particules d'une dimension donnée dans le 
trop plein est donnee dans us les cas par 

(} 

ou F, est la vitesse du ce issique du trop-plein, W est le poids de solide dans le lit, est ke 
rapport de la fonetion «ce bution des dimensions des particul lu trop-plein a celle relative 
aux part ules mtermures tet « est la constante de vitess délutriation des | irticules dont 
lage moven est pris cn eration 

La constants nesure egré de sélection verticale des particules a lintéricur du lit. Dans 
la plupart des cas le lit px tre considere comme non sélectif et est pris égal a unite. 

Pour des entraine nts de solides importants la constante de vitesse d clutriation « determine 
la dures ovenne de séjour s particules dans le lit thaicdise lDdans tous les cas lage moven des 
particules dune dimensio nnée est le méme dans les courants de trop-plein et dentrainement 


Zusammenfassung— Dic Verweilzeitvertcilung von Festoffpartikeln in Wirbelschichten wurde 
untersucht bei kontinuierlicher Zugabe und Abnahme von Feststoffteilchen sowohl in Schichten 
mit einhitlicher Teilchengrésse als auch in -olehen mit einemw citen Spektrum von Teilchen 
uvrossen 

Das mittlere Alter (Verweilzeit in der Schicht) der Teilchen mit gegebener Grosse im Austrag 


oder Uberlauf kann in allen Fillen ausgedriickt werden durch 


wobei F, der Durchsatz in Uberlaufstrom ist, W ist das Gewicht der Feststoffteilchen in der 
Wirbelschicht, ist das Verhdltnis der Gréssenverteilsungsfunktion der Teilchen im Uberlauf 


zu der in der Schicht, und « ist die Austragsgeschwindigkeitskonstante der Teilchen, deren 
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Fluidized—solids reactors with continuous solids feed—1 : 


mittleres Alter betrachtet wird. Die Konstant« 
Wirbelbett. 


Segregation vorgleigt 


regation der Teilchen im 
dass keine wodurch 
teilchen bestimmt dic 
im Wirbelbett. In allen 


ebensogross in Uberlauf wie im 


Fiillen war 
\ustrag. 


INTRODUCTION 


Tue industrial « xploitation of a gas solid reaction 


hy the fluidized-solids — te chniat ‘ necessarily 
requires the extrapolation of the data obtained 
in small seal laboratory equipme nt to the larver 


pilot plant and commercial units. 


For continuous operation solids are fed con 
tinuously to the fluidized bed and are likewise 
discharged cither through an overtlow pipe or 
by entrainment in the gases. Now the length of 


stay of particles in the bed determines the extent 
However. 
Hhuidized 
For exampk 
ilter 
ilter 
Hence for 


the prediction ol the extent of che mical reaction 


of reaction of the solids with the 


the le neth of stay or residence time in the 


bed vanes trom partn le to party le 


some particles are discharged immediately 


others are discharged only 


thy hed for 


feeding while 


remaining in a long time 
if becomes Typ rative to know the distribution 


of residence times of the particles in the reactor. 


analysis of the residence 
bye ad. 


d 


It is this proble m. the 
which is to 
beds 


uniform particle size and with a wide distribution 


distribution in a tlhuidized 


bn studied 


he re. both ior with 


of particle sizes. 


RESTDENCH 


ex DISTRIBUTION FUNCTION AND AVERAGI 


Or Particies or Untror™m Siz 


The residence times within the bed will vary 
from particle to particle, and knowledge of this 
distribution of residence times is needed in the 
calculation of extent of reaction. To find this 


consider the model of the thuidized bed ope rated 
at steady state in which the number of particles 
fed into the bed within the 
d between som 
ng dO. After an elapsed time #,, from the instant 
of feeding of the 


them aré 


short time interval 


detinite time @ and @ d @. is 


above particles some particles 
the 


The number of these partic 


among discharged during short 


time interval d @,,. 


discharged within d@,, is given by [1, 2] 


\ustragsgeschwindigkcitskonstante 


das mittlere 


Residence time of particles in fluidized bed 


y ist ein Mass fiir den Grad der vertikalen Seg- 


In den meisten praktischen Fallen darf man annehmen, 


1 wird. Bei bedeutendem Austrag von Feststoff- 
« die mittlere Verweilzeit der Teilcehen 
Alter der Teilchen einer bestimmten Grésse 


a0. (1) 


where is defined as ** the distribu- 


(0, 


tion function for overflow partic les.” 


exit age 


I; ad beds it renasor able to 
compl te mixing for parti les with the same dia 
time of 


the 


meter because the average residence 


particles is usually much longer than time 


necessary for the mixing of particles after feeding. 
exit 


above assumption, the 


E, } is 


Applying — the 


age distribution given by 


1-3}. 


(0 1 @) 


exp 


where @ represents the residence time of 


particles based upon the number of particles. or 


Non WOOF, 3 


kor 


distribution 


ticles with comparatively 


paar 


} narrow SIZ 


equation (2 Is also appli able. i] 


the following conditions are satisfied : 


a) no carryover particles 


by compl te mixing of the parti les 


PLOW PARTICLES 


MEASUREMENTS OF THE DISTRIB 


FUNCTION FOR 


OVE! 


In order to verify the idequacy of equation (2 


the exit age distribution function should be 


measured for overflow particles. The inner dia 


meter of the experimental equipment was 7 em 


and the particles were fluidized by air. A sum 


mary of both the equipment and 


Fig. 


were fed 


operati 
Table 1. In 
continuously to the 
through the small 
hottom of 


conditions are shown in and 


Fig. 1 the 


pneumatic 


solids 
conveying — lin 
(luidized feeder and charged into the 
the fluidized bed. Partick 
a steady state from the bed through an overflow 
tube. Besides the 


particle s were used as tracer in these « xperiments. 


were discharged at 


main particles sands or cok« 


These were chosen because their terminal velocities 
were practically identical to those of the main 
particles. 
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, 


k rpervin ntal conditions for measurement 


f eri ave distribution for overflow 


j ‘ 
particles 


Particles applied sand. 50 70 mesh 
zine blende, 100,150 mesh 
Height of thuidized bed 010-0 
Feed rate of particles min 
Average residence tun 60 10-8 
\ir velocity, + 15-6 -35-0 em sec 
My, O16 
*u, is the terminal velocity of main parti les. 
weit 
b—H 
| 
| 
a 
a | 
sil | 
| 
K Op J 
| D 
| 
PA | | 
f 
we «| | 
AR 
| | 


Fic. 1 rimental apparatus for measurement ol 
exit age-distribution function of overflow particles [2]. 
\. Fluidized bed. B. Fixed bed as distributor. C. Over- 
flow tube. D. Feed tube. KE. Glass tube, LD. 7 em. 
Receiv r. Flowmeter Il (velone collector. 
I. Hopper of particles. J. Feeder with fluidized bed 


Tracer particles 


About 6 of such tracer particle Ss were kept 
ina small hopper K (Fig. 1) and were fed suddenly 
into the pneumatic line at almost the same feed 


rate as the main particles, During the short 


SakaE Yaoi and Darzo 


ye riod of feeding of tracer particles the charging 
of the main particles was stopped automatically 
and then as soon as the tracer particl s were gon 
the th 
Fig. 1 shows the flow-line connexions which were 


used to assure 


feeding of main partiles was resumed, 


steady flow of solids through the 


pneumatic lines immediately after injections of 


solids 


Letting time be instant of 


measured from. the 
0, the overtlow particles 


interval A@, 


tracer injection, or @ 


discharged during the short time 


were collected after an al tin According 
to the 


overtlow parthe les EB, (0.) can be 


definition the exit age distribution function 


caleulated as 


follows : 


(AQ Q) AO (4) 


0.001 + 


Comparison of experimental data of E\(@ ) 


p 
with theoretical equation (2), Ref. |2}. 


In Fig. 2, all data of E, (@,,) were compared with 
the theoretical line of equation (2). Close agree- 
ment between theory and experiment justihies 
the assumption of complete mixing of particles in 
the fluidized bed. Later Kamiya [4] made similar 
experiments using particles of K,Cr,0O, as the 
tracer. The amount of tracer in the exit stream 


was measured by dissolving in water and analys- 
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Fluidized solids reactors with continuous solids feed—I: Residence time of particles in fluidized bed 


ing. Kamrya’s results agreed well with the theor practice, such small particles are entrained only 
etical line in Fig. 2. serving further to verify the after staying for comparatively long periods in 
assumption of complete mixing of parti les. the bed, these residence times being ample to 
effect physical or chemical changes in the particles. 

Bit PRIATION O1 SMALI PARTICLES In conne xion with this Leva [5 made the first 

FROM IDIZED rimental work on batch ty pe elutriation. 


When particles with a wide size distribution 


are fed into fluidized bed in a steady state small 


— 
varticles having terminal velocities less than the 
superticial gas velocity are clutriated as carrvovet 4 2 
particles from the fluidized bed. In this case, it 
WK 
is necessary to know the residence times of all 3 5 
sizes of particles in the thuidized bed, esper ially 4 
when high average conversion ol product is re 0 
quired, It is incorrect to assume that all small ant ids . . 
particles which have terminal velocities less than [min] 
the sup rficial gas velocity are entrained instantly Fic. 3. Examples of experimental data of elutriation 
after their feeding into the fluidized bed. In velocity constant by Yaoi and Aocu [6] 


CONTINUOUS OPERATION 
CAL ARE 
| BLEND CONCENTRATE 
D PITCH KE 
oe UM ARR | 
-YRRHOTITE 
« NDER OF MATSUO ORE | 
SAND 
A CARBIDE 
SANC 
om ) SAND 
| 
= 
— i} 
BATCH OPERATION | 
bad 
> SAND 
A. © GLASS SPHERE 
@ MAGNESIUM OXIDE 
x CATALYST 
SANC 
7 
5 } 
lm 


Fic. 4. Correlation for elutriation velocity constant, 
given by Yaoi and Aocnt [6 
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elutriation 


equation 


1 ( (5) 
ag, 
Therefore 
( OXP 
rat parts Ss tional to hie 
umber of small particles in th thes 
elutmation vel constant tive propor 
tionality constant 
\ \ ma Vou conducts criments o1 
elutriation phen mecna maer i¢ rai ot 
experimental conditions. r data are 
summarized by th dimensio1 s correlation 
shown mn ust o tiv follow two oro Ips : 
ind «* N (7) 
vhere «* i. s 
ind 


Thee dimenstonles correlation rc 


not onl the data on batch tvne elutriation by 
>| but also the data obt from exper 
ments mtinuous fteedu burthermore 
lates data on the fthuidized roasti Of Zinn 
blence wit! wide size distributio Hhuidized 
sification of pitch coke partic! d continuou 
nitrogenation of ecalclum carbid particles in 
miot plant reactor witl aia ter of 10m 


Because rood fit the corr Fi 


mav well serve as a reasonable } stimation of 

the elutriation velocity constant for design 

purposes 

} ATION VI CITY CONSTA N FLUIDIZED 
ps \ ES OF WIDE ISTRIBUTIO*’ 
Whe the teed has a wict distribution 

batch tvpe elutriation cannot he mi to measure 

the elutriation velocity constant In this case it 
necessary to merate the | | rod bed at 


tate 
In Fig. 5 
tsa 


ind to feed the part ontinuously, 


isa model of ndized beds 


sumed that thei 


that 


chance 


ad. but 


partich do 


diameter during their stay the 


Yaor and Darzo Kunn 


thy averace weight ol particles becomes ti 


nes 


that of the raw feed part les, in con pl 1 with 
the physical or chemical change in th 
bed 
FEED CARRY OVER 
Fe 
Koi x) @ Kerx) 
» j 
FLUIDIZED | 
BEL 
W 
| Ky ix 
| | 
- 4 
| 
| 
OVERFLOW !|! 
F, 
K: (x) 
\ model of thidized bed, particles with te 
size distribution 
the feed rate of particles by thy 
rate of overtlow particles / i that of earrvovel 
particles « tramed \ rn stream / the total 
Hiss halanes ives 
/ 10 
In Fig. 5 Ay(r), A, A, md Ay (a2) are 


the 


distribution functions for te 


size Trequency 
particles, for the particles within the fhuidi 
bed, for overtlow particles and for carryo 
part les respectively Lettine the weioeht ) 
feed particles of diameter bn feed and « 
charge rates of particles with diameters betweer 
r and lv can be expressed is follows 
feed rate of particles (number of partick 
unit tin 


overtlow rate 


1] 


velocity constant with the folk Ing 

Vol 

6 

1O¢ 

: 

— 
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carrvover rate 


Ny K, (x) dx/(B w) 13) 


From the mass balance for particles with diameter 


between and (a dr). 


xtending the application ot Equation 9) to any 
one particle size in bed with wide particle-siz 


distribution. 


d¢ 


dd, 


lherefore 
Ny We KA, (7) da (8 x 16 


When both the carrvover rat / ind the size 


frequeney distribution 


of earrvovel 
particles K. (a are measurable the clutriation 
velocity constant lor part les with diameter 
can be calculated by substituting equation (16 
into equation (13), 

Thus, 

I, K, (a) 
W K, (2) 


K (17) 


In addition it mav be shown 7\ that equation (17 


is also valid in cases where the parti le diameter 


fluidized bed. 


substituting equations (11 (12 


changes clue to reaction in the 
Furthermore 


and (16 into equation 14 


WwW he re 


(19 


Now is the ratio of ize freque nev-distributior 


function of overflow parti ies to those within the 
Hluidized bed, and for complete mixing within the 
bed & is unity for all values of 2. Actually som 
likely to occur with lara 
Hence 
top of the bed 


as shown in Fig. 5, & may be smaller than units 


devree ol se yvregation 
parti les be low and si ill parti les above. 
with the overflow pipe near the 
for large particles and the reverse for small 


particles, However examination of « xperime ntal 


Fluidized. solids reactors with continuous solids teed I: 


Ny kK, (x) da (Bw) 


Residence tune of particles in fluidized beds 


data will show that the assumption ~ 1 for all 
values of a might not lead to anv ay preciate erro! 
n the calculation of residence times of particles 


for fluidized beds with a wick range of particl 


SIZ 
Kxir AGRE-DISTRI CTIONS AND 

RES NC] ro 17 1) 

CONS rl WIDI PARTI “0,5 


ly the me de] ot the COoOnTINUOUS uidized pea 


shown in Fig. 5, @ is the general time variabl 
wl } is the time measured from the ins int 
of feedu ofa marked up ot particles with wide 
size distribution ot luidized bed. Consider 
that sc irked parti re ted to the ed 
in the time terval between @ wd 4 i? and 


let the ir Stay within the hed hy Si idied Amor o 


the marked particles, tl ber [ particles 
vit diameter betwee na is 
In the short time er fter an elapsed 
tin # some fraction of ti narked particles are 
discharged thr rh Vel \ or it} the 
flown is strean Now mon tive marked 
part le of diameter betwe the 
number of « erTiiow ma ¥rrvo rp rticles dis 
charged durin lf? may be « yressed a dn, and 

respectively. Hence the total decrease of 


wher is the total number of marked parti les 
diameter between and remaining 
the fluidized bed after t! lapsed time @ 


Now if the total number of particles with diameter 


and ] / thre Hhuidized hed IS 


\ WA, (2) d 21 


then the fraction of marked particles with diameter 
betwee r and imonge these particles 
is 
Therefore number of marked parti les 
discharged from the thnidized bed as overflow and 
carryover particles is given as follows: 


for overllow particles 


ad dé \ 


for carrvovel particl S 


Bou 


| 
| ie | | 
= 
KA } lu 
( A, 
) 
Ky 
A (a 


n,d@, \ (23) 


particles with diameter betweer and a dy, 
which are discharged in the overtlow and carryover 
in the short time interval d @ 
Substituting equations 10 12 iB 19), (22) 


and (25) into equation (20 ntegrating with 


respect to noting that no, d0 at 


pi 


Now for any 


ave-distribution funetion tor o rilow 


particular parti size the 
parti les 


(a, @,) is given by 
dy 10) E, (a, 0 id (25) 


0 


Combining with equations (22) and (24) 


(a, @,) BOW): 

exp[— {(F,/W 65) 
Similarly, with equations (16), (23) amd (24) the 
exit age distribution function for carryover 
parti les (a2. is found to be 
Kexp | F, i (27 


Now the mean age @ of these particular overtlow 


parti les of size between & and (2 is given by 


. 


E, (a, 0,) dé 


(28) 


Ne dod (7. dé 


Combining with equation (26) ind integrating 


pives 


(29) 


For carryover particles an expression identical 
with equation (29) is obtained, even though the 
distribution function EF, (a, @,) must be used in 
stead of E, vr. O, Hence it becomes clear that 
the average residence time of overflow particles 
1s theoretically the same as that of carryover 
particles having the same diameter. 

For coarse particles with terminal velocities 


larger than the superticial gas velocity of the 


where n,d0, and n,d@, are total number of 


Sakar and Darzo Kun 


constant 


elutriation velocity 


fluidized bed the 
should bye and equation (20) should simplify 


to 
0 WP, (30) 


On the other hand for small particl s which have 
terminal velocities much smaller than the super 
ficial gas velocity the elutriation velocity constant 


nr controls and equation (rt) reduces to 


(31) 


\s illustration the residence times 
will cal ulate apply Wie thre ritve ntal data 
of Yaoi and Kunu [1 


of zim bole rice concentrate in a bed ol em 1). 


for the thiidized roasting 


Experimental conditions : 


static bed height L, 14-lem 

weight of the bed NW 1100 © 

overtlow rat lle min 
superti ial vas velocity 7] see 

SO O-Ol min ' 

20 a. min 
Substitution of the above values into equation 
"0) assuming gives 
50min; a 20 O 2-4 min 


In commercial-sized thiudized roasters large 


fraction of the particles are elutriated im the 


Carryover nevertheless conversion is high. Con 
sequently it is reasonable to expect that the 
average residence times of such small particles is 
larger than the time necessary for their roasting 
In industrial plants beds are higher than that 
in the previous illustration by about 5 to 10 times, 
so it might be valuable to discuss roughly the 
effects of bed height on the residence time of 
small particles. Fig. 4 shows that «* is a constant 
at given fluidizing conditions. Hence for constant 

diameter, equation (38) shows that 
co (32) 


Hence for tall narrow beds carryover of any 


sized particle is small, while for short large 
diameter beds carryover of that sized particle ts 
great. It is estimated that the average residence 
time for small particles increases in proportion to 


the bed height for the same fluidization conditions. 
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Substitution of equation (18) into (29) gives 


K, (2) 
I, AK, (2) 


(33) 


When numerical values of the elutriation 
velocity constant are available the ratio of over 
flow particles to total feed parti les can be 


calculated. By combining equations 16) and (18 


integration results in the final expression for 


carrvover and overtlow rates as follows: 


z z 
F K, (2) « 34) 
F, Fy) (FY +s 
CONCLUSION 
Exit age-distribution functions are used to 


study the residence times of parti les in thiidized 


beds. Theoretically it was shown that the av race 


residence times for a given particle size is the same 


in both the carryover and overtlow streams. 
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Conversion for overflow and carryover particles 


thro 


wher 


size 


an value of the 


for overtiow strear 


for over stream 


arry 


carrvover particles respecti 


where A, anal 


Résumé sappuyvant wr 


and Daizo Kuni 
il Engineering, University of Tokyo, Tokyo, Japan 
if 1960: in revised form 4 January 1061) 


odel of particles which keey 


l iv +1 

wt 
ies of «ita tera s the ratwo of tine required 
tie averay resid time of the parti 
ible to bot overtlow and arrvover particl 
ust be equal to that for carryover particles for a g 

version y can be given as follows 
| y AK, (a) da 
I 

Yo | (a) da 

the size frequency distribution functions for the 


noxteles simples al particules conservent 


avec nt clans le lit Thuidiseé. et 


their diameters almost 


overtlow 


des 


constant 


in the fluidized bed, and applving the exit age-distribution ae 
iations for the conversion of product particles were derived 
cxp 
1 ontrollin 


for ‘ te 
le 
s, hence the 


iven particle 


and 


cliamet res 


pratiquement constants } reaction gaz circula en appliquant 
les fonctions ce ist t ps de séjour obtenues dans ia lon partie de cet article, on 
etablit equatio pou ersion des particules produitics 
Quand la itesse est ¢ la reactron chin bey 
exp 
Quand la vitesse est controlée par la diffusion du gaz a travers la phase solic 
7] -¢ 
wet 
Dans ces ¢ juations yw represent la conversion des particules de diameétre a Ale rapport du temps 
| 
necessaire pour la conversion complete dune particule de diametre a, au temps de séjour moyen 


la particulk 


a 
é 
Sal 
4 ee Department of ¢ ni 
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Fluidized-solids reactors with continuous solids feed—IT. Conversion for overflow and carryover part 
Les equations ci- dessus sont ipplicables aussi bien a des particules entrainces qua ces 
particules deversees la conversion pour les particules déeversées peut done étre applique aux 
particule entramnees, pour une dimension ht particule connec 
La valeur moyenne de la conversion y peut étre exprimée ainsi. Pour un trop in 
| K, da 
Pour un entrainement 
7) y Kola 
Avee A, (x) et Ay (2) représentant les fonctions de distribution de fréquence des di nsions 
respectivement pour les particules déversées et pour les particules entrainées 
Zusammenfassung Auf Grund eines cinfachen Modells fiir Teilehen. die ihren Durel SNeT 
wihrend einer in ciner Gas durchstrOmten Wirbelschicht ablaufenck Reaktion pra | 
erindert behalten, und durch Anwendung ciner Verweilzeit-\V erteilungsfunktion raustr den 
Peileher al m | Teil erhalten worden war, wurden Gleichungen fiir die Unwandlu 
Produktteilehe ntwickelt 
rir ei meh «die chetmmche Reaktion inmate Sclirit 
" 
Fir einen durch Diffusion in der Feststoffphase geschwindigkeitsbestimmten Sehritt 
iv 
/ 
0 120 
wobei die Umsetzung der Teilechen vom Durchmesser 4 4 das Verhiiltnis darstetll on der Zeit 
che erforderlich ist ui em Teilehen vom Dhurehmesser oll 1 «let 
Verweilzeit des ‘Teilehens 
Die obigen Gleichungen sind sowohl fiir den Uberlauf als auch fiir den Austrag anwendbar. 
da der Umeaty r tiberlaulenden Teilchen gleich dem der ausgetragenen Teilehen bei einer 
bestimmten Korndurchmesser sein muss 
Fiir den mittleren Umsatz im Uberlauf gilt 
, 
Fir den Austrag gilt 
Yo | y Ky (a) da 
wobei A, (7) und A, (a) die Korngréssen-Verteilungsfunktion fiir den Uberlauf und den Austra: 
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Tur extent of reaction of a particle ts a function 


of its size and length of stay within the rea 


ctor 


and the se factors r trom om particl 


to anothe r. the conversion is not necessarily 


all particles discharged from the 


same tor 


discharged just after their feeding into the 


the 


bed. 


In oth 4 words. COnVeETSION IS low for particles 


bed, 
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pre viously obtained (Part I). conversions of the 


overtlow and carryover particles were analysed 


ras, 


for reaction of solids with flowing 


TIME REQUIRED FOR COMPLI CONVERSION 


or A Partricis 


HeELLINKX [8] followed the ress of combus 


ol 


prog 
by quenching na 


He fou 
Tol 


tion oil shal eXamination 


of the individual particles. d that unburnt 


cores existed which gradual decreased in 
diameter as reaction proceedca Finally these 
unburnt cores disappeared le ny a compara 
tively dense solid partie le of approximately the 
same diameter as the original unreacted partie le. 


This ofl combustion in’ not only in oil 


shale particles but also in a wice noe of materials 


such as coal with mucl Sti and pyrrho 


tite or zine blence partie les 10 
S 
? \ 
\ 
~ Dp 
Fic. 1 Model of single particle, in which solid phase 


remains around the unreacted cor D z 


When a particl remains in the solid phase 
throughout reaction (Fig. 1), the time necessary 
for comple te conversion Is given by 7] 

( 
(*) 
where 
(2) 
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of unreacted core radius can be shown as in Fig. 


solid 


Daizo Kuni 
and 

ky 12 (3) 
k is the over-all rate coetlicient of reaction. k. is 
the rate coetlicient for the chemical reaction 
step. x Is the volume of solid phase which reacts 
with unit mol of reactant gas, C and C* are 


concentrations of reactant gas in the gas stream 
and that corresponding to equilibrium on the 


p 


cocther nt 


reaction surface respectively. In equation | 


can be considered to be the mean rate 


diffusion of reactant gas through the solid phase. 
The of the 
laver has been compared with the value of ky, 
it that the 


boundary 


transfer coetlicient boundary 


concluded transter 


the 


and was mass 
laver was m vligible 


the 


resistance in 


compared to the resistance within particle 


for the cuM where 


the solid phase remains atter 
reaction |7 
The relation between th elapsed time and the 


radius al note ad core has shown ius follows 


for chemical reaction controlling: 


l 2r/a (4) 
for diffusion through solid prhisase controlling 
0, | 2 (2r/r) (5) 


Applying the above two equations the decrease 


» 


B is for the case where the chemical 


reaction rate is comparable with diffusion in the 
with the 


he re 


This caleulation was made 


0.5 | 


Decrease of diameter of unreacted core with 
Be 


time, in case of single particle shown in Fig 


4 
4 
vol 
19¢ 
| 
| A 
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original equations of Ref. [7]. Since line C is not 
much different from line A equation (4) can be 
for particles exhibiting 


effects. 


applic d approximate ly 
both 


Such an approximation may we ll be made for the 


chemical reaction and_= diffusion 


complicated phenomenon Occuring in fluidized 


be ds. 


KFFECTIVE CONCENTRATION OF REACTANT GAS 


AND CONTACT ELFFICENCY Ol PARTICLES WITH 


GAS STREAM 
When a gas solid reaction occurs in a thuidized 
bead the 
stream decreases with increasing distance 
Hence, the mean value of the 


concentration . of the reactant gas within the 


concentration of reactant in the gas 


from 


the bed entrance. 


bed is less than the concentration C, in the inlet 
vas. On the other hand. each particle of solid 
the bed during 


haphazardly throughout 


its reine tion riod. nee, cue parti contac ts 


vas ol composition, Consequently if 


varying 
seems reasonable to take the average values of 
reactant gas concentration ( in determination 
of the effective driving force for the conversion 
of solids. 

According to theoretical analysis [3, 12] the 
distribution of the reactant gas concentration with 
respect to the height of the thuidized bed is deter 
mined by both the rate coetlicient of reaction and 
the axial diffusion coeflicient D. For example, 


consider the thuidized gasification of coke particles 


FLUIDIZED BED 


DENSE __ fins 
GROUP ope, 
DILUTE 
FOAM 


GAS 


Fic. 3. 


Fluidized—solids reactors with continuous solids feed 


\ model of fluidized bed. U 


~-II: Conversion for overflow and carryover particles 


[11] with carbon dioxide under the following 


conditions, i.e. diameter of coke particle s 0-2 mm, 
flow rate of carbon dioxide 5-17 em sec (N.T.P.., 
Supe rficial), average void fraction 0-6, te mperature 
1.400 °K. 

The overall rate coetlicient of reaction is taken 
from Ref. [11 


coetlicient IS 


_ and the value of the axial diffusion 


caleulated from the following 
recommended re lation lor fluidized beds ot lab 


oratory scale: [12] 
aL,/2D 


Fig. 3 shows the calculated lines for reactant 
gas concentration for the assumptions Of plug 
llow, comple te mixing tlow and for w L, 2D l. 
\s may be seen the concentration distribution in 
the fluidized bed lies between those of the plug 
flow and the complete mixing tlow. Therefore. 
in order to get an accurate value for the average 
reactant gas driving force it Is necessary to 


measure the concentration distribution as a 
function of bed height or to pre-estimate the 
numerical value of the axial diffusion coefficient. 
However, as shown in Fig. 3, for conversions of 


reactant gas less than 60 per cent the difference 


il the effective concentration driving forces 
between an a tual fluidized bed and plug flow is 
minor. For instance, in Fig. 3, 
\ ( ay lug A ( av | (AC av/comp. mixed 
1 : 0-92 : 0-80 
[ | COMPLETE 
| MIXING FLOW 
| U= | 
| -PLUG FLOW 
— 
O 0.5 


C*) 
u ly 2 D. 
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\ are apt to agglomerate densely, in which case the 
RATE OF VERALL RATE COEFF. OF 
\ reste eae gas stream tlows upward in the form of * bubbles 
FOR GRAPHITE nder such conditions. it becomes dillieult for 
\ NF ED BED 
WALK OATA arte Ry each partichk to alwavs contact non-staenant 
ASSUMIN PLUG vas having the driving force for conversion. The 
A smaller the particles and the higher the rate 
coe the wnt re thre serpous thre above 
a phenomenon becomes in affecting the total rate 
\ OD; 0.25 037 1.36 
ol Conversion it) il luidized hed SHEN and 
5 55 55 8c 
JOUNSTONI 13) studied this problem ina as a 
- 64 64 
m/s measure of this phenomenon thev introduced the 
3e4 
lon 3 3.0 transfer coelloent of turbulent diffusion between 
¥ \e 
o\ \ thy solid il vl iis phases. \ ana 1] 
conducted tuchies on the vasilication of coke 
\a LN 
af , partictes and obtamed the data for the over-all 
& A rat coelly of onstheatior me oO vhich ws 
a sho mon Where tiie factor In 
hig. | approa hes thy rate com nt of 
y 
reaction fe wires parti thre niatler thr 
s become the moore fhe cdecreuse 
f renction ¢ tt) NO) 1] 
Henne the mmtroduction of what mav be called 
t this e conta {li ticles 
Gas-solid system consist particles “ls potn th ethereney of partic! 
in a fluidized bed seems reasonabk 
ol party les eontacti thre as stream 
e area of partictes in the bed 
for wal renetho eon} ( ench party 
Vver-all rate con reaction based upon the tot surface area of partich 
te cocthcent of chemical reactio 
ree represe! The ¢ rive ntact of the solid with dian ters esse ntially That hanged durine 
particles with the mat st ! the thiidized reaction, The number of parti les discharged 
bed. The numeri sumably from a thuidized bed during the short time interval 
the effect of turbulent difftusior the thuidized Owned Among them. the number of parti le 
bed. Applying the above values, the time neces- with ages between @, and @, + d@, can be ob 
sarv for complete conversion of o particle mi the tained by the exit age distribution function for 
thuidized bed can be writter overtlow partn les, Le. equation ”) of Part | 
Therefore, the volume of the unreacted cores in 
le 


the parti les Is 


where ® represents the ratio of the mean effective 


gas concentration driving force t thy driving 0 
foree of mncomin fresh vis, OF where r is the radius of the unreacted core in a 
\¢ > spherical particle with diameter Hence, the 
total volume of unreacted cores th partn les : 
fed into the bed during can by 
CONVERSION ovi PLOW riICLES obtained by integrating the above equation 
The the value ol the conversion can le 
Consider systems in which particles remain calculated as follows: [2 
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Fluidized-solids reactors with continuous solids feed—I1: Conversion for overtlow and carryover particles 


(total volume of unreacted cores in overtlow part les) 


(total volume of overflow particles) 
0 
l 
fi dé?) 3 iT 4 
| 2 9 
0 
Substitutio ol equations or 5 
Part | im ¢ th } / 
for il reaction mitre lling 
nm, 40)(4 3) wla/Z 
Substitutpo oft equations 133). 14 of 
| 1 4 1 20 
Part I and juati s (4 I ) to equation 12 
(1 120 1 S40 10 
vhicl lentical th equations 
ind for diffusion in solid ph contre ne 1O) and (11 In this wna @ should 
thre ues for particles with diameter a 
19 420 
fhe conversion 4 tor ear er parti le can 
cul ulated na similar mannet with the excep 
wher is the ratio of ti necessary for comple te tion that wd EB, (a. @ ire to be used in place 
conversion @, referred to the mean residence time of n, and &, 7.) in equation (12). The result 
of the parti les /G. If the value of the calculation shows that the conversion 
is less than units thy terms above can be for carrvover particles is identical with that of 
nevlected Ii 0-5 it w suflicient to take only overtiow particles for the same particle diameter 
the term for equations (10) and (11). Experimental verifica 
tions of thes theoretical predictions are presented 
CONVERSIO’N OVEREPLOW AND RRYOVE! ith Part Ill 
PARTICLES WITH WIDE SIZE DISTRIBUTION Now the mean value for the conversion for 
Consider those part which remain as com overfiow and carryover streams of wide size 
list n is s follo 
paratively dense solid fter conversion and keep ribution is found imply as follows 
dian rain tan In] of Part for the overflow stream 


| those partie ies are cdischar red in tty thre ove! 


and carrvover Marking the overtlow 

particles discharged during the short time interval fj y A, (a) da 13 
d@? at any mstant, the number of party les 0 

having their diameter bet weet and for the carryover stream 

n, ad, Among them, there are incompletely 

converted particles with unreacted cores of radius . 

r which are ol between 0, and Ye yk, r) da (14) 
Hence, from equation (26) of Part IL, the number 0 


of the incompletely coverted particles is given by 
Factor FOR AVERAGE DRIVING FORCI 


In a fluidized bed with particles of uniform 
and the mean conversion y for parti les with diameter the particles fed into the bed react with 


diameter is oiven by reactant during their stay and dischara 
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through the overflow pipe. Since the mixing 1s 


very violent in the fluidized bed, it is assumed that 
any partich has the same probability of being 
other words 


Also 


at steady state as shown in Fig. 5 [1], the number 


found in one location as another 


the bed is umiorm tn composition of solid. 


ot partie les within the bed ink unreacted 


core of rads row constant 


! 
i 


Model of fluidized bed irticles with 


unilor siz 


Now a parti le with unreacted core of radius 7 


needs reactant gas as follows 


t-ar2(dm* dé mols pe r parte le, per unit 


Since party les having an unreacted core of radius 


yr have an age between and i@_ ther 


number im the bed un be caleulated 


from equation (2) ol Part I. as follows: 


(15) 


(te dé | 


these partie les within the 
height dh ws 


Now thu number o 
infinitesimal 
(dh L,). 
of the total surface area 


Hence the 


gas necessary for part les havi 


volun ol bed ot 


However, in general only 6 fraction 


of solids contact the 


reactant Gas. quantity of reactant 
ny an unreacted 


core of radius ? and located in the infinitesimal 


bed height dh is given by 


didV) (4 r®) (dm* dé, (dh L,) 


Yaor and 


Damo Kunt 


for diameters of unreacted cores ranging from 


0 toa 
dv t r*) (dm*/d0,)> (dh L,) 
(4 7g L,) dh r2 (dm* dé, ) 
exp » & (16) 
Substitution of the original equations for both 


dm* d 0. and the general relation between 7 and 


(16) results in the following 


Details of the 


into equation 
expression 17 ). calculation may 
be found elsewhere {1 2). 


Fy ty c* 
d\ dh 7) 
p, ln @C, — C* 
At tirst, assuming piston flow. the mass balance 


taken in the 


height dh vives 


infinitesimal volume having the 


Gt GiC + dC) + dl (18) 


Substitution of equation (17) into equation (15) 


results in the following equation, for which the 


boundary condition ts ¢ (, at h 0 
(¢ CF) exp | Bh) 19) 
where B jap, Gly (Co C*) D! 


the driving force AC,, in 


The mean value of 


the bed is found from equation (19) to be 


AC,../(Ce 
BL,); 


BL,) (20) 


exp | 
Elimination of B from equation (20) re sults in 


(y €) In | l (y/e)}} (21) 


where y is the mean conversion for overtlow 


particles and e¢ is the “ gas consumption factor 


defined as follows: 


r (volume flow of gas entering the thuidized 


bed) (stoicheiometrical flow of gas ne eded for 


the complete conversion of the feed partack s). 


The details of above elimination may be found 


in Refs. [1, 2}. 
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Fluidized solids reactors with continuous solids feed 


Next, for the case of complete mixing flow the 
concentration of the reactant gas should be con 
stant through the fluidized bed. and should be 
equal to that of the outlet gas. Hence, a mass 
balance vields 


l (y ¢ (22) 


Fig. 6 shows values of @ as a function of y e for 
both piston and comple te mixing tlow. The per 
centage difference in ® values between these two 
extremes of gas flow ts small for y ¢. smaller than 
0.4. 0.5. Hlowever. as ye becomes larger then 


0-6, the difference increases more quickly. 


05 
ru. 6. Correction factor @ 


\ Plug flow B Complete mixing flow 


379 


Il: Conversion for overflow and carryover particles 


For systems with a wide size distribution of 
particles, the particles having diameters between 
r and (a dy) are marked among those parti les 
which have been fed into the bed during the short 
time interval dé at any instant. Integration for 
the total range of diameters results in the following 


equation instead of equation (17). 


d\ d(d\ dh 23 
OC, — C* 


where is the over-all conversion which includes 
both the overtlow and carryover part les. The 
final equations for ® are identical with those found 
for a uniform particle size, with the single excep 


tion that IS to he used In place of WV. 


CONCLUSION 


Applying the exit) age-distribution function 


obtained in part I, theoretical equations for the 


conversions of both overtlow and carryover 
particle s are obtained for tluidized solid reactors. 
The analysis is based on the assumption that 
during reaction the particles remain as solids with 


unchanging diameters. 
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Abstract kixperimenta from vas soled thuidized reactor svstems are on the 
basis of the theoretical trea nt | Parts land I! 1} folle svstcms are treated 

(a Roasting of pyr uml zine blende particles with unifor 

(b) Koastin of oncentrate with wide distribution of size 

Listillatio of with two-stage fluidized reactor 

(ad Nitrogenation of irbick 
Close agreement between | Vv and experiment is obtained 


Résumé tin se cor resentee cians bes paar sitet Il dea cle, | 
malvecnt clones tn «le renectour ley ne 
i (.rillage ic part et nifor ‘ 
Grilla le avec lar list ributio nsions 
(c) Distillation a cacteur i deux étages 
a Fixation d ‘ le ealeiu 
Il v a bon aceord « perken et la theo 
Zusammenfassung tell Datet cines tstoff-Wirbelschicht-Reaktors 
wurden auf Grund der theo . A\bleaitung des 1 und 2 Teiles di r Arbeit untersucht. Dabei 
wurden folwende Svstet hel 
ia Rostung von Ma s uml Zinkblend leicher Korngros 
(I vo Konzentraten mit re n Kor tru 
(c) Destillation von Se lin m 2-Stufen-Wirbleschicht-Reaktor 
stix toffl Karbid 
wurck ute un wische Pheort mont er It 
Is PRODUCTION seve ral of lized solid reactors were 
FLUIDIZED reactors have recent! en used for a fabricated and experimental data were analysed 
variety of gas solid reactions | ise of their With authors’ theoretical equations 
several well-known advantace Wi the fluid Furthermore. above theoreti il equations could 
ized-solids technique is selected fi me chemical he apphed for the thuidized-solids reactors of the 
reaction of solid parti les with ' sien caleula other different chemical reactions. as lone as the 
tion for pilot or industrial seale bye solid particl would remain hard = solid pliase 
made using the experimental dat ibtained in  atter reactions, for instance, reduction of tron ore 
model reactors ol small scale caicination of limestone carbonization of coal, : 
In order to make sure of th itilitw of the vaporization of shale oil, regeneration of fluid 
previously obta ned theoreti for catalvst, et 
above purpose thev should account for any data For pi rticles which decrease their diameters 
in experimental reactors of smal ale Hence, in compliance with the chemical reaction, for 
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I luiclize d soli Is reactors with contin 


example in C2 ombustion or 


7 ranges of experiment il ditions are 
coke party les. extended theoretical and experi in Table 1. The particl s of pyrrhotite ore remain 
mental works should be consulted 7 in the hard solid state throu mut reaction hence 
" the simplified model for uniform particles devel 
> } 
{OASTING OF PYRRHOTITE PARTICLES 01 
oped in Part LD may be applied to this situation. 
LNIFORM 
kor the we inge of experimental conditions 
Yact and Takact [14] made fundamental ef al. [10] roasted pyrrhotite particles in 
experimental studies on the thiidized roastir of fixed bed which part le ere dispersed wit] 
pyrrhotite parti les of untforn size, using thre From their experim date 
experimental roaster shown in Fig. 1 Th il ws of the tin ce rv for com 
plete rsior of singel tite eles 
t 14k Bv SO) } particl 
ere obtained 
These values sho a too tne dependent 
¢ A nm part diameter as follows 
Aw 
VOL, 
y 
16 B 0 
62 x In contrast. « ition 1-3) of Part I] from theory 
- predict that tor chemiueal reaction cor trolling : 
1 hile for diffusi olid phrase ontrolling 
itv 
rd 
Ast experimentally found diameter dependet 
~ bet ec! he two theoretical pred tions. it 
‘ to xpect’ tha both mechanisms otter 
tance to conversi te particles 
Spat’ under the above conditions. S the differences 
_(F 
between equations (10 Part II for chemical 
(s eaction control ind Equation (11) of Part 1] 
for mtroll ot lar equation 10 
Can th} ved to ippr nate the data 
Furthermor of ® must be obtained 


pernmmental reactor for roast 


uous solids feed—III: Conversion in ¢« perin 


sification of 


ing of 


ental 


depend on tlow 


reactors 


show 


ore used by Ya and Takact |14 According to the discussios : Part II the 
\. Air. B. Hopper. C. Perforated plate. D. Sereen 
nt t in the oas was ) 
Fluidized bed Fk. Overtlow tubs G. Feed tub CONC ration distribution ‘ va 
H. Nichrome heater. I. Gas outlet mated by plug flow here. This assumption is not 
Table 1. Ranges of « rperimental conditions in fluidized roasting of pyrrhotite particles [14 
Composition of ore ) Cu sil) Met) ALO, Cal) ~ 
55°05 Onl 10 0-62 
lDiameter of reactors 8 and 77em LD 
Femperature G00 ~4 
article diameter O-OsSS 0-949 nim 
(,as velocity 7-8 208 em sec 
\verage residence time 101 mun 
Residual sulphur 0-09 21-6 
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0 
kay. (1) of estimated 
Part Il 
| q. (10) of 
Part 
flow rate of ai > ¢ > 
4 4 
Fig oof hig (th) of 
Part Il Part I 
feed stoicheiometrical 
Fe ur rate 
Fic. 2 Procedure of analysis for conversion y for overflow particles with uniform size 
critical, because for small changes in gas con 
centration difference in tyy does not 


appreciably effect the results under the present 


experimental conditions. 


Knowing the numericat values both and 
eonversion wv can by nied ofl 
Part IL and equations (6) and (10) of Part IT by 7a | 

0.96 
means of trial and error method. Fig. 2 shows C 0.1 02 0.3 
the schematic procedure of calculation for each Dp [mer } 
estimated value of 5. For the system under study 
values of 8 between 0-84 and 1-0 fit the data quit Fic. 4. Conversion y vs. particle diameter [2 
me ’vrrhotite ( 0 
well. The results of calculations are compared with “yn —_ a 


the exp rimental data in Figs. 3 and 4, 


ROASTING OF ZINC BLENDE OF UNIFORM SIZI 


Fig. 5 shows the equipment for the roasting of 


zine blende particles of uniform size as mployed 
a by Yaar, et al. [15]. Raw particles were fed into 
the fluidized bed continuously by the use of 
0.8} small fluidizing feeder. Continuous discharge of 
> overflow particles was also used to insure steady 
state operations. The range of experimental 
0.6} conditions are shown in Table 2. 
In contrast with the preceding section the time 
0 20 40 6¢ 80 necessary for complete oxidation of one particle 
shall be analysed here. According to [16] 
O [ min 
‘ chemical reaction is the rate-controlling mechan 
Fic. 3. Conversion y vs. average residence time @ ism under conditions shown in Table 2. 


D, O55l mm, SOO 


Pyrrhotite 0-262 g/sec, air rate 910 cm*/sec 


Zns }0, ZnO SO, 
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Fluidized solids reactors with continuous solids feed —II1: Conversion in experimental fluidized-solids reactors 


Table 2. Ranges of experimental conditions in fluidized roasting of zinc blende particles [9}. 


Composition of ore (°,) Zn be Cu Pb Cd Ss 
Hosokura 38-8 15-2 0-30 10 0-30 35°8 
Ikuno 50-13 7:76 2-70 1-46 0-40 29-99 

Diameter of reactor 50cm 

Temperature TOO 900 

Particle siz« 100-200 mesh 

Gas velocity, Wy 19-4-35 cm /sec 

Average residence time +-90-113 min 

Residual sulphide sulphur 0-27-8-75% 

Oxidation (conversion) y 72-4-99-4% 


ing temperature. With this assumption y should 


VOL, ne be linear in 1, @0@. From the straight lines 
16 BE obtained in Fig. 6, the assumption of constant 
1962 + @, 1s verified and the time necessary for complet 
K | conversion of one particle can be found. 
J) AIR | 
0.9} 
A> 
> 
4 | za 
| 
08 J 
| | 0.1 0.2 0.3 04 
. 18 |: | Fic. 6. Conversion factor of overtlow particles y vs. 
F 1(®@). UHosokura ore, D, Ollmm, 900°C, 
} | 1-08 3°2. 
$ @) AIR Using the same method of calculation mean 
6) values of @, for various particle size were 
caclulated as tabulated in Table 3. Figs. 7, 8 
Fic. 5. Experimental reactor for roasting of zine and 9 compare actual conversion factors with 
blende with uniform size |9). those predicted using the mean value of A, 5 of 
a \. Refractory tube. B. Thermocouple well. C. Feed Table 3 and with equation (3). 
tube. D. Overflow tube. E. Fluidized bed. F. Fixed 
bed distributor. G. Receiver of cinder. H. Nichrome Table 3. Necessary time for complete conversion 
heater. I. Manometer. J. Flowmeter. K. Feeder of zine blende particles 
with fluidized bed. L. Hopper. 
(mm) (C) (min) 
Hence, for ¢ < 0-5, equation (10) reduces to 
Hosokura ore O11 900 1-28 
l (}) (0, @) Ikuno ore 0-126 800 4-0 
(4) (0,8) @®@) (3)  Ikuno ore 0-089 800 
ve Ikuno ore 0-089 750 14-0 
oe It may be reasonable to expect that @, 6 remains _ Ikuno ore 0-089 700 20-0 


constant for a fixed particle diameter and operat- 
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1.0 = 
iON 
0.9} 
} 
> 0.8} 
© 
O 
0.1 0.2 0.3 
| © 
46 
Fic. 7. Conversion of overflow particles y vs. 
(1/4) @,/@, Ikuno ore, D, 0-089, 0-126 mm, 700, 


750, 800 °C 


1.0 | 
> eo” 
a 
e=1.8 
© 0.9 e=1.2 
lw 
> 
za 
5 
0.8 
) 20 40 60 80 
AVER. RESIDENCE TIME 6 [min] 


Fic. 5. Compartson of calculated values of " with 


experimental data, Hosokura ore, D, 0-11 mm, 
ooo 
1.2 
1.0 
Sis 
> 0.8 
0.6 
06 07 08s 0.9 | 
Ycalcd 
Fic. 9. Comparison of calculated values of y with 


experimental data, zine blende, Hosokura and Ikuno 


ore, 700, 750, 800, 900 °C [9). 


ROASTING OF ZINC BLENDE CONCENTRATE WITH 


WIDE SIZE DISTRIBUTION 


Yaar et. al. [15] roasted zine blende concentrate 
with a wide size distribution in the fluidized-solid 


B84 


Daizo 


roaster shown in Fig. 10. The characteristics of 
the raw particles and the ranges of experimental 


conditions are summarized in Table 4. The size 


frequency distribution function of the feed is 
shown in Fig. 11. In cases such as this the size- 
frequency distributions for the overflow and 
carryover particles are not necessarily equal. 
However, they will follow the mechanism pre- 
viously described. 
> GAS 
iS) 
4a 
4 
a 
4 q 4 
+ 
4 
| 
4 
+ al 
| al 
+ 
7 
“6 
4 
AIR 
8 + 
pe 2 
Fic. 10. Experimental reactor used for roasting of 


zine blende concentrate [15)}. 


1. Refractory tube L.D. 9-8 em, height 1 m. 2. Blower. 
3. Orifice 
Fixed bed as distributor. 
tube. 9 Feed tube. 10. 


12. Thermocoupk . 18. Water cooler. 


4. Mamometer. 5. Sereen. 6. 
7. Fluidized bed. 8. Over- 
Feeder. 11. Heater. 
14. Cyclone col- 
16. Overtlow particles. 


flowmeter. 
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lector. 15. To gas sampler. 
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III: Conversion in experimental thuidized—solids reactors 


Table 4. Ranges of experimental conditions in fluidized roasting 


of zine blende concentrate with wide size distribution [15]. 


Composition of ore (°,) 


Diameter of reactor 
Temperature 
Weight of bed, 
Feed rate of particles, F’, 
Air velocity, u, 
Height of fluidized bed 
Percentage of sulphur dioxide in the produced gas 
Residual sulphur 
overflow total sulphur 
sulphide sulphur 
carryover total sulphur 
sulphide sulphur 


Zn Fe Cu Pb Cd Ss 
20 1-4 0-4 30-4 


98em LD. 
604 3081 ¢ 


6-5-25°8 g/min 


15 cm. sec 


42 cm 


8°3-11-3% 


1-1-9-4% 
0-4-2-5° 
2-7-11:8% 


3 


Equations (17), (18), (19) and (34) of Part I 
show the interrelationships between the size 
distribution functions of feed, carryover and 
overtiow particles. Examples of typical size 
distributions found experimentally for the carry- 
over and overflow are shown in Fig. 12. Com- 
parison of these Figs. 11 and 12 clearly shows the 
difference in size distribution between feed, 
carryover and overflow streams. 

In order to analyse the experimental data the 
numerical values of the modified elutriation 


* were calculated from the 


velocity constant « 
measured size distributions, by means of equation 


(18) of Part I, where & was assumed to be unity. 


ZINC BLENDE | 
CONCENTRATE | 


0.05 0.10 0.15 
DIA. x [mm] 


Fig. 11. Size-frequency distribution function of zine 


blende concentrate used [15]. 


The relationship between «*, particle diameter and 
velocity are shown in Fig. 13. These data have 
been added to the general correlation shown in 
Fig. 4 of Part 1. Knowing «* allows calculation of 
the average residence time of particles with dia- 
meter « from equations (8) and (29) of Part I. 
Also the average residence time can be calculated 
directly from the size frequency distribution 
functions by means of equation (33) of Part I. 


One example of the residence time thus determined 


80) 
| CARRY OVER | 
FIRST CYCLONE | 
| 45 | 
~ 120 
OVERFLOW 
40} Ug=25cm/s E 
| 35 
45 
x | 
20} 
= 
to 
0.05 0.15 


DIA, [mm } 


Fic. 12. Size-frequency distribution functions of 


overflow and carryover particles [15). 
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may be seen in Fig. 14, and shows that even small 
particles have fairly long residence times, for 
example, 30 min for 40 « particles. 


- Ug= 25 cm/s 
35 
45 


EXP. CONDITIONS 
800 °C 

_F=20~37 


min] 


0 0.05 0.1 
DIA. x [mm] 
Fic. 18. Modified elutriation velocity constant «* 


obtained from roasting of zinc blende concentrate [15]. 


Fig. 15 compares the conversions of overtlow 
and carryover particles for the same diameter. 
Examination shows that within the accuracy of 
experimental procedures there is no appreciable 
difference in conversions of overtlow and carryover 
particles. As shown by equations (13) and (14) 
of Part II the difference between the average con- 
versions of overflow and carryover streams orig- 


and Darzo 


Kun 
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Fic. 14. Comparison of calculated values of conver- 
sion y with experimental data [15). 
@: residence time of particles with diameter 2 mm. 


Zine blende concentrate, 900 “CU. 


inates in the difference of size frequency distribu- 


tion. As stated in equations (1) and (2) for 
chemical reaction controlling : 

0,20, (1°) 
while for diffusion controlling : 

0, Oy r? (2°) 


Taking 2, 126 » as the standard 


diameter the 
conversion of one particle 0, with this diameter 


0.126 mm 


for the complete 


time necessary 


is calculated as follows: 


(1. q) @-) (4) 


z 

w o 

| 6 700% 

Sa 

so | 
Or 0.41 
0.1 0.2 

DIA [mm 

Fic. 15. Conversion y for overflow and carryover particles {15}. 
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@ OVERFLOW 


Conversion in experimental fluidized—solids reactors 


© CARRY OVER 


1.2 
3 $ 
Ww . 
2a oO ~ © + © 
0.8 
0.8 0.9 1.0 
Ycalcd 
Fic. 16. Comparison of calculated values of conversion y with experimental data. 


Here q is 4 for chemical reaction controlling and 5 
for solid phase diffusion controlling. Based upon 
the experimental value of conversion y(2,) for 
the standard diameter x, and applying equations 
(1') and (2), 
equation (3) for each diameter. 
in Fig. 14. Fig. 14 shows that the rate controll- 
ing mechanism 
particles, and data indicate that it is the chemical 


conversions are calculated with 


These are shown 
may be determined for small 
reaction mechanism which controls in the roasting 
of such fine ore particles. Hence. the conversion 
for overflow and carryover particles can be written 


as follows: 


Yoverfiow (p W) +) 
14, | Ky (x) (2 vrjd(a (5) 
Yearryover = 1 — (B Fo/W) (A,,/ 4) 
. Ky (a) (aay d(a (6) 
0 


Applying the above equations, values of @,, are 
calculated. Then from equation (6) of Part II 
the average value of @,/4 is obtained as shown in 
Table 5. 


Comparison of Table 5 with Table 3 indicates 


Table 5. Necessary time for complete conversion 
of zine blende concentrate, 0, 3. 

Converted to diameter (mm) 01 

Temperature 700 750 800 900 

(min) 723: 653)\ 37-2 10:3 


that the 
fluidized bed 6” 


‘contact efliciency of particles in a 
for a bed consisting of fine 
particles with a wide size distribution is far less 
than that value for relatively large particles with 
uniform diameter. 

The calculated values of y by means of Table 
5 and equations (5) and (6) agrees closely with 
experimental data shown in Fig. 16. 


Fic. 17. Experimental reactor for vaporization of 
sulphur from Matsuo ore [17]. 
A. Fluidized bed for vaporization of sulphur; LD. 
10cm. B. Fluidized bed for roasting of pyrite ; LD. 
10cm. C. Overflow tube. D. Feed tube. E. Sampling 
tube. F. Hopper. G. Feeder. 
I. Condenser. J. Scrubbing collector. 
trap. L. Blowers. M. 


H. Cyclone collector. 
K. Moisture 
Flowmeters. 
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0.9} 6, = 4min 


0.g 
300 350 400 450 


TEMP. [°C] 


SULPHUR VAPORIZED 
TOTAL FREE SULPHUR 
» 


Fic. 18. Vaporization degree of sulphur in upper fluidized bed 


VAPOURIZATION OF SULPHUR WITH TWO-STAGI calculated. Fig. 19 showing this result indicates 
FLUIDIZED REACTOR a rapid vaporization of sulphur in the fluidized 


bed. 


A two-stage fluidized-solid reactor was employed 


for the vapourization of sulphur from pyrite parti- 


‘les containing free sulphur. (Matsuo ore) [17]. In 
Fig. 17 the raw particles were fed into the upper : ‘ 2 
fluidized bed A and almost all of free sulphur in 


the particles was vaporized by contacting 


In order to get the fundamental data for 
designing a fluidized-solid plant the model reactor 


sulphur dioxide nitrogen gas of high temperature. with 5-7em inner diameter shown in Fig. 20 


From the thuidized bed A the pyrite particles 
fell into the lower fluidized bed B through the 


was employed [18]. Raw particles were fed 


overtlow pipe, where they were roasted with the 


air in order to deliver the necessary heat for the | —_ Ne 


vaporization of sulphur. The conversion for 

pyrite roasting was fairly high, ie.. O-87-0-96, — ({E) 
Some ¢ xample s of results for the vaporization of , E 
sulphur are shown in Fig. 18. “rie 
Assuming the adequacy of equation (10) of | ald 
Part Il, the time necessary for the complete bedi 
vaporization of sulphur from single particle is Raia 


le (0) 
| 
ok& 
® 
Ne 
(6). 
O 
200 300 400 500 Fic. 20. Experimental reactor for calcium cyanamide 
TEMP. [°C] 
\. Fluidized bed of CaCN,. B. Packed bed of re- 
Fic. 19. Necessary time for vaporization of sulphur fractory particles. C. Packed bed of activated carbon 
from Matsuo ore, D 0-22 mm. granules. LD. Overflow tube. E. Feed tube. 
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continuously into the bed by means of screw feeder 
and pneumatic conveying system. The maximum 
temperature for suitable fluidization was 1120 °C. 
One series of experimental data with CaF, 
catalyst (0-3-0-32 per cent of raw material) is 
analyzed in order to obtain the time necessary for 
complete conversion @,. The results are shown in 
Fig. 21. In this case, the gas phase is pure 
nitrogen, hence @ 1. Furthermore 4 can be 
assumed unity because the chemical reaction is 
quite slow [4]. Fig. 21 shows that @, is approx- 
imately proportional to the particle diameter. 
indicating that this phenomenon is chemical 
reaction controlling according to equation (1). 
Therefore, the temperature depende nev of @, can 


he found easily. 


(hr) 


Conversion in experimental fluidized-solids reactors 


This method of analysis is not restricted to 
systems using CaF, catalyst. It has also been 
applied successfully to systems using KCl, NaC! 
and CaCl, catalysts [18]. Considerably good 
coincidence has been obtained between the 
estimated values of conversion and the experi- 


mental data in the reactors of larger diameters. 


CONCLUSION 


Data on conversion factors for product particles 
obtained for a number of reacting systems under 
a wide variety of experime ntal conditions in 
several experimental fluidized-solid reactors can 
be analysed satisfactorily with the theoretical 
equations obtained in Parts I and IT. 

Close correspondence between theory and the 
wide range of experimental systems strongly 
verifies the theory and indicates that it may safely 
be used for design calculations of equipment and 


scale-up to large fluidization units. 
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ce NOTATION 
ro) ® 
rw 1, = sectional area of fluidized bed L? 
concentration of reactant gas ; arbitrary 
0 
2 value, value in inlet flow and equilibrium 
= value on reacting interface, respectively 
2 
Oo ML-3 
77) alc average value of driving force for 
& reaction ML-* 
4S > C,, Cog = weight fraction of fine particles ; arbit- 
oe S rary value and initial value, respectively 
=e © D,, = particle diameter L 
= diffusivity in solid phase T-! 
D = axial diffusion coefficient L? T-1 
E, (@,). 
E if \ exit age-distribution function for over- 
(4, 
P flow stream T-1 
k . J exit age distribution function for carry- 
Fic. 21. Necessary time for complete conversion of 2 | p \ over stream r-1 
a particle @,, nitrogenation of calcium carbide, é gas consumption factor 
catalyst: fluorite (with reactor of 5-7 em LD.). F mass flow rate of feed rate MT! 
0 
Fy mass flow rate of overflow stream MT-! 
F,, = mass flow rate of carryover stream 
Applying these final results as shown in Fig. 21 piel 
G volume velocity of flowing gas L? 
the conversions for overflow particles were cal- ee 
culated from equations (1), and (10) of Part II, b == distance from bottom of bed L 
for a pilot plant with 1 m inner diameter. K, (x), K, (x), =size frequency distribution function ; for 
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feed particles, fluidized bed, overflow 


particles, re- 
1 


particles and carryover 
spectively 
first-order rate coeflicient ; of chemical 
reaction, of diffusion through solid phase 
LT! 
height of fluidized bed, in static and 
fluidized state 


and over-all reaction, respectively 


respec. ive ly 
mass flow rate of reactant gas across the 
unit area of reaction mtertace 

number of particles of size between 
and {a ili) 

moditied Froude Number 

feed rate of particles, number of particles 
per unit time 


discharge rate of partic les with diameters 


between w and (a de), number per unit 
T 
weight of tracer particles injected M 


weight of tracer particles within collected 
partic les M 
Zora2 
radius of reacting interface in 

solid phase 
velocity based 


superticial gas upon 


sectional area of bed, terminal velocity 


necessary quantity of reactant gas for 


of time particle, respec tively 


particles having unreacted core within 
the infinitesimal volun ly dh M 
weight of fluidized bed M 


weight of one particle with diametera M 
particle diameter of parti les with wick 
size distribution 
diameter of standard partick lL 


conversion of particles with diameter 4 
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S. PLesser and D.-Y. Hsien: Theory of gas bubble dynamics in oscillating pressure fields. Phys. Fluids. 1960 3 
882-892. 
R. Jones: Flow of a non-Newtonian liquid in a curve pipe. Quart. J. Mech. Appl. Math. 1960 13 428-448. 
Watters: The motion of an elastico-viscous liquid contained between coaxial evlinders. (See also J. G. OLROYD, 
Quart. J. Mech. Appl. Math. 1951 4 271). Quart. J. Mech. Appl. Math. 1960 13 444-461. 
Vinokur: Kinematical formulation of rotational gas flow. J. Fluid Mech. 1960 9 533-542. 
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R. A. Sawyer: The flow due to a two-dimensional jet issuing parallel to a flat plate. J. Fluid Mech. 1960 9 543-560. 

I. ProupMaN: An example of steady laminar flow at large Reynolds number. J. Fluid Mech. 1960 9 593-602. 

H. W. Lrerpmann: Gaskineties and gasdynamies of orifice flow. J. Fluid Mech. 1961 10 65-79. 

W. Eexnaus: Theory of flame-front stabilitv. J. Fluid Mech. 1961 10 80-100 

B. R. Morron: On a momentum-mass flux diagram for turbulent jets, plumes and wakes. J. Fluid Mech. 1961 10 
101 112. 

Y. Cma-Suun: Flow of a homogencous fluid in a porous medium. J. Fluid Mech. 1961 10 133-140. 

\. McD. Mercer: The growth of the thermal boundary layer at the inlet to a circular tube. Appl. Sci. Res. 1960 A 9 

450-456. 

W. Squirt \ unified theory of turbulent flow —II. (See also Appl. Sci. Res. 1959 A 8 158) Appl. Sei. Res. 1960 
A9 393-410. 

W. Squirt \ unified theory of turbulent flow—IIl. Appl. Sci. Res. 1961 A 10 23-44. 

P. V. D. Leepen and G. J. Bouwnur: Tentative rules for shearing stresses in particulate fluidized beds. Appl. Sei. 
Res. 1961 A 10 78-80. 

F. C. Goopricn: The mathematical theory of capillarity—Parts 1, I], IIL. (The shape of fluid interfaces under the 
conbined action of gravity and surface tension). Proc. Roy. Soc. 1961 A 260 481-509. 

P. B. Lorenz: Tortuosity in porous media. Nature, Lond. 1961 189 386-387 


J. J. CARBERRY Determination of heats of absorption by transient response techniques. Nature, Lond. 1961 189 
391-3893 
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V. I. Brounsurem, L. G. Bykova, V. N. Pokorski, M. A. Ustrarkn and M. N. YasLocukina: Experimental examina- 
tion of the methods for calculation of countercurrent packed and plate columns in the processes of dissolution of a 
single-component dispersed phase (system toluene-diethylene glycol). Zh. prikl. Khim. 1961 34 548-557. 

I. Ya. Tyuncyary, A. L. Tsaruinco.in and A. B. BuyLoyv: Effectiveness of gas mixing in a fluidized bed reactor using 
very fine catalyst particles. Zh. prikl. Khim. 1961 34 558-564 

V. V. Kararov and A. S. Bicporov: Investigation of static pressure of foam on sieve plates. Zh. prikl. Khim. 1961 

34 564-572. 
. K. OGoropnikovy, V. B. KoGan and M. 8. Nemrsov: Vapour-liquid equilibrium in systems formed by hydrocarbons 
and methyl formate. Zh. prikl. Khim. 1961 34 581-584. 

- R. V. Kucner, M. A. Konpuz and M. E. Troporovicn ; On purification of isopropylbenzene by adsorption. Zh. prikl. 

VOL, Khim. 1961 34 598-603. 

16 B. V. lorre and O. E. Batacin: Deviations of refractive dispersion of hydrocarbon mixtures from additivity. Zh. 

1962 prikl. Khim. 1961 34 603-613. 

G. E. Brauner and 8. F. Suaknova: Solubilities of acetylene and of some higher acetylene hydrocarbons in methanol. 
Khim. Prom. 1961 (3) 177-182. 
N.N. Tsyurvura: Determination of size distribution curves for powders. Khim. Prom. 1961 (3) 185-190. 


N. A. Matarrryv, V. A. Maryusov, N. N. Umnik, K. 1. Sakopynski and N. M. Zuavoronkov: Determination of 
coeflicients of separation of binary mixtures of tetrachloroalkanes in evaporation under vacuum. Khim. Prom. 
1961 (3) 196-198. 

M. B. Aizensup and V. V. Ditman: Hydraulics of chemical reactors for gas-liquid systems. Khim. Prom. 1961 (3) 
199 204 

A. N. Murin: Theory of thermodiffusion columns for the separation of liquids. Zh. Fiz. Khim. 1961 35 517-520. 

DD. A. Knyuzev: Calculation of isotope separation factors in ion exchange. Zh. Fiz. Khim. 1961 35 612-619. 

S. M. Kunopreva: Phase equilibria and volume relations in the system acetylene-ammonia at low temperatures. 
Zh. Fiz. Khim. 1961 35 629-634. 

\. Ya. Dercn: Viscosity logarithm and kinematic viscosity in the systems benzene-toluene and n-butanol — fert-butanol. 
Zh. Fiz. Khim. 1961 35 635-6387. 

V. N. Vigporovicn and A. Votryan: Relation between distribution coeflicients expressed by means of concentra- 
tions of various components. Zh. Fiz. Khim. 1961 35 643-646 

M. I. BeiGin: Some problems in hydrodynamics of fluidized beds. Khim. Tekh. Topl. Masel. 1961 6 (4) 19-23. 

L. A. Bocpanov and M. A. Go_psutik: Effect of wall rotation on the process of separation in a cyclone. Teploener- 
getika. 1961 8 (4) 58-60 

N. A. VastLenko and Z. P. Rozenknor: Enrichment of sulphurous gas with simultaneous production of nitrogen 
fertilizers. Zh. prikl. Khim. 1960 33 1962-1968 

M. L. Vartamov and O. M. Droptsneva: Investigation of mass transfer and chemisorption in apparatus of venturi 
type. Zh. prikl. Khim. 1960 33 2020-2029. 

\. I. Ropronov and V. F. Marcnenkov: Mass transfer on sieve plates with two types of perforations. Zh. prikl. Khim. 
1960 33 2029-2035. 

M. T. Borok: Investigation of the absorption of NO,, present in microconcentration, by aqueous solutions of salts of 
aromatic amines. Zh. prikl. Khim. 1960 33 2035-2042. 

\. M. KoGanovski and L. A. Srempkovskaya: Adsorption of dissolved substances by a suspended bed of activated 
charcoal and the gradient of saturation of the bed. Zh. prikl. Khim. 1960 33 2042-2049. 

M. Ku. Kisninevski and L. A. Mocuatova: Investigation of the kinetics of extraction in a propeller-stirred tank using 
the system n-heptane toluene-diethylene glycol. Zh. prikl. Khim. 1960 33 2049-2056. 

B. 1. Brounsurem : Method of calculation of the height of counter-current packed and plate columns in the process 
of dissolution of a one-component dispersed phase. Zh. prikl. Khim. 1960 33 2056-2062. 

kK. V. Perov, L. P. Totmacneva and N. N. Gorpreyeva: Solubility of calcium nitrate in nitric acid. Zh. prikl. Khim. 
1960 33 2140-2141. 

*To assist readers, translations of any article appearing in the above list can be obtained at a reasonable charge. All orders should be addressed 

to the Administrative Secretary of the Pergamon Instititute at either Headington Hill Hall, Oxford or 122 East 55th Street, New York 22 which- 


ever is more convement. 
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R. Suexperet, Ya. D. and F. P. Iwanovsxt: Solubility of carbon dioxide in methylethylketone, ethyl! 
acetate and toluene at low temperatures under pressure Khim. Prom. 1960 (5) 370-374 

DD. S. A. 1. and L. Phase equilibria in the system cthanol-ethylene-water at high 
temperatures and pressures. Aviom. Prom. 1960 (5) 401-406 

N. L. Geurrer and V. B. Kvasna: Relationships for the process of mass transfer in rectification cooling of chemical 
reactors. Ahim. Prom. 1060 (5) 406-411 

\. Secersxt and A. Buyunm enthalpy concentration diagram for the system hvdrogen steam Ahim. Prom 
1m) (5) 411 418 

L. S. and A. N. Pneumatic pulsator without membrane for pulsed extraction columns. 
Prom 1m) (5) 414 419 

RB. B. Branpr, L. A. A. RoguovsKt and V. S. Explosion danger for mixtures of nitrogen oxides 
with fuel gases and vapours. Ahim. Prom. 1060 (5) 419-425 

G. B. NanyNnsk! Phermodyvnamic treatment of experimental data on vapour liquid equilibrium in the system oxygen 
argon. Zh. Fiz. Khim. 1960 34 1778-1787 

\. N. Nesmevanov and L. P. Fresova: Determination of equilibrium vapour pressure of solid carbon dioxide. Zh. 


Fiz. Khim. 19060 34 1007 1910 


I. A. Roeovaya and M. G. KAGANER Apparatus for determination of compressibility of gases at pressures up to 200 atm 
and temperatures from 0 to ww Zh. Fiz. Khim. 1060 34 1983-1937 
DD. and V. A. SoKoLoy Surface tension of molten salts——I. Technique of measurement. Zh. Fiz. Khim 


1960 34 1087 1000 

M. G. KAGANER Investigation of the 
Zh. Fiz. Khim. 1960 34 2005 2012 

M. M. M. M. FE. G. A. Leonrev, V. M. and A. L. Saraknoy 


separation of nitrogen helium mixtures by diffusion through porous me mbranes. 


Investigation of the porous structure of solids by sorption methods —V. The application of various methods to the 
study of the structure of intermediate and micropores of activated carbons. Zh. Fiz. Khim. 1960 34 2019-2029, 

B.S. Peruxuoy, L. G. Genes and V. L. Maurer: Foreed convection heat transfer in pipes with internal heat generation 
within the fluid. Jnzh. Fiz. Zh. 1960 3 (9) 3-9 

\. P. BaskKAKOV lhe effect of agitation of the material in a fluidized bed on heat transfer between gas and particles. 
Inch. Fiz. Zh. 1060 3 (9) 10-16 

VV. B. Zenkevicn Application of the similarity method to the study of viscosity of liquid fuels. Inzh. Fiz. Zh. 1960 
3 (9) 36 00 

1. V. Keecurro, 
Inch. Fiz. Zh. 1060 3 (9) 61-4 

\. B. Verzuinskava and L. N. Novicuenok \ new universal method for the determination of thermophysical 


coeflicients Inch. Fiz. Zh 3 (9) 65-68 
\ eviindrical heat source method for determination of thermal properties. 


Development of thermodynamic TS and //—S diagrams applicable to heat and mass transfer processes. 


\. P. and P. Sausuranoy 
Inch. Fiz. Zh. 1960 3 (9) 74-77 

Rn. S. PRasono Thermal conductivity of a medium with submicroscopic pores. Inzh. Fiz. Zh. 1960 3 (9) 78-82, 

G. F. Mucunrk: The determination of heat transfer coeflicient under quasi-stationary conditions. Inzh. Fiz. Zh. 1960 
3 (9) 83-85 

I. L. Lyvurosurms: Determination of optimum conditions for a pneumatic gas dryer operating under variable conditions 
Inzth. Fiz. Zh. 1960 3 (9) 91-08 

Z. F. Suezenko: A method for measuring 


flat plate. Inch. Fiz. Zh. 1960 3 (9) 108-118 


the velocity profile of a boundary layer on a non-uniformly heated horizontal 


L. D. Mriesnko he determination of the relationship between temperature and crystallization parameters of a 
substance. JInzh. Zh. 1060 3 (9) 114-116 
M. M. Farzrprnoy lransmission of heat through a rotating cylinder. Inch. Fiz. Zh. 1960 3 (9) 117-119. 


Ya. Z. TsyeKin: Optimal processes in automatic pulse systems. Dokl. Ahad. Nauk SSSR. 1960 134 308-310, 

B. N. Devyarov: General equations describing the interaction of moving media in technical equipment. Dokl. Akad, 
Nav! SSSR. 1060 134 639 642 

M. T. Borok : Dependence of the degree of absorption of nitrogen dioxide on its concentration in the gaseous mixture. 
Zh. prikl. Khim. 1960 33 1761-1766 

\. G. and V. Sapinis Solubility diagrams for the ternary systems caprolactam —-water- benzene, 
caprolactam water carbon tetrachloride and caprolactam water dichloroethane, Zh. prikl. Khim. 1960 33 
1775-1779. 

D. P. Dosocur, L. A. Kacuur and ©. M. Tones: Model studies of the thermal regime in the process of regeneration 
of alumina-silicate cracking catalyst. Zh. prikl. Khim. 1960 33 1779-1783. 
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Ya. Tyurvarv and A. L. Tsaminconp : Quantitative characteristics of suspended bed reactors with re gard to mixing 
of solid particles. Zh. prkl. Khim. 1960 33 1783-1790 

M. Zuavononkovy, I. A. Grupensiatr and V. M. Raw : Investigation of mass transfer to a gas stream in packed 
columns. Zh. prikl. Khim. 1960 33 1790-1800 

P. Postnikov: On heat transfer in a spray scrubber with dispersion of liquid by the gas stream flowing at high 
velocity. Zh. prikl. Khim, 1960 33 1801-1808. 


. N. BasarGin: On the problem of calculation of mass transfer in rectification columms Zh. prikl. Khim. 1960 33 


1800-1812. 


N. I. TaGanov: On the theory of calculation of chemical equipment. Zh. prikl. Khim. 1960 33 1813-1818. 

N. I. and N. N. Zevenerski: Vacuum rectification in the production of fragrant substances. Zh. WV ses. 
Khim. Obshch. Mendeleeva 1960 5 (4) 431-437. 

M. M. Dupinin, E. G. ZauKkovsKkaya and E. D. Zavenina: On adsorption properties of carbon adsorbents— 5. Pecu- 
liarities in water vapour sorption by active charcoals in the region of high relative pressures. Izv. Akad. Nauk 
SSSR Otd. Khim. Nauk 1960 (6) 966-975 

A. Theory of chain-thermal flame propagation —1. Two active centres. thad. Nauk SSSR, Otd. 
Khim. Nauk. 1960 (6) 1022-1029. 2. Two active centres with different diffusion co flicients. hid. 1960(7)1191-—-1199. 
3. Effect of the transfer coeflicient on the rate of flam¢ propagation Thid 1960 (8) 1354-1357. 

B. A. Rupenko, S. 8S. Yurrr, L. N. Ivanova and V. F. Kucnernov: The use of gas liquid chromatography for the 
analysis of some hydro-carbon mixtures. Jz. Akad. Nauk Otd. khim. Nau, 1960 (7) 1147-1152 

M. M. Dununin: Theory of physical adsorption of gases and vapours and the adsorption properties of some adsorbents 
differing in nature and having porous structure. Izv. Akad. Nauk SSSR, Otd. khim. Nauk. 1960 (7) 1158 1161. 

N. B. G. E. N. and 8. D. Lvova: Hvydrodvnami: peculiarities of fluidization of 
granular materials in conical and conical cylindrical equipment. Khim. Tekh Topl. Masel. 1960 5 (8) 51-57. 

I. A. ALeKSANDROV and A. I. Skosto: Mechanical entrainment of liquid on plates of grid and sieve type. Khim. Tekh. 
Topl. Masel 1960 5 (9) 42-45. 

D). A. LaBuntsoy Heat transfer in condensation of steam on a vertical surface under conditions of turbulent flow 
of the condensate film. Inzh. Fiz. Zh. 1960 3 (8) 3-12 

I. Moracnevski, R. B. ANoonrrskaya, E. A. Caumakova and IL. G. Busnes New instruments and methods for 
studying the mechanism of drving of colloidal capillary-porous materials. Jnzh. Fiz. Zh. 1960 3 (8) 13-18. 

kK. V. Votkov: Rotary movement of a gas in the preaxial zone of a cyclone chamber. Inzh. Fiz. Zh. 1960 3 (8) 26-30. 

V. P. Morunevicn: Heat transfer and friction of a porous plate in a gas stream during formation of the turbulent 
boundary layer, with supply of a heterogencous substance through th pores. Inzh. Fiz. Zh. 1960 3 (8) 31-38. 

I. L. Lyvnosurrs: Investigation of the kinetics of drving in a pneumatic grain dryer of the oscillation type. Inzh. Fiz. 

Zh. 1960 3 (8) 69-73 

A. T. Nixrrms: Temperature distribution in an unbounded hollow evlinder in heat exchange with media of variabk 
temperature at the boundaries. Jnzh. Fiz. Zh. 1960 3 (8) 74-77 

M. D. Guincuuk, D. F. Kauinovicn, L. 1. Kovenski and M. D. Method of determining diffusion coeflici ents 
in solids. Inzh. Fiz. Zh. 1960 3 (8) 78-81 

\. A. Ors: Motion of particles of variable mass but constant volume. Jnzh. Fiz. Zh. 1960 3 (8) 102-106. 

I. I. Morozov: Exclusion of aeration of liquids by a turbulent jet. Jnzh. Fiz. Zh. 1960 3 (8) 107-109. 

L. V. VotopKo and D. S. UmreyvKxo: Investigation of mass transfer in colloids. Inzh. Fiz. Zh. 1960 3 (8) 117-119. 


G 


M. 


0. 


’. Misek and J. Hansatek: Transfer of heat and mass in a continuous gas washer. Chem. Primmysl. 1960 10 346—350. 


(In Czech.). 


- SZOLCSANY!I: Minimum particle speed in fluidized beds. 1 eszprémi Vegyipari Egyetem Koézleményei. 1958 2 41-47. 


Partick speed range in fluidized beds. Ibid. 1958 2 49—55. Migration velocity of voids in beds fluidized with a gas 
stream. Ibid. 1958 2 85-91. (In Hungarian) 
Buckie: Particle movement in the fluidized state. Weszprémi J egyipari Egyetem Kézleményei. 1958 2 323-830. 
(In Hungarian). 
- D. Erremova and G. G. Leonrrrva : Solubility of melamine in solutions of dicyandiamide in liquid ammonia. Khim. 
Prom. 1960 (8) 626-627. 
S. Nemtsov: Kinetic relationships in the interaction of olefins with sulphuric acid. Khim. Prom. 1960 (8) 683-641. 
M. PLatonov, B. G. Berco, Ya. D. Monko and B. O. KoGan: Calculation of rectification of close-boiling mixtures 
using a digital computer. Khim. Prom. 1960 (8) 656-660 
L. Brux: A general method for calculation of multistage counter-current slurry washers. Khim. Prom. 1960 (8) 
600-666. 
S. N. V. Kevrsey and Zu. A. New adsorbent for acetylene. Zh. Vises. Khim. 
Obshch. Mendeleeva. 1960 5 (6) 710-712. 
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Ya. L. Kooan and Z. A. Burnasneva: Growth and measurement of condensation nuclei in a continuous stream. ZA. 
Fiz. Khim. 1960 34 2630 2639 

V. B. Kocan: Method of testing of vapour liquid equilibrium data of ternary systems with a non-volatile component. 
Zh. Fiz. Khim. 1960 34 2834-2837 

S. Su. Byx and R. P. Kumsanova: Separation of some gascous hvdrocarbon mixtures by diffusion through microporous 
organic membranes. Zh. Fiz. Ahim. 1960 34 2844 

EK. F. Yamscuurkov : Correction of the refractive index of n-pentane. Zh. Piz. Khim. 1960 34 2845. 

B. P. Konstantinov and L. V. Korova: The rate of axial mixing in exchange columns for separation of isotopes. 
Dokl. Akad. Nauk SSSR. 1960 135 806-808 

B. I. Davipov : Contribution to the statistical dvnamies of an incompressible turbulent fluid. Dokl. Akad. Nauk SSSR. 
1961 136 47-50 

\. M. Rozen, V. A. Vasinev, L. P. Gorsukova and A. 1. Bezzusova: On the mechanism of processes in packed pulsed 
columns. Dokl. Akad. Nauk SSSR. 1961 136 401 404 

M. M. Farzrprnoy Measurement of the complex temperature field in walls subjected to convection heating. Inzh. 
Fiz. Zh. 1960 3 (12) 11-16 

V. I. Ienaryevy and N. L. Zvenes Sedimentation of particles of an ac rosol on a evilinder. Inzh. Fiz. Zh. 1960 3 (12) 
17-23. 

L. A. Kozpora and V. 1. Makunenko: Electric analogue of non-stationary temperature fields with variable heat gener- 
ation. Inzh. Fiz. Zh. 1960 3 (12) 24-28 

G. D. Raprvnovicn Heat and mass transfer in a bed of moist mate rial. Jnzk. Fiz. Zh. 1960 3 (12) 29-34 

J. Crnorowsk1 and B. Steritewsk:: Investigation of the effect of roughness of material on the rate of drying by infra red 
radiation. Inzh. Fiz. Zh. 1960 3 (12) 35-42 

P. V. Tsor: Heat and moisture transfer during evaporation under boundary conditions of the second type. Inzh. Fiz. Zh. 
1960 3 (12) 53-57 

N. 1. GAMAYUNOY Criteria of non-isothermal transfer. Inzh. Fiz. Zh. 1960 3 (12) 58-62 

V. 1. Lepepey Investigation of the effect of the degree of blackness of a medium on heat transfer in a furnace chamber. 
Inth. Fiz. Zh. 1960 3 (12) 81-85 

\. E. Atumyar: Effect of moisture movement on heat transfer during determination of thermal coefficients. Inzh 
Fiz. Zh. 1960 3 (12) 107-110 

O. M. Toves: Survey of work on fluidization im Poland. Inch. Fiz. Zh. 1960 3 (12) 123-139 

DD. L. Timror and V. P. BortsoGLavsk! Eexperime ntal investigation of the density of liquid oxygen at temperatures 
from —190 to -120 C and pressures up to 200 kg em® including the saturation curve Inzh. Fiz. Zh. 1961 4(1) 3-18 

\. S. PReEDVODITELES Rates of chemical reactions in turbulent flow— Il. JInczh. Fiz. Zh. 1061 4 (1) 14-21. 

L. A. Movsesyvan: Transient flow of a compressed liquid in long pipelines Inzh. Fiz. Zh. 1961 4 (1) 22-26. 

E. P. Dupikova: Determination of temperature during heat transfer under turbulent conditions. Inzh Fiz. Zh. 1961 
4 (1) 27-30 

V. A. Rasrvovicn and G. 1. Tsoman: Equation of state and thermodynamic properties of liquid ammonia. Inzh. 
Fiz. Zh. 1961 4 (1) 31-36 

\. A. ZauKauskas, A. A. SHLANCHYAUSKAS and A. 1 
transfer in liquids. Inzh. Fiz. Zh. 1961 4 (1) 58 #2 

E. V. Kupryavrsev and N. V. SaumManoy Effect of dimensions and type of solid on the process of non-stationary 
heat transfer. Inzh. Fiz. Zh. 1961 4 (1) 63-70 

G. P. Sreemaknu and V. K. SToLyakoy Heating of a friable material by a solid heat transfer medium. JInzh. Fiz. Zh. 
1961 4 (1) 71.75 

I. L.. Lyvnosurrs: Heating of a dispersed material in a radiation heat exchanger. Inzh. Fiz. Zh. 1961 4 (1) 76-81. 


Yaronts: Investigation of the effect of ultrasonic waves on heat 


Vv. S. Usenko: Experimental verification of calculated formulae for axially symmetrical filtration. Inzh. Fiz. Zh. 
1961 4 (1) 92-97 

V. S. Ermaxovy, L. P. and O. LL. Yarosurvicn : Calculation of temperatures in heat generating clements of a 
nuclear reactor under transient conditions. Inch. Fiz. Zh. 1961 4 (1) 104-108. 

Y. Z. Kazavenrski and A. G. TABACHNIKOY Equation of state for the stoichiometric mixture of nitrogen and hydrogen. 
Inch. Fiz. Zh. 1961 4 (1) 116-119 

K. L. Suxerunov: Dependence of th rmal conductivity on temperature difference in friable and monolithic materials. 
Inzh. Fiz. Zh. 1961 4 (1) 127-130 

G. L. Luzunov, N. L. Zverev and A. F. Gavritov: Experimental determination of resistance coefficients in pneumatic 
transport of pig iron. Teploenergetika. 1961 8 (1) 15 18. 

F. P. Kazaxevicn: Effect of roughness on the aerodynamic resistance of pipe bundles in transverse flow of gas. Teploe- 
nergetika. 1961 8 (1) 56-58. 
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S. 1. Kosrreni, N. 1. Semenov and A. A. TocniGin: Relative velocities in steam-water flow in vertical unheated pipes 
Teploenergetika. 1961 8 (1) 58-65 

K. 1. Loratin Relationships in the process of absorption of hydrogen sulphide and carbon dioxide by solutions of 
triethanolamine. Zh. prikl. Khim. 1961 34 265-272 

Yu. P. Karernikov and V. N. Tarasova: Effect of motion in a solution on incrustation in crystallization of salts 
Zh. prikl. Khim. 1961 34 282-287 

B. G. Rapovski and V. S. SuHmyvarva Correlation of molecular and eddy diffusion in mass transfer in the 
phase. Zh. prikl. Khim. 1961 34 287-291 


gaseous 


M. M. Dusinin: On types of industrial active charcoal for application as adsorbents. Zh prikl. Khim. 1961 34 291-299 

I. S. PaviuUsHENKO, N. M. Suimnov and P. G. Romankoy On the effect of mixing on the process of chemical change 
Zh. prikl. Khim. 1961 34 312-319 

S. K. OGoropnikoy, V. B. KoGan and M.S. Newrsovy : Vapour liquid equilibrium in binary systems formed by hydro 
carbons and acetone. Zh. prikl. Khim. 1961 34 323-331 

I. Ya. Tyuryaev and A. V. Erorryveva Kinetic relationships in dehydrogenation of butane in a fluidized catalyst 
bed. Zh. prikl. Khim. 1961 34 370-375 

M. P. Susarev: Vapour liquid equilibrium in the system water — dimethylformamide. Zh prikl. Khim. 1961 34 
412-415. 

T. Kunis, A. A. Suvvov and L. L. Paxnkrarova 


nitric acids. Zh. prikl. Khim. 1961 34 451 454 


Specific heats of aqueous solutions of mixtures of sulphuric and 


V. M. PLavronov and B. G. Berco: Calculation of rectification, including thermal interaction of streams. on a large 
digital computing machine. Khim. Prom. 1961 (2) 118-122. 

Yu. G. Zeuski and V. V. Kararov Hydrodynamic regimes on perforated plates. Khim. Prom. 1961 (2) 122-126 

V. A. Curemezov and G. P. Baranoy Investigation of filtration properties of filter aids Khim. Prom. 1961 (2) 127-129 

rr. Ya. Revzin New methods for purification of technical gases from hydrogen sulphide and carbon dioxide. Khim 
Prom 1961 (2) 130-1338 

\. S. Zune ceznvyak and A. L. Leviw \zeotropy in binary systems of low molecular monobasie organic acids and water. 
Zh. Fiz. Khim. 1961 35 322 326 

V.N. Onvoy and A. N. PLanovski: Effect of vapour velocity on mass transfer coefficients in vapour and liquid phases 
for the process of rectification in plate equipment. Khim. Tekh. Topl. Masel. 1961 6 (8) 7-10 
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